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In my office at the Computer Center, 1987
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Steerable Filter Architecture

[- Ki(9) g:g]s

Basis

filter

bank
Input QD Summing  Adaptively
image junction  filtered image
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Image interpretation from local cues

Image Oriented energy Contours

Occluding contour






camera input television overlay

(¢) channel control



Comdex 1994

Decathlete 100m hurdles
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Google Cambridge Vision Team

team members:
Bill Freeman, Ce Liu, Miki Rubinstein, Dilip Krishnan, Inbar Mosseri, Forrester Cole,
Aaron Sarna, Tali Dekel, Mike Krainin, Aaron Maschinot

We take summer interns!



PhotoScan

Input: move phone Output: a cropped glare-
over the print to be free image
digitized
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Two offerings of a Matlab tutorial
Sep. 13 & Sep. 14

* Intended for people with no Matlab exposure.

 Weds 9/13/2017 11:00 am 32-D507 Zhoutong
 Thurs 9/14/2017 3:00 pm 32-D507 lJiajun



Signals and systems

f@ fln]
4 41 ’
3 3¢
B \l' 71
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—3-2-101 2 3 4 5 6 -3-2-101 2 3 4 5 6

Time continuous signal Time discrete signal
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I[n,m

A 2D discrete signal
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0 5 10 15

A tiny person of 18 x 18 pixels
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Signal / image space

Scalar product between two signals f, g :

N-1
(f.g)=> fInlg*[nl=f"g’
n=(0
L2 norm of f:
N-1
Er = IIfII* = (£.f) = D_f[nll> =£'f*
n=_0)

Distance between two signals /, g :
N-1

i, =IIf —gl* = D If[n] — g[nll* = Er + Eg — 2 {f.8)
n=0



Filtering

Image in > > Image out

We want to remove unwanted sources of variation, and keep the
information relevant for whatever task we need to solve




Linear filtering

g [m,n] f[m,n] = H(g [m,n])
> >

For a filter to be linear, it has to verify:
f [m,n] = H(a [m,n] + b [m,n]) = H(a [m,n]) + H(b [m,n])

f[m,n] = H(C a [m,n]) = C H(a [m,n])



Linear filtering, 1D

g [n] f[n] =H(g [n])

> >

A linear filter in 1ts most general form can be written as,
in 1D for a signal of length N:

N-1
flnl= > hin.klglk]

k=0
It 1s useful to make 1t more explicit by writing:

Cf[01] [ R[0,0] hK[0,1]1 .. R[O,N]]| [ g[0]
fI11 h[1,0] h[1,1] .. h[1,N] g[1]

fIM1| | RIM,N] h[M,1] .. hIM,N1| |gIN1]



Linear filtering, 1D

g [n] f[n] =H(g [n])

> >

A linear filter in 1ts most general form can be written as,
in 1D for a signal of length N:

N—1
flnl= > hln.klglk]

k=0
It 1s useful to make 1t more explicit by writing:

- f[0]] [n[0,0] A[0O1] --- AON-11] g[0]
Sl AlL,0]  A[LI] - A[LN-1]( gll]

fIM1| |h[M,0] H[M1] --- h[M,N-1]|g[N-1]



Linear filtering

g [m,n] f[m,n] = H(g [m,n])
> >
In 2D:
N—1, M-1
flnml=" > hln.mkgk.I]
k. [=0

Which can also be written in matrix form as in the 1D case:



(101 ] [ R[0,00 A[0,11 .. R[O,N]| [ g[0] i
1] h[1,0] h[1,1] .. h[1,N] g[1]

fIM1| | hIM,N] h[M,1] .. hIM,N1| |gIN]

Why should one pixel be treated differently than any another?
N

‘w\
Credit picture: Fredo Durand



L f101] [A[0,0]1 A[0,1] -~ AO,N-11T g[0] .
S A[1,0]  A[lL1] - A[LN-1] || g[1] i

fIM]1| |h[M,0] K[M,] --- h[M,N-1]||g[N-1]

Why should one pixel be treated differently than any another?
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A translation invariant filter

Example: The output for the sample 7 1s twice the value of the
input at that same time minus the sum of the two previous time steps

f10] =2¢g[0] —g[—1] — g[-2]
Sl =2g[1]—gl0] — g[—1]

f12]1 =2g[2] —g[1] —g[O]
flnl=2¢g[n]l—gln—1]—gln—2]

A filter1s linear translation invariant (LTI) 1f it 1s linear and when
we translate the input signal by m samples, the output 1s also
translated by m samples.



A translation invariant filter

The same weighting occurs within each window



Convolution

N-1
flnl=hog= z hln—k]glk]

k=0

For the previous example: h= [2, -1, -1]

h|n]
g[n] S - fn]

P
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Convolution

In the 1D case, 1t helps to make explicit the structure of the
matrix:

f10] h[0]  h[-—1] h[-2] .. h[=N]
fl1] [ 1] h|[0] hl—1] ... k[l —=N]

121 | = | hl2 h|1] h|0] ... h[2—=N]

FINL] | RIN] RIN=1] A[N=2] .. h[O]

44




Convolution

%his image cannot currently be displayed. o
case, 1t helps to make explicit the structure of the

fl0] | [ ~[O] h-11 - A[1-N1| &l0Q]
J] hl1] Al0] - H2-NJ|| gl1]

N-11] |A[N-11 A[N-2] --- h[0] |gIN+

45




N—-1

Convolution  , _,.._5 . s
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J[8]=-
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Convolution

47



Properties of the convolution

Commutative

h[n]og[n] =g[n]oh[n]
Associative

hin]og[n]ogq[n] =h[n]o(g[n]oqn]) = (h[n]og[n])oq(n]
Distributive with respect to the sum
hin]o (f[n]+g[n]) = h[n]of[n] +h[n] o g[n]

Shift property
fIn—nol =h[n]og[n—np]l =h[n—np]ogln]

48



2D convolution [T

— 1 1 1

9

flmnl=hog = Zh[m—k,n—l]g[k,l]
k,l
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90 | 90 | 90§ 90 | 90

90 | 50 | 90 | 90 | 90

90 | 90 | 90 | %0 | 90

90 | 9 | 90 | %0 | 90




20 | 30| 20
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20 | 30 | 20
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20 | 30 | 20
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What does it do?
* Replaces each pixel with an average of its neighborhood

* Achieve smoothing effect (remove sharp features)



2D convolution

flm,nl=hog = Zh[m—k,n—l]g[k,l]
k,l

m=0 1 2 ...

? ? ? ? ? ? ?
2
163|168 188 196 206 | 202|206 | 207 ?
1 2 1
180|184 | 206 | 219 202|200 195 193 ® -
189[193[214( 216 1] 2 1 5
191201217220 1| 2 1

195]205(216| 222

1991203223228

g[m,n]



Handling boundaries




Handling boundaries

Zero padding

Z(ll‘,’;‘k ol -
)

11x11 ones

59



Handling boundaries

circular repetition mirror edge pixels repeat edge pixels ground truth

L LT LT ¥ T ¥
KL "m‘g"”’% 5‘““::“”’4
g gy g Catim?  Sa

Error




Examples

0]0/0]0|0
0/]0{0]0|0

0|0{0|0|0O
0/|0{0]|0|0

Olo|o|1]|0]|0|=

61



Examples

2 pixels
—>

0/]0|0(0]0
0{0({0]0|0
0/|0|0(0]|1|=
0{0{0]|0|O0
0/|0{0(0]|0

!

(using zero padding)

62



Examples

5/0]0]0]0
0/]0{0]0|0

0/|0{0]|0|0

0(0|0|0|.5

Olo|o|o|0]|0O|=

63



Examples

il




Rectangular filter




Rectangular filter

h[m,n]

flm,n]




Rectangular filter

flm,n]




Important signals

o[n]

The impulse |

L @ @ @ 4 *—> N

-3 -2-1 0 1 2 3

The result of convolving a signal g[n] with the impulse signal 1s
the same signal:

flnl=d0g="> d[n—klglkl=gln]
k

Convolving a signal f with a translated impulse o [# — no0] results
in a translated signal:

fln—=nol =0[n—np]of[n]

68



Why the impulse is so important

flnl=), flk1dn- k]

o [n]

>

LTI system

Write the input signal as a
sum of impulses

h [n]




Why the impulse is so important

o [n]

>

LTI system

h [n]

Passing f[n] through the LTI system, replace every o[n] in {[n] with h[n]

glnl= Y flklhln-kl=foh=hof
k

f[n]

>

LTI system

g [n]

Then the output of an LTI system 1s the corresponding sum of impulse

IreSponscs.

70
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Important signals

Cosine and sine waves
s(t) =Asin(wt—0)

A discrete signal f[n] 1s periodic, if there exists 7' € integers such
that f [n] =f[n + mT] for all m & integers. For the discrete sine
(and cosine) wave to be periodic the frequency has to be w = 2nK/N

for K,N € integers. If K/N 1s an irreducible fraction, then the period
of the wave will be T'= N samples.

27 B 2T !
St [n] = sin (W kn) ci [n] = cos (W n)

k € [1, N /2] denotes the number of wave cycles that will occur
within the region of support



Important signals

Cosine and sine waves, N=20
CoS (ZW” kn) k=2 sin (27” kn) k=2

llTe 9T”9 Jln l;T TT, ,TUT, -
Lot 10 S0 0 e[lel0 el Q0




Waves in 2D

. un vm un vm
Suy [n,m] = Asin (27r (N + 7 )) Cu,y [n,m] = A cos (27r (N + ))

m m

20 20

10 10

u=2,v=_0

75



Important signals

Complex exponential

s() =Aexp(jwi)

In discrete time (setting 4 = 1), we can write:

- _27tk 27tk L 27rk
er[n] = ex —kn)=cos| —kn sin{ —kn
k p JN N J N

And in 2D, the complex exponential wave is:

/un vm
ey [n,m] = exp (27:](N + M))




Important signals

Complex exponential

77



Each of impulses, sine and cosine waves or
complex exponentials can form an orthogonal
basis for signals of length N



Linear image transformations

In analyzing images, it's often useful to make
a change of basis.

Transformed image —> —>

4F _ U «—— Vectorized image

Fourier transform, or
Wavelet transform, or
Steerable pyramid transform




Self-inverting transforms

> - R
= Uf - f =}
Same basis functions are used for the inverse transform
f=U'F

=U*'F

|

U transpose and complex conjugate



The Discrete Fourier transform

Discrete Fourier Transform (DFT) transforms an image
f [m, m] into the complex image Fourier transform F [u, v] as:

N—-1M-1

Flu,v]= ) > fln,mlexp (—2”1 (L;v—n T %))

n=0 m=0

The inverse Fourier transform 1is:

N—-1M-1

fln,m] = NLM Z Z F[u,v]exp (+27fj (L;\,_n + %))

u=0 v=0



Discrete Fourier transform visualization

imaginary
J

1

L ) real

color key



Fourier transform visualization

Fourier transform matrix

al
B

imaginary
color key

‘BT B s = a0 o



Some useful transforms

Fourier transform of an impulse, the Delta function d[n ,m]:

N—1M-1
un vm
Fluv] = 0 ex ( 2 ( —))zl
ZO ZO [n,m]exp | —2xj + Y
f m

If we apply the inverse DFT to both sides, we have:

N/2  M)2

o|n,m] Z Z exp( (H” ]}J))

u_—N/"’ v=—M/2

84



Some useful transforms

The Fourier transform of the cosine wave

COS (271_ (ugn + mm))

N M
IS:
pt Sl upn  vom un vm
F[u\]—zozocos(27r( + M))exp( 271?/(N+M))=
1 |
=5 (0 [t —up,v—vol+o[u+up,v+vol)

Same for the sine wave:

| ]
sin (27 (87 + %7)) <> Flu,v] = 3 (O [u—ug,v—vol —0lu+uy,v+vol)

85



Bracewell’s pictorial dictionary of Fourier transform pairs

THE FOURIER TRANSFORM AND ITS APPLICATIONS - .
Pictorial dictionary of Fourier transforms
ccccc
| 1(x)
St
in 7%
os o5
7 \\
i \
-~
| — - \ .
\
\ ,/’
N 7
N

1[5 +1) + 8x + %)
+8(x— 1)+ 8 -1

Bracewell, The Fourier Transform and its Applications, McGraw Hill 1978



Szeliski, Computer Vision, 2010

Name Signal Transform

impulse ] _ | d(x) 1 R
shified : -
lmpulse e e 6(1 N u) B_qu = '4_

ent

Gaussian

Laplacian

of Gaussian

Gabor

unsharp
mask

windowed
sinc

cos(wpz)G(z;0)

(1+7)d(x)
—7G(z;0)

rcos(z/(aW))
sinc(z/a)

asinc?(aw)

A?G’(w;o‘l)
—@wQG(w; o 1)

VIT vy, . —1
a" (w+wp;0™")

(1+7)-
0G(ws oY)

(see Figure 3.29)

Table 3.2 Some useful (continuous) Fourier transform pairs: The dashed line in the Fourier
transform of the shifted impulse indicates its (linear) phase. All other transforms have zero
phase (they are real-valued). Note that the figures are not necessarily drawn to scale but
are drawn to illustrate the general shape and characteristics of the filter or its response. In
particular, the Laplacian of Gaussian is drawn inverted because it resembles more a “Mexican
hat”, as it is sometimes called.
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2D Discrete Fourier Transform

Flu,v] = Zz]‘nmexp( 2”j(L;v_n+%))

Note that 2D (and higher-D) DFT’s are separable:
« Un vm
Flu,v]= zexp(—2nj N)Ef[n,m]exp(—an ﬁ)
n=0 m=0

This is a 1D DFT over m, followed by 1D DFT over n.



2D Discrete Fourier Transform

N—-1M-1

Fluvl=Y» > flnm] exp( 2%]‘('}—” T %))

n=0 m=0

Using the real and imaginary components:
Flu,v] = Re{F [u,v]} + jImag {F [u,v]}

Or using a polar decomposition:
Flu,vl=Alu,v]exp(jO [u,v])

89



2D Discrete Fourier Transform

real imaginary

magnitude




Properties for the DFT

N—1M-1
Flu,v] = Z Z fn,m]exp (_27tj (uﬁn + %))
n=0 m=0
* Linearity

 Symmetry: Fourier transform of a real signal
has coefficients that come in pairs, with F [u,
v] being the complex conjugate of F [-u, -v].



Properties for the DFT

N—-1M-1

Fluyvl= > > fln,mlexp (—27ff' (L;v—n T %))

N—1M-1

fn,m] = Ni\lz ZF[u V] exp(+275] (L;\? +%))

u=0 v=0

Both the DFT and its inverse are periodic

As F [u, v] 1s obtained as a sum of complex exponential with a common
period of N , M samples, the function F [u, v] 1s also periodic: F [u + aN,
v +bM] =1[u, v] forany a, b € Z. Also the result of the inverse DFT is

a periodic image: f [n +aN, m + bM] =f[n, m] forany a, b € Z.



Properties for the DFT

* Shift in space

DFT {f [n — ng.m — mgpl} =

N Z Z fn—ng,m—mglexp (_27r.i (
- Z z Jn,m]exp (_271/'(

N—1M-1

n=0 m=0
N—1M-1

n=0 m=0

N

Flu,v]exp (—Zﬁf(

U ng

vy

N

M

)

un

N

vVim

M

)

93
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Properties for the DFT

zf[”.]. , Flul EF[”“
/| | o
| 'H | .
(@85 jessssssessssssessssen
2 — o — 2
| I
1¢ ﬂ 1 0
] -
esmomomenyuens | gsesssesorses -

%N 2

1 1

1t 1 0

| ‘H | .

0 1m -2
n

Only the phase changes! The magnitude 1s translation invariant.
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Properties for the DFT

 Modulation

‘ uon  vom
n.mlexp(—2x (— + —))
fn,m]exp ( Ay Y

Multiplying by a complex exponential results in a translation of the DFT

upn vom

DFT {f |n,m]exp (—27rj ( N + M ))} = Flu—ugp,v—vo]

95



Frequencies

| Image
DFT amplitude (assuming zero phase)

.

.

Images are 64x64 pixels. The wave is a cosine (if phase is zero).
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Some important Fourier transforms

Image Magnitude DFT Phase DFT

Images are 64x64 pixels.
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Some important Fourier transforms

Image Magnitude DFT Phase DFT

100




Some important Fourier transforms

Image

Magnitude DFT

Phase DFT

101



Some important Fourier transforms

Image Magnitude DFT Phase DFT
H_ N B

102



Image Magnitude DFT

ne.
.%-

Scale

Small image
details produce
content in high
spatial frequencies




Some important Fourier transforms

Image Magnitude DFT Phase DFT
aaunn iNnuN




Some important Fourier transforms

Magnitude DFT Phase DFT




Image Magnitude DFT

Orientation

A line transforms to
a line oriented
perpendicularly to
the first.

9



The Fourier Transform of some
Important images

Log(1+Magnitude FT)




More properties for the DFT

N—-1M-1

Fluvl= > > fln,mlexp (—27ff (L;V—n + %))

n=0 m=0



DFT of the convolution

f — g0 h — F [l-t, V] =G [ua V] H [L-l, V]

Flu,v] = DFT {g o h}
M—IN—IM—1N-1

= >1 >1 >j >1g [m —k,n—1[]h|k,[]lexp (—2?{/’(’;; + ’;))

m=0 n=0] k=0 [=0

M—1N-I1 M—k—1N-I-1 , _ A
., A +u (0 + )y
Flu,v]= hlk,l -2 ' ‘
[1,V] Z Z 11k, ] y g|m n]exp( n‘]( v + N
k=0 [=0 m'=—k n'=-—I
et ku v
Fluyv] = kz(:} IZG[H 1]exp( znj( + ﬁ'))h [k, 1]

109



Linear filtering

glmn] h [ fimn]

In the spatial domain:

flm,nl=hog = Zh[m—k,n—l]g[k,l]
k,l

In the frequency domain:

Flu,vl=Glu,vlH [u,v]



Product of images

The Fourier transform of the product of two images
fn,m]l=gln,mlh[n, m]

is the convolution of their DFTs:

|
F [l--t, V] — N—MG [l--l, V] oH [L-t, V]

111
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DFT
magnitude

ly (cycles per image)

Game: find the right pairs

P
¢
100
o
50
o
?
g
E
0 8
8
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g
-
.o
50
° 1
100

100 50 0 50 100

f, (cycles per image)

fx(cycles/image pixel size)
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100 50 0
f, (cycles per image)

fx(cycles/image pixel size)

fx(cycles/image pixel size)




