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Last time

ÅMotion perception

ÅMotion representation

ÅParametric motion: 
Lucas-Kanade

ÅDense optical flow: 
Horn-Schunck
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Who are they?

Berthold K. P. Horn Takeo Kanade



Content

ÅRobust optical flow estimation

ÅApplications

ÅFeature matching

ÅDiscrete optical flow

ÅLayer motion analysis

ÅOther representations
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Spatial regularity

Å Horn-Schunckis a Gaussian Markov 
random field (GMRF)

Ὅό Ὅὺ Ὅ  ό ὺ ὨὼὨώ

Å Spatial over-smoothness is caused by the 
quadratic smoothness term

Å Nevertheless, real optical flow fields are 
sparse!
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Data term

ÅHorn-Schunckis a Gaussian Markov random field (GMRF)

Ὅό Ὅὺ Ὅ  ό ὺ ὨὼὨώ

ÅQuadratic data term implies Gaussian white noise

ÅNevertheless, the difference between two corresponded 
pixels is caused by
ïNoise (majority)

ïOcclusion

ïCompression error

ïLighting change

ïȣ

ÅThe error function needs to account for these factors



Noise model

ÅExplicitly model the noise ὲ

Ὅὼ όȟώ ὺ Ὅὼȟώ ὲ

Å It can be a mixture of two Gaussians, inlier and outlier
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More components in the mixture

ÅConsider a Gaussian mixture model

ὲͯ
ρ

ὤ
‚ὔπȟὯί

ÅVarying the decaying rate ‚, we obtain a variety of potential 
functions
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Typical error functions
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Robust statistics

ÅTraditional L2 norm: only noise, no outlier

ÅExample: estimate the average of 
πȢωυȟρȢπτȟπȢωρȟρȢπςȟρȢρπȟςπȢπρ

ÅEstimate with minimum error

ᾀᶻ ÁÒÇÍÉÎВ”ᾀ ᾀ

ïL2 norm: ᾀᶻ τȢρχς

ïL1 norm: ᾀᶻ ρȢπσψ

ïTruncated L1: ᾀᶻ ρȢπςωφ

ïLorentzian: ᾀz ρȢπρτχ
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The family of robust power functions

ÅCan we directly use L1 norm ᾀ ᾀȩ
ïDerivative is not continuous

ÅAlternative forms

ïL1 norm: ᾀ ᾀ ‐

ïSub L1: ᾀȠ– ᾀ ‐ , – πȢυ
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Modification to Horn-Schunck

ÅLet Ø ὼȟώȟὸ, and ×Ø όØȟὺØȟρ be the flow vector

ÅHorn-Schunck(recall)

Ὅό Ὅὺ Ὅ  ό ὺ ὨὼὨώ

ÅRobust estimation

 ὍØ × ὍØ ‰ό ὺ ὨὼὨώ

ÅRobust estimation with Lucas-Kanade

Ὣ z ὍØ × ὍØ ‰ό ὺ ὨὼὨώ



A unifying framework

ÅThe robust object function

Ὣz  ὍØ × ὍØ ‰ό ὺ ὨὼὨώ

ïLucas-Kanade:  π, ᾀ ᾀ

ïRobust Lucas-Kanade:  π, ᾀ ᾀ ‐

ïHorn-Schunck: Ὣ ρȟᾀ ᾀȟ‰ᾀ ᾀ

ÅOne can also learn the filters (other than gradients), and 
robust function ẗȟ‰ẗ[Roth & Black 2005] 



Derivation strategies 

ÅEuler-Lagrange 
ïDerive in continuous domain, discretize in the end

ï.ÏÎÌÉÎÅÁÒ 0$%ȭÓ

ïOuter and inner fixed point iterations

ïLimited to derivative filters; cannot generalize to arbitrary filters

ÅEnergy minimization
ïDiscretize first and derive in matrix form

ïEasy to understand and derive

ï Iteratively reweighted least square (IRLS)

ÅVariational optimization

ÅEuler-Lagrange = Variational optimization = IRLS



Iteratively reweighted least square (IRLS) 

Å Let ‰ᾀ ᾀ ‐ be a robust function

ÅWe want to minimize the objective function

ɮἋὼ ὦ ‰ ὥὼ ὦ

where ὼɴ ᴙ ȟὃ ὥὥỄὥ ᶰᴙ ȟὦɴ ᴙ

Å By setting π, we can derive
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Iteratively reweighted least square (IRLS) 

ÅDerivative: ἋἥἋὼ Ἃἥὦ π

Å Iterate between reweighting and least square

ÅConvergence is guaranteed (local minima)

1. Initialize ὼ ὼ

2. Compute weight matrix ἥ ÄÉÁÇɮᴂἋὼ ὦ

3. Solve the linear system ἋἥἋὼ Ἃἥὦ

4. If ὼconverges, return; otherwise, go to 2



IRLS for robust optical flow

ÅObjective function

Ὣz  ὍØ × ὍØ ‰ό ὺ ὨὼὨώ

ÅDiscretize, linearize and increment

ȟ

Ὣ z Ὅ ὍὨό ὍὨὺ ‰ό Ὠό ὺ Ὠὺ

Å IRLS (initialize Ὠό Ὠὺ π)
ïReweight:

ïLeast square: 

ÄÉÁÇὫ zἓἓȟ ÄÉÁÇὫ zἓἓ ,

ÄÉÁÇὫ zἓἓ ȟ ÄÉÁÇὫ zἓἓ ,

ÄÉÁÇὫz ἓἓȟἘ Ἆ Ἆ Ἆ Ἆ

Ἐ

Ἐ
ὨὟ
Ὠὠ

ἘὟ

Ἐὠ



²ƘŀǘΩǎ ŎƘŀƴƎŜŘΚ

ÅOptical flow with robust function

ÅHorn-Schunck
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Example

Flow visualization 

Coarse-to-fine LK with median filtering 

Input two frames 

Horn-Schunck

Robust optical flow



Content

ÅRobust optical flow estimation

ÅApplications

ÅFeature matching

ÅDiscrete optical flow

ÅLayer motion analysis

ÅOther representations



Video stabilization



Video denoising



Video super resolution



Content

ÅRobust optical flow estimation

ÅApplications

ÅFeature matching

ÅDiscrete optical flow

ÅLayer motion analysis

ÅContour motion analysis

ÅObtaining motion ground truth



Block matching

ÅBoth Horn-Schunckand Lucas-Kanadeare sub-pixel 
accuracy algorithms

ÅBut in practice we may not need sub-pixel accuracy

ÅMPEG: ρφρφblock matching using MMSE

ÅH264: variable block size and quarter-pixel precision



Tracking reliable features

Å Idea: no need to work on ambiguous region pixels (flat 
regions & line structures)

Å Instead, we can track features and then propagate the 
tracking to ambiguous pixels

ÅGood features to track [Shi & Tomashi94]

ÅBlock matching + Lucas-Kanaderefinement
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Feature detection & tracking


