
Regularization, SGD, and 
Backpropagation

Bill Freeman, Antonio Torralba, Phillip Isola 
6.819 / 6.869



http://www.deeplearningbook.org/

By Ian Goodfellow, Yoshua Bengio and Aaron Courville

November 2016

Today: parts of chapters 7 and 8



1
<latexit sha1_base64="pmA/HjHGmdiSmfGZsk6vLuvv37s=">AAACO3icfZDLSgMxFIYz9VbrrdWlm8EqiEiZEUGXRV24EVuwF+iUciY9bUMzmSHJiGXoE7jVx/FBXLsTt+5NL4K24oHAx3/+JOf8fsSZ0o7zaqUWFpeWV9KrmbX1jc2tbG67qsJYUqzQkIey7oNCzgRWNNMc65FECHyONb9/OerX7lEqFoo7PYiwGUBXsA6joI1UdlvZvFNwxmXPgzuFPJlWqZWz9r12SOMAhaYclGq4TqSbCUjNKMdhxosVRkD70MWGQQEBqmYynnRoHxilbXdCaY7Q9lj9eSOBQKlB4BtnALqnZnsj8a9eI9ad82bCRBRrFHTyUSfmtg7t0dp2m0mkmg8MAJXMzGrTHkig2oSTyXhXaJaReGMevo1Qgg7lUeKB7AbwMDTLdb3jEf1nZOLbaMjk6s6mOA/Vk4LrFNzyab54MU04TXbJHjkkLjkjRXJNSqRCKEHySJ7Is/VivVnv1sfEmrKmd3bIr7I+vwAZpq14</latexit><latexit sha1_base64="pmA/HjHGmdiSmfGZsk6vLuvv37s=">AAACO3icfZDLSgMxFIYz9VbrrdWlm8EqiEiZEUGXRV24EVuwF+iUciY9bUMzmSHJiGXoE7jVx/FBXLsTt+5NL4K24oHAx3/+JOf8fsSZ0o7zaqUWFpeWV9KrmbX1jc2tbG67qsJYUqzQkIey7oNCzgRWNNMc65FECHyONb9/OerX7lEqFoo7PYiwGUBXsA6joI1UdlvZvFNwxmXPgzuFPJlWqZWz9r12SOMAhaYclGq4TqSbCUjNKMdhxosVRkD70MWGQQEBqmYynnRoHxilbXdCaY7Q9lj9eSOBQKlB4BtnALqnZnsj8a9eI9ad82bCRBRrFHTyUSfmtg7t0dp2m0mkmg8MAJXMzGrTHkig2oSTyXhXaJaReGMevo1Qgg7lUeKB7AbwMDTLdb3jEf1nZOLbaMjk6s6mOA/Vk4LrFNzyab54MU04TXbJHjkkLjkjRXJNSqRCKEHySJ7Is/VivVnv1sfEmrKmd3bIr7I+vwAZpq14</latexit><latexit sha1_base64="pmA/HjHGmdiSmfGZsk6vLuvv37s=">AAACO3icfZDLSgMxFIYz9VbrrdWlm8EqiEiZEUGXRV24EVuwF+iUciY9bUMzmSHJiGXoE7jVx/FBXLsTt+5NL4K24oHAx3/+JOf8fsSZ0o7zaqUWFpeWV9KrmbX1jc2tbG67qsJYUqzQkIey7oNCzgRWNNMc65FECHyONb9/OerX7lEqFoo7PYiwGUBXsA6joI1UdlvZvFNwxmXPgzuFPJlWqZWz9r12SOMAhaYclGq4TqSbCUjNKMdhxosVRkD70MWGQQEBqmYynnRoHxilbXdCaY7Q9lj9eSOBQKlB4BtnALqnZnsj8a9eI9ad82bCRBRrFHTyUSfmtg7t0dp2m0mkmg8MAJXMzGrTHkig2oSTyXhXaJaReGMevo1Qgg7lUeKB7AbwMDTLdb3jEf1nZOLbaMjk6s6mOA/Vk4LrFNzyab54MU04TXbJHjkkLjkjRXJNSqRCKEHySJ7Is/VivVnv1sfEmrKmd3bIr7I+vwAZpq14</latexit><latexit sha1_base64="pmA/HjHGmdiSmfGZsk6vLuvv37s=">AAACO3icfZDLSgMxFIYz9VbrrdWlm8EqiEiZEUGXRV24EVuwF+iUciY9bUMzmSHJiGXoE7jVx/FBXLsTt+5NL4K24oHAx3/+JOf8fsSZ0o7zaqUWFpeWV9KrmbX1jc2tbG67qsJYUqzQkIey7oNCzgRWNNMc65FECHyONb9/OerX7lEqFoo7PYiwGUBXsA6joI1UdlvZvFNwxmXPgzuFPJlWqZWz9r12SOMAhaYclGq4TqSbCUjNKMdhxosVRkD70MWGQQEBqmYynnRoHxilbXdCaY7Q9lj9eSOBQKlB4BtnALqnZnsj8a9eI9ad82bCRBRrFHTyUSfmtg7t0dp2m0mkmg8MAJXMzGrTHkig2oSTyXhXaJaReGMevo1Qgg7lUeKB7AbwMDTLdb3jEf1nZOLbaMjk6s6mOA/Vk4LrFNzyab54MU04TXbJHjkkLjkjRXJNSqRCKEHySJ7Is/VivVnv1sfEmrKmd3bIr7I+vwAZpq14</latexit>

Input 
representation 

Intermediate 
representation 

x
<latexit sha1_base64="qs7zOlksqv4NNZKed59cy1KO4ZM="></latexit><latexit sha1_base64="qs7zOlksqv4NNZKed59cy1KO4ZM="></latexit><latexit sha1_base64="qs7zOlksqv4NNZKed59cy1KO4ZM="></latexit><latexit sha1_base64="qs7zOlksqv4NNZKed59cy1KO4ZM="></latexit>

1
<latexit sha1_base64="pmA/HjHGmdiSmfGZsk6vLuvv37s=">AAACO3icfZDLSgMxFIYz9VbrrdWlm8EqiEiZEUGXRV24EVuwF+iUciY9bUMzmSHJiGXoE7jVx/FBXLsTt+5NL4K24oHAx3/+JOf8fsSZ0o7zaqUWFpeWV9KrmbX1jc2tbG67qsJYUqzQkIey7oNCzgRWNNMc65FECHyONb9/OerX7lEqFoo7PYiwGUBXsA6joI1UdlvZvFNwxmXPgzuFPJlWqZWz9r12SOMAhaYclGq4TqSbCUjNKMdhxosVRkD70MWGQQEBqmYynnRoHxilbXdCaY7Q9lj9eSOBQKlB4BtnALqnZnsj8a9eI9ad82bCRBRrFHTyUSfmtg7t0dp2m0mkmg8MAJXMzGrTHkig2oSTyXhXaJaReGMevo1Qgg7lUeKB7AbwMDTLdb3jEf1nZOLbaMjk6s6mOA/Vk4LrFNzyab54MU04TXbJHjkkLjkjRXJNSqRCKEHySJ7Is/VivVnv1sfEmrKmd3bIr7I+vwAZpq14</latexit><latexit sha1_base64="pmA/HjHGmdiSmfGZsk6vLuvv37s=">AAACO3icfZDLSgMxFIYz9VbrrdWlm8EqiEiZEUGXRV24EVuwF+iUciY9bUMzmSHJiGXoE7jVx/FBXLsTt+5NL4K24oHAx3/+JOf8fsSZ0o7zaqUWFpeWV9KrmbX1jc2tbG67qsJYUqzQkIey7oNCzgRWNNMc65FECHyONb9/OerX7lEqFoo7PYiwGUBXsA6joI1UdlvZvFNwxmXPgzuFPJlWqZWz9r12SOMAhaYclGq4TqSbCUjNKMdhxosVRkD70MWGQQEBqmYynnRoHxilbXdCaY7Q9lj9eSOBQKlB4BtnALqnZnsj8a9eI9ad82bCRBRrFHTyUSfmtg7t0dp2m0mkmg8MAJXMzGrTHkig2oSTyXhXaJaReGMevo1Qgg7lUeKB7AbwMDTLdb3jEf1nZOLbaMjk6s6mOA/Vk4LrFNzyab54MU04TXbJHjkkLjkjRXJNSqRCKEHySJ7Is/VivVnv1sfEmrKmd3bIr7I+vwAZpq14</latexit><latexit sha1_base64="pmA/HjHGmdiSmfGZsk6vLuvv37s=">AAACO3icfZDLSgMxFIYz9VbrrdWlm8EqiEiZEUGXRV24EVuwF+iUciY9bUMzmSHJiGXoE7jVx/FBXLsTt+5NL4K24oHAx3/+JOf8fsSZ0o7zaqUWFpeWV9KrmbX1jc2tbG67qsJYUqzQkIey7oNCzgRWNNMc65FECHyONb9/OerX7lEqFoo7PYiwGUBXsA6joI1UdlvZvFNwxmXPgzuFPJlWqZWz9r12SOMAhaYclGq4TqSbCUjNKMdhxosVRkD70MWGQQEBqmYynnRoHxilbXdCaY7Q9lj9eSOBQKlB4BtnALqnZnsj8a9eI9ad82bCRBRrFHTyUSfmtg7t0dp2m0mkmg8MAJXMzGrTHkig2oSTyXhXaJaReGMevo1Qgg7lUeKB7AbwMDTLdb3jEf1nZOLbaMjk6s6mOA/Vk4LrFNzyab54MU04TXbJHjkkLjkjRXJNSqRCKEHySJ7Is/VivVnv1sfEmrKmd3bIr7I+vwAZpq14</latexit><latexit sha1_base64="pmA/HjHGmdiSmfGZsk6vLuvv37s=">AAACO3icfZDLSgMxFIYz9VbrrdWlm8EqiEiZEUGXRV24EVuwF+iUciY9bUMzmSHJiGXoE7jVx/FBXLsTt+5NL4K24oHAx3/+JOf8fsSZ0o7zaqUWFpeWV9KrmbX1jc2tbG67qsJYUqzQkIey7oNCzgRWNNMc65FECHyONb9/OerX7lEqFoo7PYiwGUBXsA6joI1UdlvZvFNwxmXPgzuFPJlWqZWz9r12SOMAhaYclGq4TqSbCUjNKMdhxosVRkD70MWGQQEBqmYynnRoHxilbXdCaY7Q9lj9eSOBQKlB4BtnALqnZnsj8a9eI9ad82bCRBRrFHTyUSfmtg7t0dp2m0mkmg8MAJXMzGrTHkig2oSTyXhXaJaReGMevo1Qgg7lUeKB7AbwMDTLdb3jEf1nZOLbaMjk6s6mOA/Vk4LrFNzyab54MU04TXbJHjkkLjkjRXJNSqRCKEHySJ7Is/VivVnv1sfEmrKmd3bIr7I+vwAZpq14</latexit>

Stacking layers

Output 
representation 

h
<latexit sha1_base64="s/jkUN/MTrcLX2+8k4Crz0Qr6uA="></latexit><latexit sha1_base64="s/jkUN/MTrcLX2+8k4Crz0Qr6uA="></latexit><latexit sha1_base64="s/jkUN/MTrcLX2+8k4Crz0Qr6uA="></latexit><latexit sha1_base64="s/jkUN/MTrcLX2+8k4Crz0Qr6uA="></latexit>

y
<latexit sha1_base64="FmyeR3JezGV1zyZooGEWDLpYmZ0="></latexit><latexit sha1_base64="FmyeR3JezGV1zyZooGEWDLpYmZ0="></latexit><latexit sha1_base64="FmyeR3JezGV1zyZooGEWDLpYmZ0="></latexit><latexit sha1_base64="FmyeR3JezGV1zyZooGEWDLpYmZ0="></latexit>

W(1)
<latexit sha1_base64="/9mC8D5nhOZjh5Usn6UCnK/Vq+Q="></latexit><latexit sha1_base64="/9mC8D5nhOZjh5Usn6UCnK/Vq+Q="></latexit><latexit sha1_base64="/9mC8D5nhOZjh5Usn6UCnK/Vq+Q="></latexit><latexit sha1_base64="/9mC8D5nhOZjh5Usn6UCnK/Vq+Q="></latexit>

W(2)
<latexit sha1_base64="9WCxrhPeDBOVkS2tzxbMfux0RYI="></latexit><latexit sha1_base64="9WCxrhPeDBOVkS2tzxbMfux0RYI="></latexit><latexit sha1_base64="9WCxrhPeDBOVkS2tzxbMfux0RYI="></latexit><latexit sha1_base64="9WCxrhPeDBOVkS2tzxbMfux0RYI="></latexit>

b(1)
<latexit sha1_base64="9tPP7XWWXyMsjGfbv7dc2VPkae0="></latexit><latexit sha1_base64="9tPP7XWWXyMsjGfbv7dc2VPkae0="></latexit><latexit sha1_base64="9tPP7XWWXyMsjGfbv7dc2VPkae0="></latexit><latexit sha1_base64="9tPP7XWWXyMsjGfbv7dc2VPkae0="></latexit>

b(2)
<latexit sha1_base64="Z05pQdX1H/agWn+r38IKHf9n4G0="></latexit><latexit sha1_base64="Z05pQdX1H/agWn+r38IKHf9n4G0="></latexit><latexit sha1_base64="Z05pQdX1H/agWn+r38IKHf9n4G0="></latexit><latexit sha1_base64="Z05pQdX1H/agWn+r38IKHf9n4G0="></latexit>

✓ = {W(1), . . . ,W(L),b(1), . . . ,b(L)}
<latexit sha1_base64="y8cVpr00GQsr0QzjJm02tRYpUq0="></latexit><latexit sha1_base64="y8cVpr00GQsr0QzjJm02tRYpUq0="></latexit><latexit sha1_base64="y8cVpr00GQsr0QzjJm02tRYpUq0="></latexit><latexit sha1_base64="y8cVpr00GQsr0QzjJm02tRYpUq0="></latexit>



[http://playground.tensorflow.org]

http://playground.tensorflow.org


“clown fish”

Lin
ea
r

No
n-l
ine
ari
ty

…

Cla
ssi
fy

Deep nets
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Network output

…

dolphin

cat

grizzly bear

angel fish

chameleon

clown fish

Ground truth label

…

iguana

elephant

ŷ
<latexit sha1_base64="tWQIP+KV9eGBjLW2hKyoWJUSSLU="></latexit><latexit sha1_base64="tWQIP+KV9eGBjLW2hKyoWJUSSLU="></latexit><latexit sha1_base64="tWQIP+KV9eGBjLW2hKyoWJUSSLU="></latexit><latexit sha1_base64="tWQIP+KV9eGBjLW2hKyoWJUSSLU="></latexit>

y

H(y, ŷ) = �
KX

k=1

yk log ŷk
<latexit sha1_base64="z4a0YSpCyf+cJYSWnbTw3VATAt0="></latexit><latexit sha1_base64="z4a0YSpCyf+cJYSWnbTw3VATAt0="></latexit><latexit sha1_base64="z4a0YSpCyf+cJYSWnbTw3VATAt0="></latexit><latexit sha1_base64="z4a0YSpCyf+cJYSWnbTw3VATAt0="></latexit>

Probability of the observed 
data under the model

softmax
<latexit sha1_base64="tAXzzS+gG2wvCEcgX7zJw4Zpm3c="></latexit><latexit sha1_base64="tAXzzS+gG2wvCEcgX7zJw4Zpm3c="></latexit><latexit sha1_base64="tAXzzS+gG2wvCEcgX7zJw4Zpm3c="></latexit><latexit sha1_base64="tAXzzS+gG2wvCEcgX7zJw4Zpm3c="></latexit>



“clown fish”

Loss

Learned
Deep learning

✓1
<latexit sha1_base64="jdlg7NGrnJcaH/VcD2JvBoOrWj0="></latexit><latexit sha1_base64="jdlg7NGrnJcaH/VcD2JvBoOrWj0="></latexit><latexit sha1_base64="jdlg7NGrnJcaH/VcD2JvBoOrWj0="></latexit><latexit sha1_base64="jdlg7NGrnJcaH/VcD2JvBoOrWj0="></latexit>

✓2
<latexit sha1_base64="iVXCJZktr2Eln/pkk7Aj/62g948="></latexit><latexit sha1_base64="iVXCJZktr2Eln/pkk7Aj/62g948="></latexit><latexit sha1_base64="iVXCJZktr2Eln/pkk7Aj/62g948="></latexit><latexit sha1_base64="iVXCJZktr2Eln/pkk7Aj/62g948="></latexit>

✓3
<latexit sha1_base64="reWg5/K7U0PXdk1ubbo0pbdjPKk="></latexit><latexit sha1_base64="reWg5/K7U0PXdk1ubbo0pbdjPKk="></latexit><latexit sha1_base64="reWg5/K7U0PXdk1ubbo0pbdjPKk="></latexit><latexit sha1_base64="reWg5/K7U0PXdk1ubbo0pbdjPKk="></latexit>

✓4
<latexit sha1_base64="7Ngbm8oatoIEczf5bGzdlabUqio="></latexit><latexit sha1_base64="7Ngbm8oatoIEczf5bGzdlabUqio="></latexit><latexit sha1_base64="7Ngbm8oatoIEczf5bGzdlabUqio="></latexit><latexit sha1_base64="7Ngbm8oatoIEczf5bGzdlabUqio="></latexit>

✓5
<latexit sha1_base64="c+xP7yXt8IAUGttWNf57Pb7fO0I="></latexit><latexit sha1_base64="c+xP7yXt8IAUGttWNf57Pb7fO0I="></latexit><latexit sha1_base64="c+xP7yXt8IAUGttWNf57Pb7fO0I="></latexit><latexit sha1_base64="c+xP7yXt8IAUGttWNf57Pb7fO0I="></latexit>

✓6
<latexit sha1_base64="MwMtPAOwyA4XXwcUh1F3lF5KRWQ="></latexit><latexit sha1_base64="MwMtPAOwyA4XXwcUh1F3lF5KRWQ="></latexit><latexit sha1_base64="MwMtPAOwyA4XXwcUh1F3lF5KRWQ="></latexit><latexit sha1_base64="MwMtPAOwyA4XXwcUh1F3lF5KRWQ="></latexit>

L(f✓(x1),y1)
<latexit sha1_base64="9o1huIyMJYmNnbA5giaTmqRHW/Y="></latexit><latexit sha1_base64="9o1huIyMJYmNnbA5giaTmqRHW/Y="></latexit><latexit sha1_base64="9o1huIyMJYmNnbA5giaTmqRHW/Y="></latexit><latexit sha1_base64="9o1huIyMJYmNnbA5giaTmqRHW/Y="></latexit>

✓⇤ = argmin
✓

NX

i=1

L(f✓(xi),yi)
<latexit sha1_base64="NY7Asv10v4fRUCn8YLdDvRAq9Jk="></latexit><latexit sha1_base64="NY7Asv10v4fRUCn8YLdDvRAq9Jk="></latexit><latexit sha1_base64="NY7Asv10v4fRUCn8YLdDvRAq9Jk="></latexit><latexit sha1_base64="NY7Asv10v4fRUCn8YLdDvRAq9Jk="></latexit>

y1
<latexit sha1_base64="J51W9itlTvHBbqqqJ0NiQ93Cq3w="></latexit><latexit sha1_base64="J51W9itlTvHBbqqqJ0NiQ93Cq3w="></latexit><latexit sha1_base64="J51W9itlTvHBbqqqJ0NiQ93Cq3w="></latexit><latexit sha1_base64="J51W9itlTvHBbqqqJ0NiQ93Cq3w="></latexit>

x1
<latexit sha1_base64="Oigk9pKRqxnyH+TvotRGxAo8RjA="></latexit><latexit sha1_base64="Oigk9pKRqxnyH+TvotRGxAo8RjA="></latexit><latexit sha1_base64="Oigk9pKRqxnyH+TvotRGxAo8RjA="></latexit><latexit sha1_base64="Oigk9pKRqxnyH+TvotRGxAo8RjA="></latexit>



“grizzly bear”

Loss

Learned
Deep learning

✓1
<latexit sha1_base64="jdlg7NGrnJcaH/VcD2JvBoOrWj0="></latexit><latexit sha1_base64="jdlg7NGrnJcaH/VcD2JvBoOrWj0="></latexit><latexit sha1_base64="jdlg7NGrnJcaH/VcD2JvBoOrWj0="></latexit><latexit sha1_base64="jdlg7NGrnJcaH/VcD2JvBoOrWj0="></latexit>

✓2
<latexit sha1_base64="iVXCJZktr2Eln/pkk7Aj/62g948="></latexit><latexit sha1_base64="iVXCJZktr2Eln/pkk7Aj/62g948="></latexit><latexit sha1_base64="iVXCJZktr2Eln/pkk7Aj/62g948="></latexit><latexit sha1_base64="iVXCJZktr2Eln/pkk7Aj/62g948="></latexit>

✓3
<latexit sha1_base64="reWg5/K7U0PXdk1ubbo0pbdjPKk="></latexit><latexit sha1_base64="reWg5/K7U0PXdk1ubbo0pbdjPKk="></latexit><latexit sha1_base64="reWg5/K7U0PXdk1ubbo0pbdjPKk="></latexit><latexit sha1_base64="reWg5/K7U0PXdk1ubbo0pbdjPKk="></latexit>

✓4
<latexit sha1_base64="7Ngbm8oatoIEczf5bGzdlabUqio="></latexit><latexit sha1_base64="7Ngbm8oatoIEczf5bGzdlabUqio="></latexit><latexit sha1_base64="7Ngbm8oatoIEczf5bGzdlabUqio="></latexit><latexit sha1_base64="7Ngbm8oatoIEczf5bGzdlabUqio="></latexit>

✓5
<latexit sha1_base64="c+xP7yXt8IAUGttWNf57Pb7fO0I="></latexit><latexit sha1_base64="c+xP7yXt8IAUGttWNf57Pb7fO0I="></latexit><latexit sha1_base64="c+xP7yXt8IAUGttWNf57Pb7fO0I="></latexit><latexit sha1_base64="c+xP7yXt8IAUGttWNf57Pb7fO0I="></latexit>

✓6
<latexit sha1_base64="MwMtPAOwyA4XXwcUh1F3lF5KRWQ="></latexit><latexit sha1_base64="MwMtPAOwyA4XXwcUh1F3lF5KRWQ="></latexit><latexit sha1_base64="MwMtPAOwyA4XXwcUh1F3lF5KRWQ="></latexit><latexit sha1_base64="MwMtPAOwyA4XXwcUh1F3lF5KRWQ="></latexit>

✓⇤ = argmin
✓

NX

i=1

L(f✓(xi),yi)
<latexit sha1_base64="NY7Asv10v4fRUCn8YLdDvRAq9Jk="></latexit><latexit sha1_base64="NY7Asv10v4fRUCn8YLdDvRAq9Jk="></latexit><latexit sha1_base64="NY7Asv10v4fRUCn8YLdDvRAq9Jk="></latexit><latexit sha1_base64="NY7Asv10v4fRUCn8YLdDvRAq9Jk="></latexit>

L(f✓(x2),y2)
<latexit sha1_base64="fFFCB7eejza/zlAV/wbUSis6Szo="></latexit><latexit sha1_base64="fFFCB7eejza/zlAV/wbUSis6Szo="></latexit><latexit sha1_base64="fFFCB7eejza/zlAV/wbUSis6Szo="></latexit><latexit sha1_base64="fFFCB7eejza/zlAV/wbUSis6Szo="></latexit>

x2
<latexit sha1_base64="BGpt5Utmtf3e59dvNgHGhyUMhJY="></latexit><latexit sha1_base64="BGpt5Utmtf3e59dvNgHGhyUMhJY="></latexit><latexit sha1_base64="BGpt5Utmtf3e59dvNgHGhyUMhJY="></latexit><latexit sha1_base64="BGpt5Utmtf3e59dvNgHGhyUMhJY="></latexit>

y2
<latexit sha1_base64="6vq+csRapwN46y2e4MkNuQsqq9k="></latexit><latexit sha1_base64="6vq+csRapwN46y2e4MkNuQsqq9k="></latexit><latexit sha1_base64="6vq+csRapwN46y2e4MkNuQsqq9k="></latexit><latexit sha1_base64="6vq+csRapwN46y2e4MkNuQsqq9k="></latexit>



“chameleon”

Loss

Learned
Deep learning

xi
<latexit sha1_base64="xJ4jKLDJGwVktnqhP9WUb+owElc="></latexit><latexit sha1_base64="xJ4jKLDJGwVktnqhP9WUb+owElc="></latexit><latexit sha1_base64="xJ4jKLDJGwVktnqhP9WUb+owElc="></latexit><latexit sha1_base64="xJ4jKLDJGwVktnqhP9WUb+owElc="></latexit>

yi
<latexit sha1_base64="0K2sIsHmznZDQEnYN4deBkwg1Wg="></latexit><latexit sha1_base64="0K2sIsHmznZDQEnYN4deBkwg1Wg="></latexit><latexit sha1_base64="0K2sIsHmznZDQEnYN4deBkwg1Wg="></latexit><latexit sha1_base64="0K2sIsHmznZDQEnYN4deBkwg1Wg="></latexit>

✓1
<latexit sha1_base64="jdlg7NGrnJcaH/VcD2JvBoOrWj0="></latexit><latexit sha1_base64="jdlg7NGrnJcaH/VcD2JvBoOrWj0="></latexit><latexit sha1_base64="jdlg7NGrnJcaH/VcD2JvBoOrWj0="></latexit><latexit sha1_base64="jdlg7NGrnJcaH/VcD2JvBoOrWj0="></latexit>

✓2
<latexit sha1_base64="iVXCJZktr2Eln/pkk7Aj/62g948="></latexit><latexit sha1_base64="iVXCJZktr2Eln/pkk7Aj/62g948="></latexit><latexit sha1_base64="iVXCJZktr2Eln/pkk7Aj/62g948="></latexit><latexit sha1_base64="iVXCJZktr2Eln/pkk7Aj/62g948="></latexit>

✓3
<latexit sha1_base64="reWg5/K7U0PXdk1ubbo0pbdjPKk="></latexit><latexit sha1_base64="reWg5/K7U0PXdk1ubbo0pbdjPKk="></latexit><latexit sha1_base64="reWg5/K7U0PXdk1ubbo0pbdjPKk="></latexit><latexit sha1_base64="reWg5/K7U0PXdk1ubbo0pbdjPKk="></latexit>

✓4
<latexit sha1_base64="7Ngbm8oatoIEczf5bGzdlabUqio="></latexit><latexit sha1_base64="7Ngbm8oatoIEczf5bGzdlabUqio="></latexit><latexit sha1_base64="7Ngbm8oatoIEczf5bGzdlabUqio="></latexit><latexit sha1_base64="7Ngbm8oatoIEczf5bGzdlabUqio="></latexit>

✓5
<latexit sha1_base64="c+xP7yXt8IAUGttWNf57Pb7fO0I="></latexit><latexit sha1_base64="c+xP7yXt8IAUGttWNf57Pb7fO0I="></latexit><latexit sha1_base64="c+xP7yXt8IAUGttWNf57Pb7fO0I="></latexit><latexit sha1_base64="c+xP7yXt8IAUGttWNf57Pb7fO0I="></latexit>

✓6
<latexit sha1_base64="MwMtPAOwyA4XXwcUh1F3lF5KRWQ="></latexit><latexit sha1_base64="MwMtPAOwyA4XXwcUh1F3lF5KRWQ="></latexit><latexit sha1_base64="MwMtPAOwyA4XXwcUh1F3lF5KRWQ="></latexit><latexit sha1_base64="MwMtPAOwyA4XXwcUh1F3lF5KRWQ="></latexit>

✓⇤ = argmin
✓

NX

i=1

L(f✓(xi),yi)
<latexit sha1_base64="NY7Asv10v4fRUCn8YLdDvRAq9Jk="></latexit><latexit sha1_base64="NY7Asv10v4fRUCn8YLdDvRAq9Jk="></latexit><latexit sha1_base64="NY7Asv10v4fRUCn8YLdDvRAq9Jk="></latexit><latexit sha1_base64="NY7Asv10v4fRUCn8YLdDvRAq9Jk="></latexit>

L(f✓(xi),yi)
<latexit sha1_base64="LsY/QffLc94kMz0ybC/q9VKkUwg="></latexit><latexit sha1_base64="LsY/QffLc94kMz0ybC/q9VKkUwg="></latexit><latexit sha1_base64="LsY/QffLc94kMz0ybC/q9VKkUwg="></latexit><latexit sha1_base64="LsY/QffLc94kMz0ybC/q9VKkUwg="></latexit>



Regularizing deep nets

Deep nets have millions of parameters!

On many datasets, it is easy to overfit — we may have more free 
parameters than data points to constrain them.

How can we regularize to prevent the network from overfitting? 
1. Fewer neurons, fewer layers 
2. Weight decay 
3. Dropout 
4. Normalization layers 
5. …



Recall: regularized least squares

f✓(x) =
KX

k=0

✓kx
k

<latexit sha1_base64="AyC8XEjf2chC/S1kA3jyV93jmr0=">AAACE3icbVDLSsNAFJ34rPVVdelmsAjVRUlE0E2h6EZwU8E+oEnDZDpph0wezNxIS8g/uPFX3LhQxK0bd/6NaZuFth64cDjnXu69x4kEV6Dr39rS8srq2npho7i5tb2zW9rbb6kwlpQ1aShC2XGIYoIHrAkcBOtEkhHfEazteNcTv/3ApOJhcA/jiFk+GQTc5ZRAJtmlU9dOTBgyIGlldIJr2FSxbydeTU97t3jm2B4e9byiXSrrVX0KvEiMnJRRjoZd+jL7IY19FgAVRKmuoUdgJUQCp4KlRTNWLCLUIwPWzWhAfKasZPpTio8zpY/dUGYVAJ6qvycS4is19p2s0ycwVPPeRPzP68bgXloJD6IYWEBni9xYYAjxJCDc55JREOOMECp5diumQyIJhSzGSQjG/MuLpHVWNfSqcXderl/lcRTQITpCFWSgC1RHN6iBmoiiR/SMXtGb9qS9aO/ax6x1SctnDtAfaJ8/NbOdFA==</latexit><latexit sha1_base64="AyC8XEjf2chC/S1kA3jyV93jmr0=">AAACE3icbVDLSsNAFJ34rPVVdelmsAjVRUlE0E2h6EZwU8E+oEnDZDpph0wezNxIS8g/uPFX3LhQxK0bd/6NaZuFth64cDjnXu69x4kEV6Dr39rS8srq2npho7i5tb2zW9rbb6kwlpQ1aShC2XGIYoIHrAkcBOtEkhHfEazteNcTv/3ApOJhcA/jiFk+GQTc5ZRAJtmlU9dOTBgyIGlldIJr2FSxbydeTU97t3jm2B4e9byiXSrrVX0KvEiMnJRRjoZd+jL7IY19FgAVRKmuoUdgJUQCp4KlRTNWLCLUIwPWzWhAfKasZPpTio8zpY/dUGYVAJ6qvycS4is19p2s0ycwVPPeRPzP68bgXloJD6IYWEBni9xYYAjxJCDc55JREOOMECp5diumQyIJhSzGSQjG/MuLpHVWNfSqcXderl/lcRTQITpCFWSgC1RHN6iBmoiiR/SMXtGb9qS9aO/ax6x1SctnDtAfaJ8/NbOdFA==</latexit><latexit sha1_base64="AyC8XEjf2chC/S1kA3jyV93jmr0=">AAACE3icbVDLSsNAFJ34rPVVdelmsAjVRUlE0E2h6EZwU8E+oEnDZDpph0wezNxIS8g/uPFX3LhQxK0bd/6NaZuFth64cDjnXu69x4kEV6Dr39rS8srq2npho7i5tb2zW9rbb6kwlpQ1aShC2XGIYoIHrAkcBOtEkhHfEazteNcTv/3ApOJhcA/jiFk+GQTc5ZRAJtmlU9dOTBgyIGlldIJr2FSxbydeTU97t3jm2B4e9byiXSrrVX0KvEiMnJRRjoZd+jL7IY19FgAVRKmuoUdgJUQCp4KlRTNWLCLUIwPWzWhAfKasZPpTio8zpY/dUGYVAJ6qvycS4is19p2s0ycwVPPeRPzP68bgXloJD6IYWEBni9xYYAjxJCDc55JREOOMECp5diumQyIJhSzGSQjG/MuLpHVWNfSqcXderl/lcRTQITpCFWSgC1RHN6iBmoiiR/SMXtGb9qS9aO/ax6x1SctnDtAfaJ8/NbOdFA==</latexit><latexit sha1_base64="AyC8XEjf2chC/S1kA3jyV93jmr0=">AAACE3icbVDLSsNAFJ34rPVVdelmsAjVRUlE0E2h6EZwU8E+oEnDZDpph0wezNxIS8g/uPFX3LhQxK0bd/6NaZuFth64cDjnXu69x4kEV6Dr39rS8srq2npho7i5tb2zW9rbb6kwlpQ1aShC2XGIYoIHrAkcBOtEkhHfEazteNcTv/3ApOJhcA/jiFk+GQTc5ZRAJtmlU9dOTBgyIGlldIJr2FSxbydeTU97t3jm2B4e9byiXSrrVX0KvEiMnJRRjoZd+jL7IY19FgAVRKmuoUdgJUQCp4KlRTNWLCLUIwPWzWhAfKasZPpTio8zpY/dUGYVAJ6qvycS4is19p2s0ycwVPPeRPzP68bgXloJD6IYWEBni9xYYAjxJCDc55JREOOMECp5diumQyIJhSzGSQjG/MuLpHVWNfSqcXderl/lcRTQITpCFWSgC1RHN6iBmoiiR/SMXtGb9qS9aO/ax6x1SctnDtAfaJ8/NbOdFA==</latexit>

Only use polynomial terms if you really need 
them! Most terms should be zero

ridge regression, a.k.a., Tikhonov regularization

Probabilistic interpretation: R is a Gaussian prior over values of the parameters.

R(✓) = � k✓k22
<latexit sha1_base64="QfM8ZK8/IqYc07GDiQQ5bN0mKw4="></latexit><latexit sha1_base64="QfM8ZK8/IqYc07GDiQQ5bN0mKw4="></latexit><latexit sha1_base64="QfM8ZK8/IqYc07GDiQQ5bN0mKw4="></latexit><latexit sha1_base64="QfM8ZK8/IqYc07GDiQQ5bN0mKw4="></latexit>



Regularizing the weights in a neural net

weight decay

✓⇤ = argmin
✓

NX

i=1

L(f✓(xi),yi) +R(✓)
<latexit sha1_base64="2ffDpBNj2dx5s03p0wY2ss/Y2fE="></latexit><latexit sha1_base64="2ffDpBNj2dx5s03p0wY2ss/Y2fE="></latexit><latexit sha1_base64="2ffDpBNj2dx5s03p0wY2ss/Y2fE="></latexit><latexit sha1_base64="2ffDpBNj2dx5s03p0wY2ss/Y2fE="></latexit>

R(W) = � kWk22
<latexit sha1_base64="ZwPitcGx2z9inMXGBV7O0GcAQFU="></latexit><latexit sha1_base64="ZwPitcGx2z9inMXGBV7O0GcAQFU="></latexit><latexit sha1_base64="ZwPitcGx2z9inMXGBV7O0GcAQFU="></latexit><latexit sha1_base64="ZwPitcGx2z9inMXGBV7O0GcAQFU="></latexit>

“We prefer to keep weights small.”



1
<latexit sha1_base64="pmA/HjHGmdiSmfGZsk6vLuvv37s=">AAACO3icfZDLSgMxFIYz9VbrrdWlm8EqiEiZEUGXRV24EVuwF+iUciY9bUMzmSHJiGXoE7jVx/FBXLsTt+5NL4K24oHAx3/+JOf8fsSZ0o7zaqUWFpeWV9KrmbX1jc2tbG67qsJYUqzQkIey7oNCzgRWNNMc65FECHyONb9/OerX7lEqFoo7PYiwGUBXsA6joI1UdlvZvFNwxmXPgzuFPJlWqZWz9r12SOMAhaYclGq4TqSbCUjNKMdhxosVRkD70MWGQQEBqmYynnRoHxilbXdCaY7Q9lj9eSOBQKlB4BtnALqnZnsj8a9eI9ad82bCRBRrFHTyUSfmtg7t0dp2m0mkmg8MAJXMzGrTHkig2oSTyXhXaJaReGMevo1Qgg7lUeKB7AbwMDTLdb3jEf1nZOLbaMjk6s6mOA/Vk4LrFNzyab54MU04TXbJHjkkLjkjRXJNSqRCKEHySJ7Is/VivVnv1sfEmrKmd3bIr7I+vwAZpq14</latexit><latexit sha1_base64="pmA/HjHGmdiSmfGZsk6vLuvv37s=">AAACO3icfZDLSgMxFIYz9VbrrdWlm8EqiEiZEUGXRV24EVuwF+iUciY9bUMzmSHJiGXoE7jVx/FBXLsTt+5NL4K24oHAx3/+JOf8fsSZ0o7zaqUWFpeWV9KrmbX1jc2tbG67qsJYUqzQkIey7oNCzgRWNNMc65FECHyONb9/OerX7lEqFoo7PYiwGUBXsA6joI1UdlvZvFNwxmXPgzuFPJlWqZWz9r12SOMAhaYclGq4TqSbCUjNKMdhxosVRkD70MWGQQEBqmYynnRoHxilbXdCaY7Q9lj9eSOBQKlB4BtnALqnZnsj8a9eI9ad82bCRBRrFHTyUSfmtg7t0dp2m0mkmg8MAJXMzGrTHkig2oSTyXhXaJaReGMevo1Qgg7lUeKB7AbwMDTLdb3jEf1nZOLbaMjk6s6mOA/Vk4LrFNzyab54MU04TXbJHjkkLjkjRXJNSqRCKEHySJ7Is/VivVnv1sfEmrKmd3bIr7I+vwAZpq14</latexit><latexit sha1_base64="pmA/HjHGmdiSmfGZsk6vLuvv37s=">AAACO3icfZDLSgMxFIYz9VbrrdWlm8EqiEiZEUGXRV24EVuwF+iUciY9bUMzmSHJiGXoE7jVx/FBXLsTt+5NL4K24oHAx3/+JOf8fsSZ0o7zaqUWFpeWV9KrmbX1jc2tbG67qsJYUqzQkIey7oNCzgRWNNMc65FECHyONb9/OerX7lEqFoo7PYiwGUBXsA6joI1UdlvZvFNwxmXPgzuFPJlWqZWz9r12SOMAhaYclGq4TqSbCUjNKMdhxosVRkD70MWGQQEBqmYynnRoHxilbXdCaY7Q9lj9eSOBQKlB4BtnALqnZnsj8a9eI9ad82bCRBRrFHTyUSfmtg7t0dp2m0mkmg8MAJXMzGrTHkig2oSTyXhXaJaReGMevo1Qgg7lUeKB7AbwMDTLdb3jEf1nZOLbaMjk6s6mOA/Vk4LrFNzyab54MU04TXbJHjkkLjkjRXJNSqRCKEHySJ7Is/VivVnv1sfEmrKmd3bIr7I+vwAZpq14</latexit><latexit sha1_base64="pmA/HjHGmdiSmfGZsk6vLuvv37s=">AAACO3icfZDLSgMxFIYz9VbrrdWlm8EqiEiZEUGXRV24EVuwF+iUciY9bUMzmSHJiGXoE7jVx/FBXLsTt+5NL4K24oHAx3/+JOf8fsSZ0o7zaqUWFpeWV9KrmbX1jc2tbG67qsJYUqzQkIey7oNCzgRWNNMc65FECHyONb9/OerX7lEqFoo7PYiwGUBXsA6joI1UdlvZvFNwxmXPgzuFPJlWqZWz9r12SOMAhaYclGq4TqSbCUjNKMdhxosVRkD70MWGQQEBqmYynnRoHxilbXdCaY7Q9lj9eSOBQKlB4BtnALqnZnsj8a9eI9ad82bCRBRrFHTyUSfmtg7t0dp2m0mkmg8MAJXMzGrTHkig2oSTyXhXaJaReGMevo1Qgg7lUeKB7AbwMDTLdb3jEf1nZOLbaMjk6s6mOA/Vk4LrFNzyab54MU04TXbJHjkkLjkjRXJNSqRCKEHySJ7Is/VivVnv1sfEmrKmd3bIr7I+vwAZpq14</latexit>

Input 
representation 

Intermediate 
representation 

x
<latexit sha1_base64="qs7zOlksqv4NNZKed59cy1KO4ZM="></latexit><latexit sha1_base64="qs7zOlksqv4NNZKed59cy1KO4ZM="></latexit><latexit sha1_base64="qs7zOlksqv4NNZKed59cy1KO4ZM="></latexit><latexit sha1_base64="qs7zOlksqv4NNZKed59cy1KO4ZM="></latexit>

1
<latexit sha1_base64="pmA/HjHGmdiSmfGZsk6vLuvv37s=">AAACO3icfZDLSgMxFIYz9VbrrdWlm8EqiEiZEUGXRV24EVuwF+iUciY9bUMzmSHJiGXoE7jVx/FBXLsTt+5NL4K24oHAx3/+JOf8fsSZ0o7zaqUWFpeWV9KrmbX1jc2tbG67qsJYUqzQkIey7oNCzgRWNNMc65FECHyONb9/OerX7lEqFoo7PYiwGUBXsA6joI1UdlvZvFNwxmXPgzuFPJlWqZWz9r12SOMAhaYclGq4TqSbCUjNKMdhxosVRkD70MWGQQEBqmYynnRoHxilbXdCaY7Q9lj9eSOBQKlB4BtnALqnZnsj8a9eI9ad82bCRBRrFHTyUSfmtg7t0dp2m0mkmg8MAJXMzGrTHkig2oSTyXhXaJaReGMevo1Qgg7lUeKB7AbwMDTLdb3jEf1nZOLbaMjk6s6mOA/Vk4LrFNzyab54MU04TXbJHjkkLjkjRXJNSqRCKEHySJ7Is/VivVnv1sfEmrKmd3bIr7I+vwAZpq14</latexit><latexit sha1_base64="pmA/HjHGmdiSmfGZsk6vLuvv37s=">AAACO3icfZDLSgMxFIYz9VbrrdWlm8EqiEiZEUGXRV24EVuwF+iUciY9bUMzmSHJiGXoE7jVx/FBXLsTt+5NL4K24oHAx3/+JOf8fsSZ0o7zaqUWFpeWV9KrmbX1jc2tbG67qsJYUqzQkIey7oNCzgRWNNMc65FECHyONb9/OerX7lEqFoo7PYiwGUBXsA6joI1UdlvZvFNwxmXPgzuFPJlWqZWz9r12SOMAhaYclGq4TqSbCUjNKMdhxosVRkD70MWGQQEBqmYynnRoHxilbXdCaY7Q9lj9eSOBQKlB4BtnALqnZnsj8a9eI9ad82bCRBRrFHTyUSfmtg7t0dp2m0mkmg8MAJXMzGrTHkig2oSTyXhXaJaReGMevo1Qgg7lUeKB7AbwMDTLdb3jEf1nZOLbaMjk6s6mOA/Vk4LrFNzyab54MU04TXbJHjkkLjkjRXJNSqRCKEHySJ7Is/VivVnv1sfEmrKmd3bIr7I+vwAZpq14</latexit><latexit sha1_base64="pmA/HjHGmdiSmfGZsk6vLuvv37s=">AAACO3icfZDLSgMxFIYz9VbrrdWlm8EqiEiZEUGXRV24EVuwF+iUciY9bUMzmSHJiGXoE7jVx/FBXLsTt+5NL4K24oHAx3/+JOf8fsSZ0o7zaqUWFpeWV9KrmbX1jc2tbG67qsJYUqzQkIey7oNCzgRWNNMc65FECHyONb9/OerX7lEqFoo7PYiwGUBXsA6joI1UdlvZvFNwxmXPgzuFPJlWqZWz9r12SOMAhaYclGq4TqSbCUjNKMdhxosVRkD70MWGQQEBqmYynnRoHxilbXdCaY7Q9lj9eSOBQKlB4BtnALqnZnsj8a9eI9ad82bCRBRrFHTyUSfmtg7t0dp2m0mkmg8MAJXMzGrTHkig2oSTyXhXaJaReGMevo1Qgg7lUeKB7AbwMDTLdb3jEf1nZOLbaMjk6s6mOA/Vk4LrFNzyab54MU04TXbJHjkkLjkjRXJNSqRCKEHySJ7Is/VivVnv1sfEmrKmd3bIr7I+vwAZpq14</latexit><latexit sha1_base64="pmA/HjHGmdiSmfGZsk6vLuvv37s=">AAACO3icfZDLSgMxFIYz9VbrrdWlm8EqiEiZEUGXRV24EVuwF+iUciY9bUMzmSHJiGXoE7jVx/FBXLsTt+5NL4K24oHAx3/+JOf8fsSZ0o7zaqUWFpeWV9KrmbX1jc2tbG67qsJYUqzQkIey7oNCzgRWNNMc65FECHyONb9/OerX7lEqFoo7PYiwGUBXsA6joI1UdlvZvFNwxmXPgzuFPJlWqZWz9r12SOMAhaYclGq4TqSbCUjNKMdhxosVRkD70MWGQQEBqmYynnRoHxilbXdCaY7Q9lj9eSOBQKlB4BtnALqnZnsj8a9eI9ad82bCRBRrFHTyUSfmtg7t0dp2m0mkmg8MAJXMzGrTHkig2oSTyXhXaJaReGMevo1Qgg7lUeKB7AbwMDTLdb3jEf1nZOLbaMjk6s6mOA/Vk4LrFNzyab54MU04TXbJHjkkLjkjRXJNSqRCKEHySJ7Is/VivVnv1sfEmrKmd3bIr7I+vwAZpq14</latexit>

Output 
representation 

h
<latexit sha1_base64="s/jkUN/MTrcLX2+8k4Crz0Qr6uA="></latexit><latexit sha1_base64="s/jkUN/MTrcLX2+8k4Crz0Qr6uA="></latexit><latexit sha1_base64="s/jkUN/MTrcLX2+8k4Crz0Qr6uA="></latexit><latexit sha1_base64="s/jkUN/MTrcLX2+8k4Crz0Qr6uA="></latexit>

y
<latexit sha1_base64="FmyeR3JezGV1zyZooGEWDLpYmZ0="></latexit><latexit sha1_base64="FmyeR3JezGV1zyZooGEWDLpYmZ0="></latexit><latexit sha1_base64="FmyeR3JezGV1zyZooGEWDLpYmZ0="></latexit><latexit sha1_base64="FmyeR3JezGV1zyZooGEWDLpYmZ0="></latexit>

W(1)
<latexit sha1_base64="/9mC8D5nhOZjh5Usn6UCnK/Vq+Q="></latexit><latexit sha1_base64="/9mC8D5nhOZjh5Usn6UCnK/Vq+Q="></latexit><latexit sha1_base64="/9mC8D5nhOZjh5Usn6UCnK/Vq+Q="></latexit><latexit sha1_base64="/9mC8D5nhOZjh5Usn6UCnK/Vq+Q="></latexit>

W(2)
<latexit sha1_base64="9WCxrhPeDBOVkS2tzxbMfux0RYI="></latexit><latexit sha1_base64="9WCxrhPeDBOVkS2tzxbMfux0RYI="></latexit><latexit sha1_base64="9WCxrhPeDBOVkS2tzxbMfux0RYI="></latexit><latexit sha1_base64="9WCxrhPeDBOVkS2tzxbMfux0RYI="></latexit>

b(1)
<latexit sha1_base64="9tPP7XWWXyMsjGfbv7dc2VPkae0="></latexit><latexit sha1_base64="9tPP7XWWXyMsjGfbv7dc2VPkae0="></latexit><latexit sha1_base64="9tPP7XWWXyMsjGfbv7dc2VPkae0="></latexit><latexit sha1_base64="9tPP7XWWXyMsjGfbv7dc2VPkae0="></latexit>

b(2)
<latexit sha1_base64="Z05pQdX1H/agWn+r38IKHf9n4G0="></latexit><latexit sha1_base64="Z05pQdX1H/agWn+r38IKHf9n4G0="></latexit><latexit sha1_base64="Z05pQdX1H/agWn+r38IKHf9n4G0="></latexit><latexit sha1_base64="Z05pQdX1H/agWn+r38IKHf9n4G0="></latexit>

✓ = {W(1), . . . ,W(L),b(1), . . . ,b(L)}
<latexit sha1_base64="y8cVpr00GQsr0QzjJm02tRYpUq0="></latexit><latexit sha1_base64="y8cVpr00GQsr0QzjJm02tRYpUq0="></latexit><latexit sha1_base64="y8cVpr00GQsr0QzjJm02tRYpUq0="></latexit><latexit sha1_base64="y8cVpr00GQsr0QzjJm02tRYpUq0="></latexit>

Dropout



1
<latexit sha1_base64="pmA/HjHGmdiSmfGZsk6vLuvv37s=">AAACO3icfZDLSgMxFIYz9VbrrdWlm8EqiEiZEUGXRV24EVuwF+iUciY9bUMzmSHJiGXoE7jVx/FBXLsTt+5NL4K24oHAx3/+JOf8fsSZ0o7zaqUWFpeWV9KrmbX1jc2tbG67qsJYUqzQkIey7oNCzgRWNNMc65FECHyONb9/OerX7lEqFoo7PYiwGUBXsA6joI1UdlvZvFNwxmXPgzuFPJlWqZWz9r12SOMAhaYclGq4TqSbCUjNKMdhxosVRkD70MWGQQEBqmYynnRoHxilbXdCaY7Q9lj9eSOBQKlB4BtnALqnZnsj8a9eI9ad82bCRBRrFHTyUSfmtg7t0dp2m0mkmg8MAJXMzGrTHkig2oSTyXhXaJaReGMevo1Qgg7lUeKB7AbwMDTLdb3jEf1nZOLbaMjk6s6mOA/Vk4LrFNzyab54MU04TXbJHjkkLjkjRXJNSqRCKEHySJ7Is/VivVnv1sfEmrKmd3bIr7I+vwAZpq14</latexit><latexit sha1_base64="pmA/HjHGmdiSmfGZsk6vLuvv37s=">AAACO3icfZDLSgMxFIYz9VbrrdWlm8EqiEiZEUGXRV24EVuwF+iUciY9bUMzmSHJiGXoE7jVx/FBXLsTt+5NL4K24oHAx3/+JOf8fsSZ0o7zaqUWFpeWV9KrmbX1jc2tbG67qsJYUqzQkIey7oNCzgRWNNMc65FECHyONb9/OerX7lEqFoo7PYiwGUBXsA6joI1UdlvZvFNwxmXPgzuFPJlWqZWz9r12SOMAhaYclGq4TqSbCUjNKMdhxosVRkD70MWGQQEBqmYynnRoHxilbXdCaY7Q9lj9eSOBQKlB4BtnALqnZnsj8a9eI9ad82bCRBRrFHTyUSfmtg7t0dp2m0mkmg8MAJXMzGrTHkig2oSTyXhXaJaReGMevo1Qgg7lUeKB7AbwMDTLdb3jEf1nZOLbaMjk6s6mOA/Vk4LrFNzyab54MU04TXbJHjkkLjkjRXJNSqRCKEHySJ7Is/VivVnv1sfEmrKmd3bIr7I+vwAZpq14</latexit><latexit sha1_base64="pmA/HjHGmdiSmfGZsk6vLuvv37s=">AAACO3icfZDLSgMxFIYz9VbrrdWlm8EqiEiZEUGXRV24EVuwF+iUciY9bUMzmSHJiGXoE7jVx/FBXLsTt+5NL4K24oHAx3/+JOf8fsSZ0o7zaqUWFpeWV9KrmbX1jc2tbG67qsJYUqzQkIey7oNCzgRWNNMc65FECHyONb9/OerX7lEqFoo7PYiwGUBXsA6joI1UdlvZvFNwxmXPgzuFPJlWqZWz9r12SOMAhaYclGq4TqSbCUjNKMdhxosVRkD70MWGQQEBqmYynnRoHxilbXdCaY7Q9lj9eSOBQKlB4BtnALqnZnsj8a9eI9ad82bCRBRrFHTyUSfmtg7t0dp2m0mkmg8MAJXMzGrTHkig2oSTyXhXaJaReGMevo1Qgg7lUeKB7AbwMDTLdb3jEf1nZOLbaMjk6s6mOA/Vk4LrFNzyab54MU04TXbJHjkkLjkjRXJNSqRCKEHySJ7Is/VivVnv1sfEmrKmd3bIr7I+vwAZpq14</latexit><latexit sha1_base64="pmA/HjHGmdiSmfGZsk6vLuvv37s=">AAACO3icfZDLSgMxFIYz9VbrrdWlm8EqiEiZEUGXRV24EVuwF+iUciY9bUMzmSHJiGXoE7jVx/FBXLsTt+5NL4K24oHAx3/+JOf8fsSZ0o7zaqUWFpeWV9KrmbX1jc2tbG67qsJYUqzQkIey7oNCzgRWNNMc65FECHyONb9/OerX7lEqFoo7PYiwGUBXsA6joI1UdlvZvFNwxmXPgzuFPJlWqZWz9r12SOMAhaYclGq4TqSbCUjNKMdhxosVRkD70MWGQQEBqmYynnRoHxilbXdCaY7Q9lj9eSOBQKlB4BtnALqnZnsj8a9eI9ad82bCRBRrFHTyUSfmtg7t0dp2m0mkmg8MAJXMzGrTHkig2oSTyXhXaJaReGMevo1Qgg7lUeKB7AbwMDTLdb3jEf1nZOLbaMjk6s6mOA/Vk4LrFNzyab54MU04TXbJHjkkLjkjRXJNSqRCKEHySJ7Is/VivVnv1sfEmrKmd3bIr7I+vwAZpq14</latexit>

Input 
representation 

Intermediate 
representation 

x
<latexit sha1_base64="qs7zOlksqv4NNZKed59cy1KO4ZM="></latexit><latexit sha1_base64="qs7zOlksqv4NNZKed59cy1KO4ZM="></latexit><latexit sha1_base64="qs7zOlksqv4NNZKed59cy1KO4ZM="></latexit><latexit sha1_base64="qs7zOlksqv4NNZKed59cy1KO4ZM="></latexit>

1
<latexit sha1_base64="pmA/HjHGmdiSmfGZsk6vLuvv37s=">AAACO3icfZDLSgMxFIYz9VbrrdWlm8EqiEiZEUGXRV24EVuwF+iUciY9bUMzmSHJiGXoE7jVx/FBXLsTt+5NL4K24oHAx3/+JOf8fsSZ0o7zaqUWFpeWV9KrmbX1jc2tbG67qsJYUqzQkIey7oNCzgRWNNMc65FECHyONb9/OerX7lEqFoo7PYiwGUBXsA6joI1UdlvZvFNwxmXPgzuFPJlWqZWz9r12SOMAhaYclGq4TqSbCUjNKMdhxosVRkD70MWGQQEBqmYynnRoHxilbXdCaY7Q9lj9eSOBQKlB4BtnALqnZnsj8a9eI9ad82bCRBRrFHTyUSfmtg7t0dp2m0mkmg8MAJXMzGrTHkig2oSTyXhXaJaReGMevo1Qgg7lUeKB7AbwMDTLdb3jEf1nZOLbaMjk6s6mOA/Vk4LrFNzyab54MU04TXbJHjkkLjkjRXJNSqRCKEHySJ7Is/VivVnv1sfEmrKmd3bIr7I+vwAZpq14</latexit><latexit sha1_base64="pmA/HjHGmdiSmfGZsk6vLuvv37s=">AAACO3icfZDLSgMxFIYz9VbrrdWlm8EqiEiZEUGXRV24EVuwF+iUciY9bUMzmSHJiGXoE7jVx/FBXLsTt+5NL4K24oHAx3/+JOf8fsSZ0o7zaqUWFpeWV9KrmbX1jc2tbG67qsJYUqzQkIey7oNCzgRWNNMc65FECHyONb9/OerX7lEqFoo7PYiwGUBXsA6joI1UdlvZvFNwxmXPgzuFPJlWqZWz9r12SOMAhaYclGq4TqSbCUjNKMdhxosVRkD70MWGQQEBqmYynnRoHxilbXdCaY7Q9lj9eSOBQKlB4BtnALqnZnsj8a9eI9ad82bCRBRrFHTyUSfmtg7t0dp2m0mkmg8MAJXMzGrTHkig2oSTyXhXaJaReGMevo1Qgg7lUeKB7AbwMDTLdb3jEf1nZOLbaMjk6s6mOA/Vk4LrFNzyab54MU04TXbJHjkkLjkjRXJNSqRCKEHySJ7Is/VivVnv1sfEmrKmd3bIr7I+vwAZpq14</latexit><latexit sha1_base64="pmA/HjHGmdiSmfGZsk6vLuvv37s=">AAACO3icfZDLSgMxFIYz9VbrrdWlm8EqiEiZEUGXRV24EVuwF+iUciY9bUMzmSHJiGXoE7jVx/FBXLsTt+5NL4K24oHAx3/+JOf8fsSZ0o7zaqUWFpeWV9KrmbX1jc2tbG67qsJYUqzQkIey7oNCzgRWNNMc65FECHyONb9/OerX7lEqFoo7PYiwGUBXsA6joI1UdlvZvFNwxmXPgzuFPJlWqZWz9r12SOMAhaYclGq4TqSbCUjNKMdhxosVRkD70MWGQQEBqmYynnRoHxilbXdCaY7Q9lj9eSOBQKlB4BtnALqnZnsj8a9eI9ad82bCRBRrFHTyUSfmtg7t0dp2m0mkmg8MAJXMzGrTHkig2oSTyXhXaJaReGMevo1Qgg7lUeKB7AbwMDTLdb3jEf1nZOLbaMjk6s6mOA/Vk4LrFNzyab54MU04TXbJHjkkLjkjRXJNSqRCKEHySJ7Is/VivVnv1sfEmrKmd3bIr7I+vwAZpq14</latexit><latexit sha1_base64="pmA/HjHGmdiSmfGZsk6vLuvv37s=">AAACO3icfZDLSgMxFIYz9VbrrdWlm8EqiEiZEUGXRV24EVuwF+iUciY9bUMzmSHJiGXoE7jVx/FBXLsTt+5NL4K24oHAx3/+JOf8fsSZ0o7zaqUWFpeWV9KrmbX1jc2tbG67qsJYUqzQkIey7oNCzgRWNNMc65FECHyONb9/OerX7lEqFoo7PYiwGUBXsA6joI1UdlvZvFNwxmXPgzuFPJlWqZWz9r12SOMAhaYclGq4TqSbCUjNKMdhxosVRkD70MWGQQEBqmYynnRoHxilbXdCaY7Q9lj9eSOBQKlB4BtnALqnZnsj8a9eI9ad82bCRBRrFHTyUSfmtg7t0dp2m0mkmg8MAJXMzGrTHkig2oSTyXhXaJaReGMevo1Qgg7lUeKB7AbwMDTLdb3jEf1nZOLbaMjk6s6mOA/Vk4LrFNzyab54MU04TXbJHjkkLjkjRXJNSqRCKEHySJ7Is/VivVnv1sfEmrKmd3bIr7I+vwAZpq14</latexit>

Output 
representation 

h
<latexit sha1_base64="s/jkUN/MTrcLX2+8k4Crz0Qr6uA="></latexit><latexit sha1_base64="s/jkUN/MTrcLX2+8k4Crz0Qr6uA="></latexit><latexit sha1_base64="s/jkUN/MTrcLX2+8k4Crz0Qr6uA="></latexit><latexit sha1_base64="s/jkUN/MTrcLX2+8k4Crz0Qr6uA="></latexit>

y
<latexit sha1_base64="FmyeR3JezGV1zyZooGEWDLpYmZ0="></latexit><latexit sha1_base64="FmyeR3JezGV1zyZooGEWDLpYmZ0="></latexit><latexit sha1_base64="FmyeR3JezGV1zyZooGEWDLpYmZ0="></latexit><latexit sha1_base64="FmyeR3JezGV1zyZooGEWDLpYmZ0="></latexit>

W(1)
<latexit sha1_base64="/9mC8D5nhOZjh5Usn6UCnK/Vq+Q="></latexit><latexit sha1_base64="/9mC8D5nhOZjh5Usn6UCnK/Vq+Q="></latexit><latexit sha1_base64="/9mC8D5nhOZjh5Usn6UCnK/Vq+Q="></latexit><latexit sha1_base64="/9mC8D5nhOZjh5Usn6UCnK/Vq+Q="></latexit>

W(2)
<latexit sha1_base64="9WCxrhPeDBOVkS2tzxbMfux0RYI="></latexit><latexit sha1_base64="9WCxrhPeDBOVkS2tzxbMfux0RYI="></latexit><latexit sha1_base64="9WCxrhPeDBOVkS2tzxbMfux0RYI="></latexit><latexit sha1_base64="9WCxrhPeDBOVkS2tzxbMfux0RYI="></latexit>

b(1)
<latexit sha1_base64="9tPP7XWWXyMsjGfbv7dc2VPkae0="></latexit><latexit sha1_base64="9tPP7XWWXyMsjGfbv7dc2VPkae0="></latexit><latexit sha1_base64="9tPP7XWWXyMsjGfbv7dc2VPkae0="></latexit><latexit sha1_base64="9tPP7XWWXyMsjGfbv7dc2VPkae0="></latexit>

b(2)
<latexit sha1_base64="Z05pQdX1H/agWn+r38IKHf9n4G0="></latexit><latexit sha1_base64="Z05pQdX1H/agWn+r38IKHf9n4G0="></latexit><latexit sha1_base64="Z05pQdX1H/agWn+r38IKHf9n4G0="></latexit><latexit sha1_base64="Z05pQdX1H/agWn+r38IKHf9n4G0="></latexit>

✓ = {W(1), . . . ,W(L),b(1), . . . ,b(L)}
<latexit sha1_base64="y8cVpr00GQsr0QzjJm02tRYpUq0="></latexit><latexit sha1_base64="y8cVpr00GQsr0QzjJm02tRYpUq0="></latexit><latexit sha1_base64="y8cVpr00GQsr0QzjJm02tRYpUq0="></latexit><latexit sha1_base64="y8cVpr00GQsr0QzjJm02tRYpUq0="></latexit>

Dropout



1
<latexit sha1_base64="pmA/HjHGmdiSmfGZsk6vLuvv37s=">AAACO3icfZDLSgMxFIYz9VbrrdWlm8EqiEiZEUGXRV24EVuwF+iUciY9bUMzmSHJiGXoE7jVx/FBXLsTt+5NL4K24oHAx3/+JOf8fsSZ0o7zaqUWFpeWV9KrmbX1jc2tbG67qsJYUqzQkIey7oNCzgRWNNMc65FECHyONb9/OerX7lEqFoo7PYiwGUBXsA6joI1UdlvZvFNwxmXPgzuFPJlWqZWz9r12SOMAhaYclGq4TqSbCUjNKMdhxosVRkD70MWGQQEBqmYynnRoHxilbXdCaY7Q9lj9eSOBQKlB4BtnALqnZnsj8a9eI9ad82bCRBRrFHTyUSfmtg7t0dp2m0mkmg8MAJXMzGrTHkig2oSTyXhXaJaReGMevo1Qgg7lUeKB7AbwMDTLdb3jEf1nZOLbaMjk6s6mOA/Vk4LrFNzyab54MU04TXbJHjkkLjkjRXJNSqRCKEHySJ7Is/VivVnv1sfEmrKmd3bIr7I+vwAZpq14</latexit><latexit sha1_base64="pmA/HjHGmdiSmfGZsk6vLuvv37s=">AAACO3icfZDLSgMxFIYz9VbrrdWlm8EqiEiZEUGXRV24EVuwF+iUciY9bUMzmSHJiGXoE7jVx/FBXLsTt+5NL4K24oHAx3/+JOf8fsSZ0o7zaqUWFpeWV9KrmbX1jc2tbG67qsJYUqzQkIey7oNCzgRWNNMc65FECHyONb9/OerX7lEqFoo7PYiwGUBXsA6joI1UdlvZvFNwxmXPgzuFPJlWqZWz9r12SOMAhaYclGq4TqSbCUjNKMdhxosVRkD70MWGQQEBqmYynnRoHxilbXdCaY7Q9lj9eSOBQKlB4BtnALqnZnsj8a9eI9ad82bCRBRrFHTyUSfmtg7t0dp2m0mkmg8MAJXMzGrTHkig2oSTyXhXaJaReGMevo1Qgg7lUeKB7AbwMDTLdb3jEf1nZOLbaMjk6s6mOA/Vk4LrFNzyab54MU04TXbJHjkkLjkjRXJNSqRCKEHySJ7Is/VivVnv1sfEmrKmd3bIr7I+vwAZpq14</latexit><latexit sha1_base64="pmA/HjHGmdiSmfGZsk6vLuvv37s=">AAACO3icfZDLSgMxFIYz9VbrrdWlm8EqiEiZEUGXRV24EVuwF+iUciY9bUMzmSHJiGXoE7jVx/FBXLsTt+5NL4K24oHAx3/+JOf8fsSZ0o7zaqUWFpeWV9KrmbX1jc2tbG67qsJYUqzQkIey7oNCzgRWNNMc65FECHyONb9/OerX7lEqFoo7PYiwGUBXsA6joI1UdlvZvFNwxmXPgzuFPJlWqZWz9r12SOMAhaYclGq4TqSbCUjNKMdhxosVRkD70MWGQQEBqmYynnRoHxilbXdCaY7Q9lj9eSOBQKlB4BtnALqnZnsj8a9eI9ad82bCRBRrFHTyUSfmtg7t0dp2m0mkmg8MAJXMzGrTHkig2oSTyXhXaJaReGMevo1Qgg7lUeKB7AbwMDTLdb3jEf1nZOLbaMjk6s6mOA/Vk4LrFNzyab54MU04TXbJHjkkLjkjRXJNSqRCKEHySJ7Is/VivVnv1sfEmrKmd3bIr7I+vwAZpq14</latexit><latexit sha1_base64="pmA/HjHGmdiSmfGZsk6vLuvv37s=">AAACO3icfZDLSgMxFIYz9VbrrdWlm8EqiEiZEUGXRV24EVuwF+iUciY9bUMzmSHJiGXoE7jVx/FBXLsTt+5NL4K24oHAx3/+JOf8fsSZ0o7zaqUWFpeWV9KrmbX1jc2tbG67qsJYUqzQkIey7oNCzgRWNNMc65FECHyONb9/OerX7lEqFoo7PYiwGUBXsA6joI1UdlvZvFNwxmXPgzuFPJlWqZWz9r12SOMAhaYclGq4TqSbCUjNKMdhxosVRkD70MWGQQEBqmYynnRoHxilbXdCaY7Q9lj9eSOBQKlB4BtnALqnZnsj8a9eI9ad82bCRBRrFHTyUSfmtg7t0dp2m0mkmg8MAJXMzGrTHkig2oSTyXhXaJaReGMevo1Qgg7lUeKB7AbwMDTLdb3jEf1nZOLbaMjk6s6mOA/Vk4LrFNzyab54MU04TXbJHjkkLjkjRXJNSqRCKEHySJ7Is/VivVnv1sfEmrKmd3bIr7I+vwAZpq14</latexit>

Input 
representation 

Intermediate 
representation 

x
<latexit sha1_base64="qs7zOlksqv4NNZKed59cy1KO4ZM="></latexit><latexit sha1_base64="qs7zOlksqv4NNZKed59cy1KO4ZM="></latexit><latexit sha1_base64="qs7zOlksqv4NNZKed59cy1KO4ZM="></latexit><latexit sha1_base64="qs7zOlksqv4NNZKed59cy1KO4ZM="></latexit>

1
<latexit sha1_base64="pmA/HjHGmdiSmfGZsk6vLuvv37s=">AAACO3icfZDLSgMxFIYz9VbrrdWlm8EqiEiZEUGXRV24EVuwF+iUciY9bUMzmSHJiGXoE7jVx/FBXLsTt+5NL4K24oHAx3/+JOf8fsSZ0o7zaqUWFpeWV9KrmbX1jc2tbG67qsJYUqzQkIey7oNCzgRWNNMc65FECHyONb9/OerX7lEqFoo7PYiwGUBXsA6joI1UdlvZvFNwxmXPgzuFPJlWqZWz9r12SOMAhaYclGq4TqSbCUjNKMdhxosVRkD70MWGQQEBqmYynnRoHxilbXdCaY7Q9lj9eSOBQKlB4BtnALqnZnsj8a9eI9ad82bCRBRrFHTyUSfmtg7t0dp2m0mkmg8MAJXMzGrTHkig2oSTyXhXaJaReGMevo1Qgg7lUeKB7AbwMDTLdb3jEf1nZOLbaMjk6s6mOA/Vk4LrFNzyab54MU04TXbJHjkkLjkjRXJNSqRCKEHySJ7Is/VivVnv1sfEmrKmd3bIr7I+vwAZpq14</latexit><latexit sha1_base64="pmA/HjHGmdiSmfGZsk6vLuvv37s=">AAACO3icfZDLSgMxFIYz9VbrrdWlm8EqiEiZEUGXRV24EVuwF+iUciY9bUMzmSHJiGXoE7jVx/FBXLsTt+5NL4K24oHAx3/+JOf8fsSZ0o7zaqUWFpeWV9KrmbX1jc2tbG67qsJYUqzQkIey7oNCzgRWNNMc65FECHyONb9/OerX7lEqFoo7PYiwGUBXsA6joI1UdlvZvFNwxmXPgzuFPJlWqZWz9r12SOMAhaYclGq4TqSbCUjNKMdhxosVRkD70MWGQQEBqmYynnRoHxilbXdCaY7Q9lj9eSOBQKlB4BtnALqnZnsj8a9eI9ad82bCRBRrFHTyUSfmtg7t0dp2m0mkmg8MAJXMzGrTHkig2oSTyXhXaJaReGMevo1Qgg7lUeKB7AbwMDTLdb3jEf1nZOLbaMjk6s6mOA/Vk4LrFNzyab54MU04TXbJHjkkLjkjRXJNSqRCKEHySJ7Is/VivVnv1sfEmrKmd3bIr7I+vwAZpq14</latexit><latexit sha1_base64="pmA/HjHGmdiSmfGZsk6vLuvv37s=">AAACO3icfZDLSgMxFIYz9VbrrdWlm8EqiEiZEUGXRV24EVuwF+iUciY9bUMzmSHJiGXoE7jVx/FBXLsTt+5NL4K24oHAx3/+JOf8fsSZ0o7zaqUWFpeWV9KrmbX1jc2tbG67qsJYUqzQkIey7oNCzgRWNNMc65FECHyONb9/OerX7lEqFoo7PYiwGUBXsA6joI1UdlvZvFNwxmXPgzuFPJlWqZWz9r12SOMAhaYclGq4TqSbCUjNKMdhxosVRkD70MWGQQEBqmYynnRoHxilbXdCaY7Q9lj9eSOBQKlB4BtnALqnZnsj8a9eI9ad82bCRBRrFHTyUSfmtg7t0dp2m0mkmg8MAJXMzGrTHkig2oSTyXhXaJaReGMevo1Qgg7lUeKB7AbwMDTLdb3jEf1nZOLbaMjk6s6mOA/Vk4LrFNzyab54MU04TXbJHjkkLjkjRXJNSqRCKEHySJ7Is/VivVnv1sfEmrKmd3bIr7I+vwAZpq14</latexit><latexit sha1_base64="pmA/HjHGmdiSmfGZsk6vLuvv37s=">AAACO3icfZDLSgMxFIYz9VbrrdWlm8EqiEiZEUGXRV24EVuwF+iUciY9bUMzmSHJiGXoE7jVx/FBXLsTt+5NL4K24oHAx3/+JOf8fsSZ0o7zaqUWFpeWV9KrmbX1jc2tbG67qsJYUqzQkIey7oNCzgRWNNMc65FECHyONb9/OerX7lEqFoo7PYiwGUBXsA6joI1UdlvZvFNwxmXPgzuFPJlWqZWz9r12SOMAhaYclGq4TqSbCUjNKMdhxosVRkD70MWGQQEBqmYynnRoHxilbXdCaY7Q9lj9eSOBQKlB4BtnALqnZnsj8a9eI9ad82bCRBRrFHTyUSfmtg7t0dp2m0mkmg8MAJXMzGrTHkig2oSTyXhXaJaReGMevo1Qgg7lUeKB7AbwMDTLdb3jEf1nZOLbaMjk6s6mOA/Vk4LrFNzyab54MU04TXbJHjkkLjkjRXJNSqRCKEHySJ7Is/VivVnv1sfEmrKmd3bIr7I+vwAZpq14</latexit>

Output 
representation 

h
<latexit sha1_base64="s/jkUN/MTrcLX2+8k4Crz0Qr6uA="></latexit><latexit sha1_base64="s/jkUN/MTrcLX2+8k4Crz0Qr6uA="></latexit><latexit sha1_base64="s/jkUN/MTrcLX2+8k4Crz0Qr6uA="></latexit><latexit sha1_base64="s/jkUN/MTrcLX2+8k4Crz0Qr6uA="></latexit>

y
<latexit sha1_base64="FmyeR3JezGV1zyZooGEWDLpYmZ0="></latexit><latexit sha1_base64="FmyeR3JezGV1zyZooGEWDLpYmZ0="></latexit><latexit sha1_base64="FmyeR3JezGV1zyZooGEWDLpYmZ0="></latexit><latexit sha1_base64="FmyeR3JezGV1zyZooGEWDLpYmZ0="></latexit>

W(1)
<latexit sha1_base64="/9mC8D5nhOZjh5Usn6UCnK/Vq+Q="></latexit><latexit sha1_base64="/9mC8D5nhOZjh5Usn6UCnK/Vq+Q="></latexit><latexit sha1_base64="/9mC8D5nhOZjh5Usn6UCnK/Vq+Q="></latexit><latexit sha1_base64="/9mC8D5nhOZjh5Usn6UCnK/Vq+Q="></latexit>

W(2)
<latexit sha1_base64="9WCxrhPeDBOVkS2tzxbMfux0RYI="></latexit><latexit sha1_base64="9WCxrhPeDBOVkS2tzxbMfux0RYI="></latexit><latexit sha1_base64="9WCxrhPeDBOVkS2tzxbMfux0RYI="></latexit><latexit sha1_base64="9WCxrhPeDBOVkS2tzxbMfux0RYI="></latexit>

b(1)
<latexit sha1_base64="9tPP7XWWXyMsjGfbv7dc2VPkae0="></latexit><latexit sha1_base64="9tPP7XWWXyMsjGfbv7dc2VPkae0="></latexit><latexit sha1_base64="9tPP7XWWXyMsjGfbv7dc2VPkae0="></latexit><latexit sha1_base64="9tPP7XWWXyMsjGfbv7dc2VPkae0="></latexit>

b(2)
<latexit sha1_base64="Z05pQdX1H/agWn+r38IKHf9n4G0="></latexit><latexit sha1_base64="Z05pQdX1H/agWn+r38IKHf9n4G0="></latexit><latexit sha1_base64="Z05pQdX1H/agWn+r38IKHf9n4G0="></latexit><latexit sha1_base64="Z05pQdX1H/agWn+r38IKHf9n4G0="></latexit>

✓ = {W(1), . . . ,W(L),b(1), . . . ,b(L)}
<latexit sha1_base64="y8cVpr00GQsr0QzjJm02tRYpUq0="></latexit><latexit sha1_base64="y8cVpr00GQsr0QzjJm02tRYpUq0="></latexit><latexit sha1_base64="y8cVpr00GQsr0QzjJm02tRYpUq0="></latexit><latexit sha1_base64="y8cVpr00GQsr0QzjJm02tRYpUq0="></latexit>

Dropout



1
<latexit sha1_base64="pmA/HjHGmdiSmfGZsk6vLuvv37s=">AAACO3icfZDLSgMxFIYz9VbrrdWlm8EqiEiZEUGXRV24EVuwF+iUciY9bUMzmSHJiGXoE7jVx/FBXLsTt+5NL4K24oHAx3/+JOf8fsSZ0o7zaqUWFpeWV9KrmbX1jc2tbG67qsJYUqzQkIey7oNCzgRWNNMc65FECHyONb9/OerX7lEqFoo7PYiwGUBXsA6joI1UdlvZvFNwxmXPgzuFPJlWqZWz9r12SOMAhaYclGq4TqSbCUjNKMdhxosVRkD70MWGQQEBqmYynnRoHxilbXdCaY7Q9lj9eSOBQKlB4BtnALqnZnsj8a9eI9ad82bCRBRrFHTyUSfmtg7t0dp2m0mkmg8MAJXMzGrTHkig2oSTyXhXaJaReGMevo1Qgg7lUeKB7AbwMDTLdb3jEf1nZOLbaMjk6s6mOA/Vk4LrFNzyab54MU04TXbJHjkkLjkjRXJNSqRCKEHySJ7Is/VivVnv1sfEmrKmd3bIr7I+vwAZpq14</latexit><latexit sha1_base64="pmA/HjHGmdiSmfGZsk6vLuvv37s=">AAACO3icfZDLSgMxFIYz9VbrrdWlm8EqiEiZEUGXRV24EVuwF+iUciY9bUMzmSHJiGXoE7jVx/FBXLsTt+5NL4K24oHAx3/+JOf8fsSZ0o7zaqUWFpeWV9KrmbX1jc2tbG67qsJYUqzQkIey7oNCzgRWNNMc65FECHyONb9/OerX7lEqFoo7PYiwGUBXsA6joI1UdlvZvFNwxmXPgzuFPJlWqZWz9r12SOMAhaYclGq4TqSbCUjNKMdhxosVRkD70MWGQQEBqmYynnRoHxilbXdCaY7Q9lj9eSOBQKlB4BtnALqnZnsj8a9eI9ad82bCRBRrFHTyUSfmtg7t0dp2m0mkmg8MAJXMzGrTHkig2oSTyXhXaJaReGMevo1Qgg7lUeKB7AbwMDTLdb3jEf1nZOLbaMjk6s6mOA/Vk4LrFNzyab54MU04TXbJHjkkLjkjRXJNSqRCKEHySJ7Is/VivVnv1sfEmrKmd3bIr7I+vwAZpq14</latexit><latexit sha1_base64="pmA/HjHGmdiSmfGZsk6vLuvv37s=">AAACO3icfZDLSgMxFIYz9VbrrdWlm8EqiEiZEUGXRV24EVuwF+iUciY9bUMzmSHJiGXoE7jVx/FBXLsTt+5NL4K24oHAx3/+JOf8fsSZ0o7zaqUWFpeWV9KrmbX1jc2tbG67qsJYUqzQkIey7oNCzgRWNNMc65FECHyONb9/OerX7lEqFoo7PYiwGUBXsA6joI1UdlvZvFNwxmXPgzuFPJlWqZWz9r12SOMAhaYclGq4TqSbCUjNKMdhxosVRkD70MWGQQEBqmYynnRoHxilbXdCaY7Q9lj9eSOBQKlB4BtnALqnZnsj8a9eI9ad82bCRBRrFHTyUSfmtg7t0dp2m0mkmg8MAJXMzGrTHkig2oSTyXhXaJaReGMevo1Qgg7lUeKB7AbwMDTLdb3jEf1nZOLbaMjk6s6mOA/Vk4LrFNzyab54MU04TXbJHjkkLjkjRXJNSqRCKEHySJ7Is/VivVnv1sfEmrKmd3bIr7I+vwAZpq14</latexit><latexit sha1_base64="pmA/HjHGmdiSmfGZsk6vLuvv37s=">AAACO3icfZDLSgMxFIYz9VbrrdWlm8EqiEiZEUGXRV24EVuwF+iUciY9bUMzmSHJiGXoE7jVx/FBXLsTt+5NL4K24oHAx3/+JOf8fsSZ0o7zaqUWFpeWV9KrmbX1jc2tbG67qsJYUqzQkIey7oNCzgRWNNMc65FECHyONb9/OerX7lEqFoo7PYiwGUBXsA6joI1UdlvZvFNwxmXPgzuFPJlWqZWz9r12SOMAhaYclGq4TqSbCUjNKMdhxosVRkD70MWGQQEBqmYynnRoHxilbXdCaY7Q9lj9eSOBQKlB4BtnALqnZnsj8a9eI9ad82bCRBRrFHTyUSfmtg7t0dp2m0mkmg8MAJXMzGrTHkig2oSTyXhXaJaReGMevo1Qgg7lUeKB7AbwMDTLdb3jEf1nZOLbaMjk6s6mOA/Vk4LrFNzyab54MU04TXbJHjkkLjkjRXJNSqRCKEHySJ7Is/VivVnv1sfEmrKmd3bIr7I+vwAZpq14</latexit>

Input 
representation 

Intermediate 
representation 

x
<latexit sha1_base64="qs7zOlksqv4NNZKed59cy1KO4ZM="></latexit><latexit sha1_base64="qs7zOlksqv4NNZKed59cy1KO4ZM="></latexit><latexit sha1_base64="qs7zOlksqv4NNZKed59cy1KO4ZM="></latexit><latexit sha1_base64="qs7zOlksqv4NNZKed59cy1KO4ZM="></latexit>

1
<latexit sha1_base64="pmA/HjHGmdiSmfGZsk6vLuvv37s=">AAACO3icfZDLSgMxFIYz9VbrrdWlm8EqiEiZEUGXRV24EVuwF+iUciY9bUMzmSHJiGXoE7jVx/FBXLsTt+5NL4K24oHAx3/+JOf8fsSZ0o7zaqUWFpeWV9KrmbX1jc2tbG67qsJYUqzQkIey7oNCzgRWNNMc65FECHyONb9/OerX7lEqFoo7PYiwGUBXsA6joI1UdlvZvFNwxmXPgzuFPJlWqZWz9r12SOMAhaYclGq4TqSbCUjNKMdhxosVRkD70MWGQQEBqmYynnRoHxilbXdCaY7Q9lj9eSOBQKlB4BtnALqnZnsj8a9eI9ad82bCRBRrFHTyUSfmtg7t0dp2m0mkmg8MAJXMzGrTHkig2oSTyXhXaJaReGMevo1Qgg7lUeKB7AbwMDTLdb3jEf1nZOLbaMjk6s6mOA/Vk4LrFNzyab54MU04TXbJHjkkLjkjRXJNSqRCKEHySJ7Is/VivVnv1sfEmrKmd3bIr7I+vwAZpq14</latexit><latexit sha1_base64="pmA/HjHGmdiSmfGZsk6vLuvv37s=">AAACO3icfZDLSgMxFIYz9VbrrdWlm8EqiEiZEUGXRV24EVuwF+iUciY9bUMzmSHJiGXoE7jVx/FBXLsTt+5NL4K24oHAx3/+JOf8fsSZ0o7zaqUWFpeWV9KrmbX1jc2tbG67qsJYUqzQkIey7oNCzgRWNNMc65FECHyONb9/OerX7lEqFoo7PYiwGUBXsA6joI1UdlvZvFNwxmXPgzuFPJlWqZWz9r12SOMAhaYclGq4TqSbCUjNKMdhxosVRkD70MWGQQEBqmYynnRoHxilbXdCaY7Q9lj9eSOBQKlB4BtnALqnZnsj8a9eI9ad82bCRBRrFHTyUSfmtg7t0dp2m0mkmg8MAJXMzGrTHkig2oSTyXhXaJaReGMevo1Qgg7lUeKB7AbwMDTLdb3jEf1nZOLbaMjk6s6mOA/Vk4LrFNzyab54MU04TXbJHjkkLjkjRXJNSqRCKEHySJ7Is/VivVnv1sfEmrKmd3bIr7I+vwAZpq14</latexit><latexit sha1_base64="pmA/HjHGmdiSmfGZsk6vLuvv37s=">AAACO3icfZDLSgMxFIYz9VbrrdWlm8EqiEiZEUGXRV24EVuwF+iUciY9bUMzmSHJiGXoE7jVx/FBXLsTt+5NL4K24oHAx3/+JOf8fsSZ0o7zaqUWFpeWV9KrmbX1jc2tbG67qsJYUqzQkIey7oNCzgRWNNMc65FECHyONb9/OerX7lEqFoo7PYiwGUBXsA6joI1UdlvZvFNwxmXPgzuFPJlWqZWz9r12SOMAhaYclGq4TqSbCUjNKMdhxosVRkD70MWGQQEBqmYynnRoHxilbXdCaY7Q9lj9eSOBQKlB4BtnALqnZnsj8a9eI9ad82bCRBRrFHTyUSfmtg7t0dp2m0mkmg8MAJXMzGrTHkig2oSTyXhXaJaReGMevo1Qgg7lUeKB7AbwMDTLdb3jEf1nZOLbaMjk6s6mOA/Vk4LrFNzyab54MU04TXbJHjkkLjkjRXJNSqRCKEHySJ7Is/VivVnv1sfEmrKmd3bIr7I+vwAZpq14</latexit><latexit sha1_base64="pmA/HjHGmdiSmfGZsk6vLuvv37s=">AAACO3icfZDLSgMxFIYz9VbrrdWlm8EqiEiZEUGXRV24EVuwF+iUciY9bUMzmSHJiGXoE7jVx/FBXLsTt+5NL4K24oHAx3/+JOf8fsSZ0o7zaqUWFpeWV9KrmbX1jc2tbG67qsJYUqzQkIey7oNCzgRWNNMc65FECHyONb9/OerX7lEqFoo7PYiwGUBXsA6joI1UdlvZvFNwxmXPgzuFPJlWqZWz9r12SOMAhaYclGq4TqSbCUjNKMdhxosVRkD70MWGQQEBqmYynnRoHxilbXdCaY7Q9lj9eSOBQKlB4BtnALqnZnsj8a9eI9ad82bCRBRrFHTyUSfmtg7t0dp2m0mkmg8MAJXMzGrTHkig2oSTyXhXaJaReGMevo1Qgg7lUeKB7AbwMDTLdb3jEf1nZOLbaMjk6s6mOA/Vk4LrFNzyab54MU04TXbJHjkkLjkjRXJNSqRCKEHySJ7Is/VivVnv1sfEmrKmd3bIr7I+vwAZpq14</latexit>

Output 
representation 

h
<latexit sha1_base64="s/jkUN/MTrcLX2+8k4Crz0Qr6uA="></latexit><latexit sha1_base64="s/jkUN/MTrcLX2+8k4Crz0Qr6uA="></latexit><latexit sha1_base64="s/jkUN/MTrcLX2+8k4Crz0Qr6uA="></latexit><latexit sha1_base64="s/jkUN/MTrcLX2+8k4Crz0Qr6uA="></latexit>

y
<latexit sha1_base64="FmyeR3JezGV1zyZooGEWDLpYmZ0="></latexit><latexit sha1_base64="FmyeR3JezGV1zyZooGEWDLpYmZ0="></latexit><latexit sha1_base64="FmyeR3JezGV1zyZooGEWDLpYmZ0="></latexit><latexit sha1_base64="FmyeR3JezGV1zyZooGEWDLpYmZ0="></latexit>

W(1)
<latexit sha1_base64="/9mC8D5nhOZjh5Usn6UCnK/Vq+Q="></latexit><latexit sha1_base64="/9mC8D5nhOZjh5Usn6UCnK/Vq+Q="></latexit><latexit sha1_base64="/9mC8D5nhOZjh5Usn6UCnK/Vq+Q="></latexit><latexit sha1_base64="/9mC8D5nhOZjh5Usn6UCnK/Vq+Q="></latexit>

W(2)
<latexit sha1_base64="9WCxrhPeDBOVkS2tzxbMfux0RYI="></latexit><latexit sha1_base64="9WCxrhPeDBOVkS2tzxbMfux0RYI="></latexit><latexit sha1_base64="9WCxrhPeDBOVkS2tzxbMfux0RYI="></latexit><latexit sha1_base64="9WCxrhPeDBOVkS2tzxbMfux0RYI="></latexit>

b(1)
<latexit sha1_base64="9tPP7XWWXyMsjGfbv7dc2VPkae0="></latexit><latexit sha1_base64="9tPP7XWWXyMsjGfbv7dc2VPkae0="></latexit><latexit sha1_base64="9tPP7XWWXyMsjGfbv7dc2VPkae0="></latexit><latexit sha1_base64="9tPP7XWWXyMsjGfbv7dc2VPkae0="></latexit>

b(2)
<latexit sha1_base64="Z05pQdX1H/agWn+r38IKHf9n4G0="></latexit><latexit sha1_base64="Z05pQdX1H/agWn+r38IKHf9n4G0="></latexit><latexit sha1_base64="Z05pQdX1H/agWn+r38IKHf9n4G0="></latexit><latexit sha1_base64="Z05pQdX1H/agWn+r38IKHf9n4G0="></latexit>

✓ = {W(1), . . . ,W(L),b(1), . . . ,b(L)}
<latexit sha1_base64="y8cVpr00GQsr0QzjJm02tRYpUq0="></latexit><latexit sha1_base64="y8cVpr00GQsr0QzjJm02tRYpUq0="></latexit><latexit sha1_base64="y8cVpr00GQsr0QzjJm02tRYpUq0="></latexit><latexit sha1_base64="y8cVpr00GQsr0QzjJm02tRYpUq0="></latexit>

Dropout



Dropout

Randomly zero out hidden units.

Prevents network from relying too much on spurious correlations between 
different hidden units.

Can be understood as averaging over an exponential ensemble of 
subnetworks. This averaging smooths the function, thereby reducing the 
effective capacity of the network.



Normalization layers

h
<latexit sha1_base64="s/jkUN/MTrcLX2+8k4Crz0Qr6uA="></latexit><latexit sha1_base64="s/jkUN/MTrcLX2+8k4Crz0Qr6uA="></latexit><latexit sha1_base64="s/jkUN/MTrcLX2+8k4Crz0Qr6uA="></latexit><latexit sha1_base64="s/jkUN/MTrcLX2+8k4Crz0Qr6uA="></latexit> ReLUNorm h+

<latexit sha1_base64="IaX/PorAm4cP8KitJkUKLau4/1E="></latexit><latexit sha1_base64="IaX/PorAm4cP8KitJkUKLau4/1E="></latexit><latexit sha1_base64="IaX/PorAm4cP8KitJkUKLau4/1E="></latexit><latexit sha1_base64="IaX/PorAm4cP8KitJkUKLau4/1E="></latexit>

ĥ
<latexit sha1_base64="H6c9LBdb+WUCr96ooh5WScs6L4M="></latexit><latexit sha1_base64="H6c9LBdb+WUCr96ooh5WScs6L4M="></latexit><latexit sha1_base64="H6c9LBdb+WUCr96ooh5WScs6L4M="></latexit><latexit sha1_base64="H6c9LBdb+WUCr96ooh5WScs6L4M="></latexit>

ĥk =
hk � E[hk]p

Var[hk]
<latexit sha1_base64="k/sO3kNZkWQ+EUepdr59/3mFsKI="></latexit><latexit sha1_base64="k/sO3kNZkWQ+EUepdr59/3mFsKI="></latexit><latexit sha1_base64="k/sO3kNZkWQ+EUepdr59/3mFsKI="></latexit><latexit sha1_base64="k/sO3kNZkWQ+EUepdr59/3mFsKI="></latexit>

E[hk]
<latexit sha1_base64="VxLnEIDOnggg4VwaMJXqftgjBRs="></latexit><latexit sha1_base64="VxLnEIDOnggg4VwaMJXqftgjBRs="></latexit><latexit sha1_base64="VxLnEIDOnggg4VwaMJXqftgjBRs="></latexit><latexit sha1_base64="VxLnEIDOnggg4VwaMJXqftgjBRs="></latexit>

Var[hk]
<latexit sha1_base64="wk8BF/z8gcvjuBPAobS//tPLkck="></latexit><latexit sha1_base64="wk8BF/z8gcvjuBPAobS//tPLkck="></latexit><latexit sha1_base64="wk8BF/z8gcvjuBPAobS//tPLkck="></latexit><latexit sha1_base64="wk8BF/z8gcvjuBPAobS//tPLkck="></latexit>



Normalization layers

h
<latexit sha1_base64="s/jkUN/MTrcLX2+8k4Crz0Qr6uA="></latexit><latexit sha1_base64="s/jkUN/MTrcLX2+8k4Crz0Qr6uA="></latexit><latexit sha1_base64="s/jkUN/MTrcLX2+8k4Crz0Qr6uA="></latexit><latexit sha1_base64="s/jkUN/MTrcLX2+8k4Crz0Qr6uA="></latexit> ReLUNorm h+

<latexit sha1_base64="IaX/PorAm4cP8KitJkUKLau4/1E="></latexit><latexit sha1_base64="IaX/PorAm4cP8KitJkUKLau4/1E="></latexit><latexit sha1_base64="IaX/PorAm4cP8KitJkUKLau4/1E="></latexit><latexit sha1_base64="IaX/PorAm4cP8KitJkUKLau4/1E="></latexit>

ĥ
<latexit sha1_base64="H6c9LBdb+WUCr96ooh5WScs6L4M="></latexit><latexit sha1_base64="H6c9LBdb+WUCr96ooh5WScs6L4M="></latexit><latexit sha1_base64="H6c9LBdb+WUCr96ooh5WScs6L4M="></latexit><latexit sha1_base64="H6c9LBdb+WUCr96ooh5WScs6L4M="></latexit>

ĥk =
hk � E[hk]p

Var[hk]
<latexit sha1_base64="k/sO3kNZkWQ+EUepdr59/3mFsKI="></latexit><latexit sha1_base64="k/sO3kNZkWQ+EUepdr59/3mFsKI="></latexit><latexit sha1_base64="k/sO3kNZkWQ+EUepdr59/3mFsKI="></latexit><latexit sha1_base64="k/sO3kNZkWQ+EUepdr59/3mFsKI="></latexit>



Normalization layers

h
<latexit sha1_base64="s/jkUN/MTrcLX2+8k4Crz0Qr6uA="></latexit><latexit sha1_base64="s/jkUN/MTrcLX2+8k4Crz0Qr6uA="></latexit><latexit sha1_base64="s/jkUN/MTrcLX2+8k4Crz0Qr6uA="></latexit><latexit sha1_base64="s/jkUN/MTrcLX2+8k4Crz0Qr6uA="></latexit> ReLUNorm h+

<latexit sha1_base64="IaX/PorAm4cP8KitJkUKLau4/1E="></latexit><latexit sha1_base64="IaX/PorAm4cP8KitJkUKLau4/1E="></latexit><latexit sha1_base64="IaX/PorAm4cP8KitJkUKLau4/1E="></latexit><latexit sha1_base64="IaX/PorAm4cP8KitJkUKLau4/1E="></latexit>

ĥ
<latexit sha1_base64="H6c9LBdb+WUCr96ooh5WScs6L4M="></latexit><latexit sha1_base64="H6c9LBdb+WUCr96ooh5WScs6L4M="></latexit><latexit sha1_base64="H6c9LBdb+WUCr96ooh5WScs6L4M="></latexit><latexit sha1_base64="H6c9LBdb+WUCr96ooh5WScs6L4M="></latexit>

ĥk =
hk � E[hk]p

Var[hk]
<latexit sha1_base64="k/sO3kNZkWQ+EUepdr59/3mFsKI="></latexit><latexit sha1_base64="k/sO3kNZkWQ+EUepdr59/3mFsKI="></latexit><latexit sha1_base64="k/sO3kNZkWQ+EUepdr59/3mFsKI="></latexit><latexit sha1_base64="k/sO3kNZkWQ+EUepdr59/3mFsKI="></latexit>



Normalization layers

h
<latexit sha1_base64="s/jkUN/MTrcLX2+8k4Crz0Qr6uA="></latexit><latexit sha1_base64="s/jkUN/MTrcLX2+8k4Crz0Qr6uA="></latexit><latexit sha1_base64="s/jkUN/MTrcLX2+8k4Crz0Qr6uA="></latexit><latexit sha1_base64="s/jkUN/MTrcLX2+8k4Crz0Qr6uA="></latexit> ReLUNorm h+

<latexit sha1_base64="IaX/PorAm4cP8KitJkUKLau4/1E="></latexit><latexit sha1_base64="IaX/PorAm4cP8KitJkUKLau4/1E="></latexit><latexit sha1_base64="IaX/PorAm4cP8KitJkUKLau4/1E="></latexit><latexit sha1_base64="IaX/PorAm4cP8KitJkUKLau4/1E="></latexit>

ĥ
<latexit sha1_base64="H6c9LBdb+WUCr96ooh5WScs6L4M="></latexit><latexit sha1_base64="H6c9LBdb+WUCr96ooh5WScs6L4M="></latexit><latexit sha1_base64="H6c9LBdb+WUCr96ooh5WScs6L4M="></latexit><latexit sha1_base64="H6c9LBdb+WUCr96ooh5WScs6L4M="></latexit>

ĥk =
hk � E[hk]p

Var[hk]
<latexit sha1_base64="k/sO3kNZkWQ+EUepdr59/3mFsKI="></latexit><latexit sha1_base64="k/sO3kNZkWQ+EUepdr59/3mFsKI="></latexit><latexit sha1_base64="k/sO3kNZkWQ+EUepdr59/3mFsKI="></latexit><latexit sha1_base64="k/sO3kNZkWQ+EUepdr59/3mFsKI="></latexit>



Keep track of mean and variance of a unit (or a population of units) over time.

Standardize unit activations by subtracting mean and dividing by variance.

Squashes units into a standard range, avoiding overflow.

Normalization layers

Also achieves invariance to mean and variance of the training signal.

Both these properties reduce the effective capacity of the model, i.e. 
regularize the model.
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Gradient descent

J(✓)
<latexit sha1_base64="a/Lk8rEB5YqTpm5iqH/sBpa7bWw="></latexit><latexit sha1_base64="a/Lk8rEB5YqTpm5iqH/sBpa7bWw="></latexit><latexit sha1_base64="a/Lk8rEB5YqTpm5iqH/sBpa7bWw="></latexit><latexit sha1_base64="a/Lk8rEB5YqTpm5iqH/sBpa7bWw="></latexit>

✓1
<latexit sha1_base64="dRSr4rXm+n73Ts3IpBaIU3XH5Gg="></latexit><latexit sha1_base64="dRSr4rXm+n73Ts3IpBaIU3XH5Gg="></latexit><latexit sha1_base64="dRSr4rXm+n73Ts3IpBaIU3XH5Gg="></latexit><latexit sha1_base64="dRSr4rXm+n73Ts3IpBaIU3XH5Gg="></latexit> ✓2

<latexit sha1_base64="NpiJT5/KEODczN77QRTuqpv3m44="></latexit><latexit sha1_base64="NpiJT5/KEODczN77QRTuqpv3m44="></latexit><latexit sha1_base64="NpiJT5/KEODczN77QRTuqpv3m44="></latexit><latexit sha1_base64="NpiJT5/KEODczN77QRTuqpv3m44="></latexit>

✓⇤ = argmin
✓

J(✓)
<latexit sha1_base64="AYItQoyunNkE46+v9OudQ3G4+AY="></latexit><latexit sha1_base64="AYItQoyunNkE46+v9OudQ3G4+AY="></latexit><latexit sha1_base64="AYItQoyunNkE46+v9OudQ3G4+AY="></latexit><latexit sha1_base64="AYItQoyunNkE46+v9OudQ3G4+AY="></latexit>

x



learning rate

Gradient descent

✓⇤ = argmin
✓

NX

i=1

L(f✓(xi),yi)
<latexit sha1_base64="NY7Asv10v4fRUCn8YLdDvRAq9Jk="></latexit><latexit sha1_base64="NY7Asv10v4fRUCn8YLdDvRAq9Jk="></latexit><latexit sha1_base64="NY7Asv10v4fRUCn8YLdDvRAq9Jk="></latexit><latexit sha1_base64="NY7Asv10v4fRUCn8YLdDvRAq9Jk="></latexit>

J(✓)
<latexit sha1_base64="a/Lk8rEB5YqTpm5iqH/sBpa7bWw="></latexit><latexit sha1_base64="a/Lk8rEB5YqTpm5iqH/sBpa7bWw="></latexit><latexit sha1_base64="a/Lk8rEB5YqTpm5iqH/sBpa7bWw="></latexit><latexit sha1_base64="a/Lk8rEB5YqTpm5iqH/sBpa7bWw="></latexit>

( <latexit sha1_base64="owEByfgSfqYY+gqWmMd3gcCbpjg="></latexit><latexit sha1_base64="owEByfgSfqYY+gqWmMd3gcCbpjg="></latexit><latexit sha1_base64="owEByfgSfqYY+gqWmMd3gcCbpjg="></latexit><latexit sha1_base64="owEByfgSfqYY+gqWmMd3gcCbpjg="></latexit>

One iteration of gradient descent:

✓t+1 = ✓t � ⌘t
@J(✓)

@✓

����
✓=✓t

<latexit sha1_base64="zY43iVuC2uxHmoxD/IWvMOm6ttM="></latexit><latexit sha1_base64="zY43iVuC2uxHmoxD/IWvMOm6ttM="></latexit><latexit sha1_base64="zY43iVuC2uxHmoxD/IWvMOm6ttM="></latexit><latexit sha1_base64="zY43iVuC2uxHmoxD/IWvMOm6ttM="></latexit>



Optimization

• What’s the knowledge we have about J? 
• We can evaluate 
• We can evaluate           and      
• We can evaluate           ,                , and     

✓⇤ = argmin
✓

J(✓)
<latexit sha1_base64="AYItQoyunNkE46+v9OudQ3G4+AY="></latexit><latexit sha1_base64="AYItQoyunNkE46+v9OudQ3G4+AY="></latexit><latexit sha1_base64="AYItQoyunNkE46+v9OudQ3G4+AY="></latexit><latexit sha1_base64="AYItQoyunNkE46+v9OudQ3G4+AY="></latexit>

J(✓)
<latexit sha1_base64="a/Lk8rEB5YqTpm5iqH/sBpa7bWw="></latexit><latexit sha1_base64="a/Lk8rEB5YqTpm5iqH/sBpa7bWw="></latexit><latexit sha1_base64="a/Lk8rEB5YqTpm5iqH/sBpa7bWw="></latexit><latexit sha1_base64="a/Lk8rEB5YqTpm5iqH/sBpa7bWw="></latexit>

Black box optimization

First order optimizationJ(✓)
<latexit sha1_base64="a/Lk8rEB5YqTpm5iqH/sBpa7bWw="></latexit><latexit sha1_base64="a/Lk8rEB5YqTpm5iqH/sBpa7bWw="></latexit><latexit sha1_base64="a/Lk8rEB5YqTpm5iqH/sBpa7bWw="></latexit><latexit sha1_base64="a/Lk8rEB5YqTpm5iqH/sBpa7bWw="></latexit>

r✓J(✓)
<latexit sha1_base64="6vNmN7cUeCZNCT1FkkaAoLRvGUw="></latexit><latexit sha1_base64="6vNmN7cUeCZNCT1FkkaAoLRvGUw="></latexit><latexit sha1_base64="6vNmN7cUeCZNCT1FkkaAoLRvGUw="></latexit><latexit sha1_base64="6vNmN7cUeCZNCT1FkkaAoLRvGUw="></latexit>

Gradient

r✓J(✓)
<latexit sha1_base64="6vNmN7cUeCZNCT1FkkaAoLRvGUw="></latexit><latexit sha1_base64="6vNmN7cUeCZNCT1FkkaAoLRvGUw="></latexit><latexit sha1_base64="6vNmN7cUeCZNCT1FkkaAoLRvGUw="></latexit><latexit sha1_base64="6vNmN7cUeCZNCT1FkkaAoLRvGUw="></latexit>

Second order optimizationr✓J(✓)
<latexit sha1_base64="6vNmN7cUeCZNCT1FkkaAoLRvGUw="></latexit><latexit sha1_base64="6vNmN7cUeCZNCT1FkkaAoLRvGUw="></latexit><latexit sha1_base64="6vNmN7cUeCZNCT1FkkaAoLRvGUw="></latexit><latexit sha1_base64="6vNmN7cUeCZNCT1FkkaAoLRvGUw="></latexit>

H✓(J(✓))
<latexit sha1_base64="Dp56a+zglYeLw/xxC6sFCv+6E2c="></latexit><latexit sha1_base64="Dp56a+zglYeLw/xxC6sFCv+6E2c="></latexit><latexit sha1_base64="Dp56a+zglYeLw/xxC6sFCv+6E2c="></latexit><latexit sha1_base64="Dp56a+zglYeLw/xxC6sFCv+6E2c="></latexit>

J(✓)
<latexit sha1_base64="a/Lk8rEB5YqTpm5iqH/sBpa7bWw="></latexit><latexit sha1_base64="a/Lk8rEB5YqTpm5iqH/sBpa7bWw="></latexit><latexit sha1_base64="a/Lk8rEB5YqTpm5iqH/sBpa7bWw="></latexit><latexit sha1_base64="a/Lk8rEB5YqTpm5iqH/sBpa7bWw="></latexit>

Hessian

H✓(J(✓))
<latexit sha1_base64="Dp56a+zglYeLw/xxC6sFCv+6E2c="></latexit><latexit sha1_base64="Dp56a+zglYeLw/xxC6sFCv+6E2c="></latexit><latexit sha1_base64="Dp56a+zglYeLw/xxC6sFCv+6E2c="></latexit><latexit sha1_base64="Dp56a+zglYeLw/xxC6sFCv+6E2c="></latexit>

Params
✓

<latexit sha1_base64="t5duRUGQiNnGS0onDa5D0jhO93E="></latexit><latexit sha1_base64="t5duRUGQiNnGS0onDa5D0jhO93E="></latexit><latexit sha1_base64="t5duRUGQiNnGS0onDa5D0jhO93E="></latexit><latexit sha1_base64="t5duRUGQiNnGS0onDa5D0jhO93E="></latexit>

J(✓)
<latexit sha1_base64="a/Lk8rEB5YqTpm5iqH/sBpa7bWw="></latexit><latexit sha1_base64="a/Lk8rEB5YqTpm5iqH/sBpa7bWw="></latexit><latexit sha1_base64="a/Lk8rEB5YqTpm5iqH/sBpa7bWw="></latexit><latexit sha1_base64="a/Lk8rEB5YqTpm5iqH/sBpa7bWw="></latexit>

J
<latexit sha1_base64="Ro1vbEsDMxSDmIPyW68eIg0SCUY="></latexit><latexit sha1_base64="Ro1vbEsDMxSDmIPyW68eIg0SCUY="></latexit><latexit sha1_base64="Ro1vbEsDMxSDmIPyW68eIg0SCUY="></latexit><latexit sha1_base64="Ro1vbEsDMxSDmIPyW68eIg0SCUY="></latexit>



Batch (parallel) processing

Loss

Loss

Loss

…

⌃
<latexit sha1_base64="I35/plNhKDPnEnZ+Bc1BZ7JjiUg="></latexit><latexit sha1_base64="I35/plNhKDPnEnZ+Bc1BZ7JjiUg="></latexit><latexit sha1_base64="I35/plNhKDPnEnZ+Bc1BZ7JjiUg="></latexit><latexit sha1_base64="I35/plNhKDPnEnZ+Bc1BZ7JjiUg="></latexit>



Stochastic gradient descent (SGD)
• Want to minimize overall loss function J, which is sum of individual losses over each 

example. 
• In Stochastic gradient descent, compute gradient on sub-set (batch) of data. 

	 	 If batchsize=1 then θ is updated after each example. 

	 	 If batchsize=N (full set) then this is standard gradient descent. 
• Gradient direction is noisy, relative to average over all examples (standard gradient 

descent). 
• Advantages 
• Faster: approximate total gradient with small sample 
• Implicit regularizer 

• Disadvantages 
• High variance, unstable updates



Momentum
• Basic idea: like a ball rolling down a hill, we should build up speed so as to 

make faster progress when “on a roll” 

• Can dampen oscillations in SGD updates 

• Common in popular variants of SGD 

• Nesterov’s method 

• RMSProp 

• Adam



[https://distill.pub/2017/momentum/]



[http://ruder.io/optimizing-gradient-descent/]

Comparison of gradient descent variants



…
…

(output)

(input)

x(L)
<latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit><latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit><latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit><latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit>

x(0)
<latexit sha1_base64="NzD/WGTnF8Ltex6HfQaOdh1Ebis="></latexit><latexit sha1_base64="NzD/WGTnF8Ltex6HfQaOdh1Ebis="></latexit><latexit sha1_base64="NzD/WGTnF8Ltex6HfQaOdh1Ebis="></latexit><latexit sha1_base64="NzD/WGTnF8Ltex6HfQaOdh1Ebis="></latexit>

x(1)
<latexit sha1_base64="cAA+o2QFzeGsnhGBP5KhNbNRj3U="></latexit><latexit sha1_base64="cAA+o2QFzeGsnhGBP5KhNbNRj3U="></latexit><latexit sha1_base64="cAA+o2QFzeGsnhGBP5KhNbNRj3U="></latexit><latexit sha1_base64="cAA+o2QFzeGsnhGBP5KhNbNRj3U="></latexit>

x(l�1)
<latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit><latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit><latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit><latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit>

x(L�1)
<latexit sha1_base64="qUAZLMYF7v/RfZowmPsa0/ZKNRo="></latexit><latexit sha1_base64="qUAZLMYF7v/RfZowmPsa0/ZKNRo="></latexit><latexit sha1_base64="qUAZLMYF7v/RfZowmPsa0/ZKNRo="></latexit><latexit sha1_base64="qUAZLMYF7v/RfZowmPsa0/ZKNRo="></latexit>

f (1)(x(0),W(1))
<latexit sha1_base64="GkL7qjUkTSn2I3DJ9cELpY/+2ug="></latexit><latexit sha1_base64="GkL7qjUkTSn2I3DJ9cELpY/+2ug="></latexit><latexit sha1_base64="GkL7qjUkTSn2I3DJ9cELpY/+2ug="></latexit><latexit sha1_base64="GkL7qjUkTSn2I3DJ9cELpY/+2ug="></latexit>

f (2)(x(1),W(2))
<latexit sha1_base64="ZVmrSwWMjwdHmZR8wL/64LV6w70="></latexit><latexit sha1_base64="ZVmrSwWMjwdHmZR8wL/64LV6w70="></latexit><latexit sha1_base64="ZVmrSwWMjwdHmZR8wL/64LV6w70="></latexit><latexit sha1_base64="ZVmrSwWMjwdHmZR8wL/64LV6w70="></latexit>

f (l)(x(l�1),W(l))
<latexit sha1_base64="ztsWfEuY7BZb/FFRmfBM1tD4VWI="></latexit><latexit sha1_base64="ztsWfEuY7BZb/FFRmfBM1tD4VWI="></latexit><latexit sha1_base64="ztsWfEuY7BZb/FFRmfBM1tD4VWI="></latexit><latexit sha1_base64="ztsWfEuY7BZb/FFRmfBM1tD4VWI="></latexit>

f (L)(x(L�1),W(L))
<latexit sha1_base64="c/Sjs+I+XZ2Bf1P35mw44/vjcHw="></latexit><latexit sha1_base64="c/Sjs+I+XZ2Bf1P35mw44/vjcHw="></latexit><latexit sha1_base64="c/Sjs+I+XZ2Bf1P35mw44/vjcHw="></latexit><latexit sha1_base64="c/Sjs+I+XZ2Bf1P35mw44/vjcHw="></latexit>

x(2)
<latexit sha1_base64="v/Vx2g89doAOu5A2U2w+f+qiZcU="></latexit><latexit sha1_base64="v/Vx2g89doAOu5A2U2w+f+qiZcU="></latexit><latexit sha1_base64="v/Vx2g89doAOu5A2U2w+f+qiZcU="></latexit><latexit sha1_base64="v/Vx2g89doAOu5A2U2w+f+qiZcU="></latexit>

x(l)
<latexit sha1_base64="WkaaSbOQKMwpCuQP2Bnu1DLM82A="></latexit><latexit sha1_base64="WkaaSbOQKMwpCuQP2Bnu1DLM82A="></latexit><latexit sha1_base64="WkaaSbOQKMwpCuQP2Bnu1DLM82A="></latexit><latexit sha1_base64="WkaaSbOQKMwpCuQP2Bnu1DLM82A="></latexit>

• Consider model with     layers. Layer    has 
vector of weights 

• Forward pass: takes input           and passes 
it through each layer      :  
	 	  

• Output of layer    is      .  

• Network output (top layer) is       .

Forward pass
L

<latexit sha1_base64="geqfPHROZN4l15miATuqCG7ddQE="></latexit><latexit sha1_base64="geqfPHROZN4l15miATuqCG7ddQE="></latexit><latexit sha1_base64="geqfPHROZN4l15miATuqCG7ddQE="></latexit><latexit sha1_base64="geqfPHROZN4l15miATuqCG7ddQE="></latexit>

l
<latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit>

W(l)
<latexit sha1_base64="tWVvNR7UT6DwRwY2UDVCo1YB3dY="></latexit><latexit sha1_base64="tWVvNR7UT6DwRwY2UDVCo1YB3dY="></latexit><latexit sha1_base64="tWVvNR7UT6DwRwY2UDVCo1YB3dY="></latexit><latexit sha1_base64="tWVvNR7UT6DwRwY2UDVCo1YB3dY="></latexit>

l
<latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit>

x(l)
<latexit sha1_base64="WkaaSbOQKMwpCuQP2Bnu1DLM82A="></latexit><latexit sha1_base64="WkaaSbOQKMwpCuQP2Bnu1DLM82A="></latexit><latexit sha1_base64="WkaaSbOQKMwpCuQP2Bnu1DLM82A="></latexit><latexit sha1_base64="WkaaSbOQKMwpCuQP2Bnu1DLM82A="></latexit>

x(l) = f (l)(x(l�1),W(l))
<latexit sha1_base64="mU2a5PAMBGM1JPrgEErfCXhPErU="></latexit><latexit sha1_base64="mU2a5PAMBGM1JPrgEErfCXhPErU="></latexit><latexit sha1_base64="mU2a5PAMBGM1JPrgEErfCXhPErU="></latexit><latexit sha1_base64="mU2a5PAMBGM1JPrgEErfCXhPErU="></latexit>

f (l)
<latexit sha1_base64="ymFDbDlddnBDHirFnTjlE2IfCpI="></latexit><latexit sha1_base64="ymFDbDlddnBDHirFnTjlE2IfCpI="></latexit><latexit sha1_base64="ymFDbDlddnBDHirFnTjlE2IfCpI="></latexit><latexit sha1_base64="ymFDbDlddnBDHirFnTjlE2IfCpI="></latexit>

x(l�1)
<latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit><latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit><latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit><latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit>

x(L)
<latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit><latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit><latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit><latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit>



• Loss function     compares         to    .


• Overall energy is the sum of the cost over all 
training examples:

…
…

(output)

(input)

• Consider model with     layers. Layer    has 
vector of weights 

• Forward pass: takes input           and passes 
it through each layer      :  
	 	  

• Output of layer    is      .  

• Network output (top layer) is       .

L
<latexit sha1_base64="geqfPHROZN4l15miATuqCG7ddQE="></latexit><latexit sha1_base64="geqfPHROZN4l15miATuqCG7ddQE="></latexit><latexit sha1_base64="geqfPHROZN4l15miATuqCG7ddQE="></latexit><latexit sha1_base64="geqfPHROZN4l15miATuqCG7ddQE="></latexit>

l
<latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit>

W(l)
<latexit sha1_base64="tWVvNR7UT6DwRwY2UDVCo1YB3dY="></latexit><latexit sha1_base64="tWVvNR7UT6DwRwY2UDVCo1YB3dY="></latexit><latexit sha1_base64="tWVvNR7UT6DwRwY2UDVCo1YB3dY="></latexit><latexit sha1_base64="tWVvNR7UT6DwRwY2UDVCo1YB3dY="></latexit>

f (l)
<latexit sha1_base64="ymFDbDlddnBDHirFnTjlE2IfCpI="></latexit><latexit sha1_base64="ymFDbDlddnBDHirFnTjlE2IfCpI="></latexit><latexit sha1_base64="ymFDbDlddnBDHirFnTjlE2IfCpI="></latexit><latexit sha1_base64="ymFDbDlddnBDHirFnTjlE2IfCpI="></latexit>

x(L)
<latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit><latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit><latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit><latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit>

x(0)
<latexit sha1_base64="NzD/WGTnF8Ltex6HfQaOdh1Ebis="></latexit><latexit sha1_base64="NzD/WGTnF8Ltex6HfQaOdh1Ebis="></latexit><latexit sha1_base64="NzD/WGTnF8Ltex6HfQaOdh1Ebis="></latexit><latexit sha1_base64="NzD/WGTnF8Ltex6HfQaOdh1Ebis="></latexit>

x(1)
<latexit sha1_base64="cAA+o2QFzeGsnhGBP5KhNbNRj3U="></latexit><latexit sha1_base64="cAA+o2QFzeGsnhGBP5KhNbNRj3U="></latexit><latexit sha1_base64="cAA+o2QFzeGsnhGBP5KhNbNRj3U="></latexit><latexit sha1_base64="cAA+o2QFzeGsnhGBP5KhNbNRj3U="></latexit>

x(l�1)
<latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit><latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit><latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit><latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit>

x(L�1)
<latexit sha1_base64="qUAZLMYF7v/RfZowmPsa0/ZKNRo="></latexit><latexit sha1_base64="qUAZLMYF7v/RfZowmPsa0/ZKNRo="></latexit><latexit sha1_base64="qUAZLMYF7v/RfZowmPsa0/ZKNRo="></latexit><latexit sha1_base64="qUAZLMYF7v/RfZowmPsa0/ZKNRo="></latexit>

x(l) = f (l)(x(l�1),W(l))
<latexit sha1_base64="mU2a5PAMBGM1JPrgEErfCXhPErU="></latexit><latexit sha1_base64="mU2a5PAMBGM1JPrgEErfCXhPErU="></latexit><latexit sha1_base64="mU2a5PAMBGM1JPrgEErfCXhPErU="></latexit><latexit sha1_base64="mU2a5PAMBGM1JPrgEErfCXhPErU="></latexit>

f (1)(x(0),W(1))
<latexit sha1_base64="GkL7qjUkTSn2I3DJ9cELpY/+2ug="></latexit><latexit sha1_base64="GkL7qjUkTSn2I3DJ9cELpY/+2ug="></latexit><latexit sha1_base64="GkL7qjUkTSn2I3DJ9cELpY/+2ug="></latexit><latexit sha1_base64="GkL7qjUkTSn2I3DJ9cELpY/+2ug="></latexit>

f (2)(x(1),W(2))
<latexit sha1_base64="ZVmrSwWMjwdHmZR8wL/64LV6w70="></latexit><latexit sha1_base64="ZVmrSwWMjwdHmZR8wL/64LV6w70="></latexit><latexit sha1_base64="ZVmrSwWMjwdHmZR8wL/64LV6w70="></latexit><latexit sha1_base64="ZVmrSwWMjwdHmZR8wL/64LV6w70="></latexit>

f (l)(x(l�1),W(l))
<latexit sha1_base64="ztsWfEuY7BZb/FFRmfBM1tD4VWI="></latexit><latexit sha1_base64="ztsWfEuY7BZb/FFRmfBM1tD4VWI="></latexit><latexit sha1_base64="ztsWfEuY7BZb/FFRmfBM1tD4VWI="></latexit><latexit sha1_base64="ztsWfEuY7BZb/FFRmfBM1tD4VWI="></latexit>

f (L)(x(L�1),W(L))
<latexit sha1_base64="c/Sjs+I+XZ2Bf1P35mw44/vjcHw="></latexit><latexit sha1_base64="c/Sjs+I+XZ2Bf1P35mw44/vjcHw="></latexit><latexit sha1_base64="c/Sjs+I+XZ2Bf1P35mw44/vjcHw="></latexit><latexit sha1_base64="c/Sjs+I+XZ2Bf1P35mw44/vjcHw="></latexit>

l
<latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit>

x(l)
<latexit sha1_base64="WkaaSbOQKMwpCuQP2Bnu1DLM82A="></latexit><latexit sha1_base64="WkaaSbOQKMwpCuQP2Bnu1DLM82A="></latexit><latexit sha1_base64="WkaaSbOQKMwpCuQP2Bnu1DLM82A="></latexit><latexit sha1_base64="WkaaSbOQKMwpCuQP2Bnu1DLM82A="></latexit>

x(l�1)
<latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit><latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit><latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit><latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit>

x(L)
<latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit><latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit><latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit><latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit>

x(2)
<latexit sha1_base64="v/Vx2g89doAOu5A2U2w+f+qiZcU="></latexit><latexit sha1_base64="v/Vx2g89doAOu5A2U2w+f+qiZcU="></latexit><latexit sha1_base64="v/Vx2g89doAOu5A2U2w+f+qiZcU="></latexit><latexit sha1_base64="v/Vx2g89doAOu5A2U2w+f+qiZcU="></latexit>

x(l)
<latexit sha1_base64="WkaaSbOQKMwpCuQP2Bnu1DLM82A="></latexit><latexit sha1_base64="WkaaSbOQKMwpCuQP2Bnu1DLM82A="></latexit><latexit sha1_base64="WkaaSbOQKMwpCuQP2Bnu1DLM82A="></latexit><latexit sha1_base64="WkaaSbOQKMwpCuQP2Bnu1DLM82A="></latexit>

Forward pass

y
<latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit>

L(x(L),y)
<latexit sha1_base64="JWUVWsYIfnImHLeGtbKbp0hmeMQ="></latexit><latexit sha1_base64="JWUVWsYIfnImHLeGtbKbp0hmeMQ="></latexit><latexit sha1_base64="JWUVWsYIfnImHLeGtbKbp0hmeMQ="></latexit><latexit sha1_base64="JWUVWsYIfnImHLeGtbKbp0hmeMQ="></latexit>

L
<latexit sha1_base64="rSdSHFd2CpN+yBrFt4sNljKoCMk="></latexit><latexit sha1_base64="rSdSHFd2CpN+yBrFt4sNljKoCMk="></latexit><latexit sha1_base64="rSdSHFd2CpN+yBrFt4sNljKoCMk="></latexit><latexit sha1_base64="rSdSHFd2CpN+yBrFt4sNljKoCMk="></latexit>

x(L)
<latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit><latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit><latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit><latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit>

y
<latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit>

J
<latexit sha1_base64="Ro1vbEsDMxSDmIPyW68eIg0SCUY="></latexit><latexit sha1_base64="Ro1vbEsDMxSDmIPyW68eIg0SCUY="></latexit><latexit sha1_base64="Ro1vbEsDMxSDmIPyW68eIg0SCUY="></latexit><latexit sha1_base64="Ro1vbEsDMxSDmIPyW68eIg0SCUY="></latexit>

J =
NX

i=1

L(x(L)
i ,yi)

<latexit sha1_base64="icl17YjPIUFuZFd+65TiARtmgfE="></latexit><latexit sha1_base64="icl17YjPIUFuZFd+65TiARtmgfE="></latexit><latexit sha1_base64="icl17YjPIUFuZFd+65TiARtmgfE="></latexit><latexit sha1_base64="icl17YjPIUFuZFd+65TiARtmgfE="></latexit>



• We need to compute gradients of the cost with respect to model 
parameters        . 

• By design, each layer is differentiable with respect to its 
parameters and input.

Gradient descent

W(l)
<latexit sha1_base64="tWVvNR7UT6DwRwY2UDVCo1YB3dY="></latexit><latexit sha1_base64="tWVvNR7UT6DwRwY2UDVCo1YB3dY="></latexit><latexit sha1_base64="tWVvNR7UT6DwRwY2UDVCo1YB3dY="></latexit><latexit sha1_base64="tWVvNR7UT6DwRwY2UDVCo1YB3dY="></latexit>



To compute the gradients, we could start by writing the 
full energy J as a function of the network parameters.

And then compute the partial derivatives… instead, we 
can use the chain rule to derive a compact algorithm:  
backpropagation

…
…

x(L)
<latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit><latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit><latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit><latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit>

x(0)
<latexit sha1_base64="NzD/WGTnF8Ltex6HfQaOdh1Ebis="></latexit><latexit sha1_base64="NzD/WGTnF8Ltex6HfQaOdh1Ebis="></latexit><latexit sha1_base64="NzD/WGTnF8Ltex6HfQaOdh1Ebis="></latexit><latexit sha1_base64="NzD/WGTnF8Ltex6HfQaOdh1Ebis="></latexit>

x(1)
<latexit sha1_base64="cAA+o2QFzeGsnhGBP5KhNbNRj3U="></latexit><latexit sha1_base64="cAA+o2QFzeGsnhGBP5KhNbNRj3U="></latexit><latexit sha1_base64="cAA+o2QFzeGsnhGBP5KhNbNRj3U="></latexit><latexit sha1_base64="cAA+o2QFzeGsnhGBP5KhNbNRj3U="></latexit>

x(l�1)
<latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit><latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit><latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit><latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit>

x(L�1)
<latexit sha1_base64="qUAZLMYF7v/RfZowmPsa0/ZKNRo="></latexit><latexit sha1_base64="qUAZLMYF7v/RfZowmPsa0/ZKNRo="></latexit><latexit sha1_base64="qUAZLMYF7v/RfZowmPsa0/ZKNRo="></latexit><latexit sha1_base64="qUAZLMYF7v/RfZowmPsa0/ZKNRo="></latexit>

f (1)(x(0),W(1))
<latexit sha1_base64="GkL7qjUkTSn2I3DJ9cELpY/+2ug="></latexit><latexit sha1_base64="GkL7qjUkTSn2I3DJ9cELpY/+2ug="></latexit><latexit sha1_base64="GkL7qjUkTSn2I3DJ9cELpY/+2ug="></latexit><latexit sha1_base64="GkL7qjUkTSn2I3DJ9cELpY/+2ug="></latexit>

f (2)(x(1),W(2))
<latexit sha1_base64="ZVmrSwWMjwdHmZR8wL/64LV6w70="></latexit><latexit sha1_base64="ZVmrSwWMjwdHmZR8wL/64LV6w70="></latexit><latexit sha1_base64="ZVmrSwWMjwdHmZR8wL/64LV6w70="></latexit><latexit sha1_base64="ZVmrSwWMjwdHmZR8wL/64LV6w70="></latexit>

f (l)(x(l�1),W(l))
<latexit sha1_base64="ztsWfEuY7BZb/FFRmfBM1tD4VWI="></latexit><latexit sha1_base64="ztsWfEuY7BZb/FFRmfBM1tD4VWI="></latexit><latexit sha1_base64="ztsWfEuY7BZb/FFRmfBM1tD4VWI="></latexit><latexit sha1_base64="ztsWfEuY7BZb/FFRmfBM1tD4VWI="></latexit>

f (L)(x(L�1),W(L))
<latexit sha1_base64="c/Sjs+I+XZ2Bf1P35mw44/vjcHw="></latexit><latexit sha1_base64="c/Sjs+I+XZ2Bf1P35mw44/vjcHw="></latexit><latexit sha1_base64="c/Sjs+I+XZ2Bf1P35mw44/vjcHw="></latexit><latexit sha1_base64="c/Sjs+I+XZ2Bf1P35mw44/vjcHw="></latexit>

x(2)
<latexit sha1_base64="v/Vx2g89doAOu5A2U2w+f+qiZcU="></latexit><latexit sha1_base64="v/Vx2g89doAOu5A2U2w+f+qiZcU="></latexit><latexit sha1_base64="v/Vx2g89doAOu5A2U2w+f+qiZcU="></latexit><latexit sha1_base64="v/Vx2g89doAOu5A2U2w+f+qiZcU="></latexit>

x(l)
<latexit sha1_base64="WkaaSbOQKMwpCuQP2Bnu1DLM82A="></latexit><latexit sha1_base64="WkaaSbOQKMwpCuQP2Bnu1DLM82A="></latexit><latexit sha1_base64="WkaaSbOQKMwpCuQP2Bnu1DLM82A="></latexit><latexit sha1_base64="WkaaSbOQKMwpCuQP2Bnu1DLM82A="></latexit>

y
<latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit>

J
<latexit sha1_base64="Ro1vbEsDMxSDmIPyW68eIg0SCUY="></latexit><latexit sha1_base64="Ro1vbEsDMxSDmIPyW68eIg0SCUY="></latexit><latexit sha1_base64="Ro1vbEsDMxSDmIPyW68eIg0SCUY="></latexit><latexit sha1_base64="Ro1vbEsDMxSDmIPyW68eIg0SCUY="></latexit>

L(x(L),y)
<latexit sha1_base64="JWUVWsYIfnImHLeGtbKbp0hmeMQ="></latexit><latexit sha1_base64="JWUVWsYIfnImHLeGtbKbp0hmeMQ="></latexit><latexit sha1_base64="JWUVWsYIfnImHLeGtbKbp0hmeMQ="></latexit><latexit sha1_base64="JWUVWsYIfnImHLeGtbKbp0hmeMQ="></latexit>

J(W) =
X

i=1

L(f (L)(. . . f (2)(f (1)(x(0)
i ,W(1)),W(2)), . . .W(L)),yi)

<latexit sha1_base64="24BWDVna/Q+5g7wj5WvAxWpHAPw="></latexit><latexit sha1_base64="24BWDVna/Q+5g7wj5WvAxWpHAPw="></latexit><latexit sha1_base64="24BWDVna/Q+5g7wj5WvAxWpHAPw="></latexit><latexit sha1_base64="24BWDVna/Q+5g7wj5WvAxWpHAPw="></latexit>

Computing gradients



(



Matrix calculus

• We now define a function on vector    : 
• If     is a scalar, then 

• If    is a vector          , then (Jacobian formulation): 
The derivative of y is a row vector of size

•    column vector of size           :

The derivative of y is a matrix of size 
(m rows and n columns)

x
<latexit sha1_base64="zwEMvSbkS4FIgegmMbUfQMWaHVI="></latexit><latexit sha1_base64="zwEMvSbkS4FIgegmMbUfQMWaHVI="></latexit><latexit sha1_base64="zwEMvSbkS4FIgegmMbUfQMWaHVI="></latexit><latexit sha1_base64="zwEMvSbkS4FIgegmMbUfQMWaHVI="></latexit>

x =

0

BBB@

x1

x2
...
xn

1

CCCA

<latexit sha1_base64="DrzK9aaDcNyjAMqk+t9PNlMk9po="></latexit><latexit sha1_base64="DrzK9aaDcNyjAMqk+t9PNlMk9po="></latexit><latexit sha1_base64="DrzK9aaDcNyjAMqk+t9PNlMk9po="></latexit><latexit sha1_base64="DrzK9aaDcNyjAMqk+t9PNlMk9po="></latexit>

[n⇥ 1]
<latexit sha1_base64="gaxDm4N1epQsbEeS2rqRATvqQbc="></latexit><latexit sha1_base64="gaxDm4N1epQsbEeS2rqRATvqQbc="></latexit><latexit sha1_base64="gaxDm4N1epQsbEeS2rqRATvqQbc="></latexit><latexit sha1_base64="gaxDm4N1epQsbEeS2rqRATvqQbc="></latexit>

y
<latexit sha1_base64="nxjwBrlM1ZSf2muruIgjuCSFBj0="></latexit><latexit sha1_base64="nxjwBrlM1ZSf2muruIgjuCSFBj0="></latexit><latexit sha1_base64="nxjwBrlM1ZSf2muruIgjuCSFBj0="></latexit><latexit sha1_base64="nxjwBrlM1ZSf2muruIgjuCSFBj0="></latexit>

@y

@x
=

⇣
@y
@x1

@y
@x2

· · · @y
@xn

⌘

<latexit sha1_base64="xu/PGQXlOgSTTFwUHswiWVkl2Ho="></latexit><latexit sha1_base64="xu/PGQXlOgSTTFwUHswiWVkl2Ho="></latexit><latexit sha1_base64="xu/PGQXlOgSTTFwUHswiWVkl2Ho="></latexit><latexit sha1_base64="xu/PGQXlOgSTTFwUHswiWVkl2Ho="></latexit>

y
<latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit>

@y

@x
=

0

B@

@y1

@x1

@y1

@x2
· · · @y1

@xn

...
...

...
...

@ym

@x1

@ym

@x2
· · · @ym

@xn

1

CA

<latexit sha1_base64="lhhTP9h+EaNWnEvPKmtj1P5tng0="></latexit><latexit sha1_base64="lhhTP9h+EaNWnEvPKmtj1P5tng0="></latexit><latexit sha1_base64="lhhTP9h+EaNWnEvPKmtj1P5tng0="></latexit><latexit sha1_base64="lhhTP9h+EaNWnEvPKmtj1P5tng0="></latexit>

[m⇥ 1]
<latexit sha1_base64="Cl1yRRu+b8IS9s/JdXSYCrL5tTU="></latexit><latexit sha1_base64="Cl1yRRu+b8IS9s/JdXSYCrL5tTU="></latexit><latexit sha1_base64="Cl1yRRu+b8IS9s/JdXSYCrL5tTU="></latexit><latexit sha1_base64="Cl1yRRu+b8IS9s/JdXSYCrL5tTU="></latexit>

[1⇥ n]
<latexit sha1_base64="10NVHCASanErYXmGQdGaWmbHyCw="></latexit><latexit sha1_base64="10NVHCASanErYXmGQdGaWmbHyCw="></latexit><latexit sha1_base64="10NVHCASanErYXmGQdGaWmbHyCw="></latexit><latexit sha1_base64="10NVHCASanErYXmGQdGaWmbHyCw="></latexit>

[m⇥ n]
<latexit sha1_base64="+457GWhzGDE1+WZEu/AzspiVebc="></latexit><latexit sha1_base64="+457GWhzGDE1+WZEu/AzspiVebc="></latexit><latexit sha1_base64="+457GWhzGDE1+WZEu/AzspiVebc="></latexit><latexit sha1_base64="+457GWhzGDE1+WZEu/AzspiVebc="></latexit>

y = f(x)
<latexit sha1_base64="vU6ilCS+WyekXv4l6Lz9By8P7N0="></latexit><latexit sha1_base64="vU6ilCS+WyekXv4l6Lz9By8P7N0="></latexit><latexit sha1_base64="vU6ilCS+WyekXv4l6Lz9By8P7N0="></latexit><latexit sha1_base64="vU6ilCS+WyekXv4l6Lz9By8P7N0="></latexit>

x
<latexit sha1_base64="zwEMvSbkS4FIgegmMbUfQMWaHVI="></latexit><latexit sha1_base64="zwEMvSbkS4FIgegmMbUfQMWaHVI="></latexit><latexit sha1_base64="zwEMvSbkS4FIgegmMbUfQMWaHVI="></latexit><latexit sha1_base64="zwEMvSbkS4FIgegmMbUfQMWaHVI="></latexit>



The output is a matrix of size [m⇥ n]
<latexit sha1_base64="+457GWhzGDE1+WZEu/AzspiVebc="></latexit><latexit sha1_base64="+457GWhzGDE1+WZEu/AzspiVebc="></latexit><latexit sha1_base64="+457GWhzGDE1+WZEu/AzspiVebc="></latexit><latexit sha1_base64="+457GWhzGDE1+WZEu/AzspiVebc="></latexit>

Matrix calculus

• If    is a scalar and      is a matrix of size            , then y
<latexit sha1_base64="nxjwBrlM1ZSf2muruIgjuCSFBj0="></latexit><latexit sha1_base64="nxjwBrlM1ZSf2muruIgjuCSFBj0="></latexit><latexit sha1_base64="nxjwBrlM1ZSf2muruIgjuCSFBj0="></latexit><latexit sha1_base64="nxjwBrlM1ZSf2muruIgjuCSFBj0="></latexit>

X
<latexit sha1_base64="/MdizKBGg0TUjUYsYYtBIJVSn9c="></latexit><latexit sha1_base64="/MdizKBGg0TUjUYsYYtBIJVSn9c="></latexit><latexit sha1_base64="/MdizKBGg0TUjUYsYYtBIJVSn9c="></latexit><latexit sha1_base64="/MdizKBGg0TUjUYsYYtBIJVSn9c="></latexit>

[n⇥m]
<latexit sha1_base64="H5RRHtLN2MI/bj4yjGmSwCLSHfE="></latexit><latexit sha1_base64="H5RRHtLN2MI/bj4yjGmSwCLSHfE="></latexit><latexit sha1_base64="H5RRHtLN2MI/bj4yjGmSwCLSHfE="></latexit><latexit sha1_base64="H5RRHtLN2MI/bj4yjGmSwCLSHfE="></latexit>

@y

@X
=

0

B@

@y
@x11

@y
@x21

· · · @y
@xn1

...
...

...
...

@y
@x1m

@y
@x2m

· · · @y
@xnm

1

CA

<latexit sha1_base64="SR9ilQTmfFiz6FiTlEVssphaHUY="></latexit><latexit sha1_base64="SR9ilQTmfFiz6FiTlEVssphaHUY="></latexit><latexit sha1_base64="SR9ilQTmfFiz6FiTlEVssphaHUY="></latexit><latexit sha1_base64="SR9ilQTmfFiz6FiTlEVssphaHUY="></latexit>



• Chain rule:
Matrix calculus

@z

@x

����
x=a

=
@z

@u

����
u=g(a)

· @u
@x

����
x=a

<latexit sha1_base64="ynNHWCr/4PvYZMzy9+iTOBgY+Ug="></latexit><latexit sha1_base64="ynNHWCr/4PvYZMzy9+iTOBgY+Ug="></latexit><latexit sha1_base64="ynNHWCr/4PvYZMzy9+iTOBgY+Ug="></latexit><latexit sha1_base64="ynNHWCr/4PvYZMzy9+iTOBgY+Ug="></latexit>

Its derivative is: h0(x) = f 0(g(x))g0(x)
<latexit sha1_base64="LYSCPiFYvBKsr+WZQK1gle4M9hI="></latexit><latexit sha1_base64="LYSCPiFYvBKsr+WZQK1gle4M9hI="></latexit><latexit sha1_base64="LYSCPiFYvBKsr+WZQK1gle4M9hI="></latexit><latexit sha1_base64="LYSCPiFYvBKsr+WZQK1gle4M9hI="></latexit>

For the function:  z = h(x) = f(g(x))
<latexit sha1_base64="Dekv7rOY1VIDB8ld4v5E0QN5+WQ="></latexit><latexit sha1_base64="Dekv7rOY1VIDB8ld4v5E0QN5+WQ="></latexit><latexit sha1_base64="Dekv7rOY1VIDB8ld4v5E0QN5+WQ="></latexit><latexit sha1_base64="Dekv7rOY1VIDB8ld4v5E0QN5+WQ="></latexit>

and writing              , and              : z = f(u)
<latexit sha1_base64="DqRvDzORlGzMOGLO2A1BFowGSnY="></latexit><latexit sha1_base64="DqRvDzORlGzMOGLO2A1BFowGSnY="></latexit><latexit sha1_base64="DqRvDzORlGzMOGLO2A1BFowGSnY="></latexit><latexit sha1_base64="DqRvDzORlGzMOGLO2A1BFowGSnY="></latexit>

u = g(x)
<latexit sha1_base64="QchBGz+YM38uKdgxWghHbWS1oeo="></latexit><latexit sha1_base64="QchBGz+YM38uKdgxWghHbWS1oeo="></latexit><latexit sha1_base64="QchBGz+YM38uKdgxWghHbWS1oeo="></latexit><latexit sha1_base64="QchBGz+YM38uKdgxWghHbWS1oeo="></latexit>

Example, if           ,           ,|z| = 1
<latexit sha1_base64="X5g/+tTygU/TyH4l8rjFC4oWNrM="></latexit><latexit sha1_base64="X5g/+tTygU/TyH4l8rjFC4oWNrM="></latexit><latexit sha1_base64="X5g/+tTygU/TyH4l8rjFC4oWNrM="></latexit><latexit sha1_base64="X5g/+tTygU/TyH4l8rjFC4oWNrM="></latexit>

|u| = 2
<latexit sha1_base64="JVMqEiFk4AgLPenim6gLH5Wnevo="></latexit><latexit sha1_base64="JVMqEiFk4AgLPenim6gLH5Wnevo="></latexit><latexit sha1_base64="JVMqEiFk4AgLPenim6gLH5Wnevo="></latexit><latexit sha1_base64="JVMqEiFk4AgLPenim6gLH5Wnevo="></latexit>

|x| = 4
<latexit sha1_base64="d5rySL4b7QnPBjhp6PkT3B8wGwg="></latexit><latexit sha1_base64="d5rySL4b7QnPBjhp6PkT3B8wGwg="></latexit><latexit sha1_base64="d5rySL4b7QnPBjhp6PkT3B8wGwg="></latexit><latexit sha1_base64="d5rySL4b7QnPBjhp6PkT3B8wGwg="></latexit>

h0(x) =
<latexit sha1_base64="NjC5aDOGxi7WF6YzP0/Y9ArLr7s="></latexit><latexit sha1_base64="NjC5aDOGxi7WF6YzP0/Y9ArLr7s="></latexit><latexit sha1_base64="NjC5aDOGxi7WF6YzP0/Y9ArLr7s="></latexit><latexit sha1_base64="NjC5aDOGxi7WF6YzP0/Y9ArLr7s="></latexit>

=<latexit sha1_base64="FP97J9w90+Q0aCd9FyHXELYKqS4="></latexit><latexit sha1_base64="FP97J9w90+Q0aCd9FyHXELYKqS4="></latexit><latexit sha1_base64="FP97J9w90+Q0aCd9FyHXELYKqS4="></latexit><latexit sha1_base64="FP97J9w90+Q0aCd9FyHXELYKqS4="></latexit>

[m⇥ n]
<latexit sha1_base64="+457GWhzGDE1+WZEu/AzspiVebc="></latexit><latexit sha1_base64="+457GWhzGDE1+WZEu/AzspiVebc="></latexit><latexit sha1_base64="+457GWhzGDE1+WZEu/AzspiVebc="></latexit><latexit sha1_base64="+457GWhzGDE1+WZEu/AzspiVebc="></latexit>

[m⇥ p]
<latexit sha1_base64="7YQpTCH2voPFgunVKvbX7Z9z02s="></latexit><latexit sha1_base64="7YQpTCH2voPFgunVKvbX7Z9z02s="></latexit><latexit sha1_base64="7YQpTCH2voPFgunVKvbX7Z9z02s="></latexit><latexit sha1_base64="7YQpTCH2voPFgunVKvbX7Z9z02s="></latexit>

[p⇥ n]
<latexit sha1_base64="VglHoRQOtG6EjbLulgPa453K61I="></latexit><latexit sha1_base64="VglHoRQOtG6EjbLulgPa453K61I="></latexit><latexit sha1_base64="VglHoRQOtG6EjbLulgPa453K61I="></latexit><latexit sha1_base64="VglHoRQOtG6EjbLulgPa453K61I="></latexit>

with         length of vector             ,            ,  and p =
<latexit sha1_base64="a3D/eDG54KzmCjU5lV2wRUqU1rE="></latexit><latexit sha1_base64="a3D/eDG54KzmCjU5lV2wRUqU1rE="></latexit><latexit sha1_base64="a3D/eDG54KzmCjU5lV2wRUqU1rE="></latexit><latexit sha1_base64="a3D/eDG54KzmCjU5lV2wRUqU1rE="></latexit>

u
<latexit sha1_base64="MV2GDRT0V8srlHfkOV7lhpEUB3Q="></latexit><latexit sha1_base64="MV2GDRT0V8srlHfkOV7lhpEUB3Q="></latexit><latexit sha1_base64="MV2GDRT0V8srlHfkOV7lhpEUB3Q="></latexit><latexit sha1_base64="MV2GDRT0V8srlHfkOV7lhpEUB3Q="></latexit>

= |u|
<latexit sha1_base64="YddDzxjx1Dj81S4MlujKWXK/8LM="></latexit><latexit sha1_base64="YddDzxjx1Dj81S4MlujKWXK/8LM="></latexit><latexit sha1_base64="YddDzxjx1Dj81S4MlujKWXK/8LM="></latexit><latexit sha1_base64="YddDzxjx1Dj81S4MlujKWXK/8LM="></latexit>

m = |z|
<latexit sha1_base64="Yv3X0h9eFI0kDcNjxavEunq1ROc="></latexit><latexit sha1_base64="Yv3X0h9eFI0kDcNjxavEunq1ROc="></latexit><latexit sha1_base64="Yv3X0h9eFI0kDcNjxavEunq1ROc="></latexit><latexit sha1_base64="Yv3X0h9eFI0kDcNjxavEunq1ROc="></latexit>

n = |x|
<latexit sha1_base64="ydkckvC01CLIt0oqQFLhVL/bt7o="></latexit><latexit sha1_base64="ydkckvC01CLIt0oqQFLhVL/bt7o="></latexit><latexit sha1_base64="ydkckvC01CLIt0oqQFLhVL/bt7o="></latexit><latexit sha1_base64="ydkckvC01CLIt0oqQFLhVL/bt7o="></latexit>



• Chain rule:

The derivative becomes a product of matrices:

(exercise: check that all the matrix dimensions work out fine)

Matrix calculus

For the function: h(x) = f (n)(f (n�1)(. . . f (1)(x)))
<latexit sha1_base64="tAjACtq3HyLeWa8rU28KL+QP/g0="></latexit><latexit sha1_base64="tAjACtq3HyLeWa8rU28KL+QP/g0="></latexit><latexit sha1_base64="tAjACtq3HyLeWa8rU28KL+QP/g0="></latexit><latexit sha1_base64="tAjACtq3HyLeWa8rU28KL+QP/g0="></latexit>

With  u(1) = f (1)(x)
<latexit sha1_base64="NYeUvZgs9osS32aMkhGogdPZ0zE="></latexit><latexit sha1_base64="NYeUvZgs9osS32aMkhGogdPZ0zE="></latexit><latexit sha1_base64="NYeUvZgs9osS32aMkhGogdPZ0zE="></latexit><latexit sha1_base64="NYeUvZgs9osS32aMkhGogdPZ0zE="></latexit>

u(i) = f (i)(u(i�1))
<latexit sha1_base64="2MuwmM1Zq9zdCPWyIzQW+Qv226w="></latexit><latexit sha1_base64="2MuwmM1Zq9zdCPWyIzQW+Qv226w="></latexit><latexit sha1_base64="2MuwmM1Zq9zdCPWyIzQW+Qv226w="></latexit><latexit sha1_base64="2MuwmM1Zq9zdCPWyIzQW+Qv226w="></latexit>

z = u(n) = f (n)(u(n�1))
<latexit sha1_base64="wYH6CT+yvdRmKmy7SV3dRVxJ/A0="></latexit><latexit sha1_base64="wYH6CT+yvdRmKmy7SV3dRVxJ/A0="></latexit><latexit sha1_base64="wYH6CT+yvdRmKmy7SV3dRVxJ/A0="></latexit><latexit sha1_base64="wYH6CT+yvdRmKmy7SV3dRVxJ/A0="></latexit>

@z

@x

����
x=a

=
@z

@u(n�1)

����
u(n�1)=f(n�1)(un�2)

· @u
(n�1)

@u(n�2)

����
u(n�2)=f(n�2)(un�3)

· · · @u
(2)

@u(1)

����
u(1)=f(1)(a)

· @u
(1)

@x

����
x=a

<latexit sha1_base64="VtLzT35NEPo0lT1oFyLkP4P9fJs="></latexit><latexit sha1_base64="VtLzT35NEPo0lT1oFyLkP4P9fJs="></latexit><latexit sha1_base64="VtLzT35NEPo0lT1oFyLkP4P9fJs="></latexit><latexit sha1_base64="VtLzT35NEPo0lT1oFyLkP4P9fJs="></latexit>



)



To compute the gradients, we could start by writing the 
full energy J as a function of the network parameters.

And then compute the partial derivatives… instead, we 
can use the chain rule to derive a compact algorithm:  
backpropagation

Computing gradients

…
…

x(L)
<latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit><latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit><latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit><latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit>

x(0)
<latexit sha1_base64="NzD/WGTnF8Ltex6HfQaOdh1Ebis="></latexit><latexit sha1_base64="NzD/WGTnF8Ltex6HfQaOdh1Ebis="></latexit><latexit sha1_base64="NzD/WGTnF8Ltex6HfQaOdh1Ebis="></latexit><latexit sha1_base64="NzD/WGTnF8Ltex6HfQaOdh1Ebis="></latexit>

x(1)
<latexit sha1_base64="cAA+o2QFzeGsnhGBP5KhNbNRj3U="></latexit><latexit sha1_base64="cAA+o2QFzeGsnhGBP5KhNbNRj3U="></latexit><latexit sha1_base64="cAA+o2QFzeGsnhGBP5KhNbNRj3U="></latexit><latexit sha1_base64="cAA+o2QFzeGsnhGBP5KhNbNRj3U="></latexit>

x(l�1)
<latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit><latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit><latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit><latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit>

x(L�1)
<latexit sha1_base64="qUAZLMYF7v/RfZowmPsa0/ZKNRo="></latexit><latexit sha1_base64="qUAZLMYF7v/RfZowmPsa0/ZKNRo="></latexit><latexit sha1_base64="qUAZLMYF7v/RfZowmPsa0/ZKNRo="></latexit><latexit sha1_base64="qUAZLMYF7v/RfZowmPsa0/ZKNRo="></latexit>

f (1)(x(0),W(1))
<latexit sha1_base64="GkL7qjUkTSn2I3DJ9cELpY/+2ug="></latexit><latexit sha1_base64="GkL7qjUkTSn2I3DJ9cELpY/+2ug="></latexit><latexit sha1_base64="GkL7qjUkTSn2I3DJ9cELpY/+2ug="></latexit><latexit sha1_base64="GkL7qjUkTSn2I3DJ9cELpY/+2ug="></latexit>

f (2)(x(1),W(2))
<latexit sha1_base64="ZVmrSwWMjwdHmZR8wL/64LV6w70="></latexit><latexit sha1_base64="ZVmrSwWMjwdHmZR8wL/64LV6w70="></latexit><latexit sha1_base64="ZVmrSwWMjwdHmZR8wL/64LV6w70="></latexit><latexit sha1_base64="ZVmrSwWMjwdHmZR8wL/64LV6w70="></latexit>

f (l)(x(l�1),W(l))
<latexit sha1_base64="ztsWfEuY7BZb/FFRmfBM1tD4VWI="></latexit><latexit sha1_base64="ztsWfEuY7BZb/FFRmfBM1tD4VWI="></latexit><latexit sha1_base64="ztsWfEuY7BZb/FFRmfBM1tD4VWI="></latexit><latexit sha1_base64="ztsWfEuY7BZb/FFRmfBM1tD4VWI="></latexit>

f (L)(x(L�1),W(L))
<latexit sha1_base64="c/Sjs+I+XZ2Bf1P35mw44/vjcHw="></latexit><latexit sha1_base64="c/Sjs+I+XZ2Bf1P35mw44/vjcHw="></latexit><latexit sha1_base64="c/Sjs+I+XZ2Bf1P35mw44/vjcHw="></latexit><latexit sha1_base64="c/Sjs+I+XZ2Bf1P35mw44/vjcHw="></latexit>

x(2)
<latexit sha1_base64="v/Vx2g89doAOu5A2U2w+f+qiZcU="></latexit><latexit sha1_base64="v/Vx2g89doAOu5A2U2w+f+qiZcU="></latexit><latexit sha1_base64="v/Vx2g89doAOu5A2U2w+f+qiZcU="></latexit><latexit sha1_base64="v/Vx2g89doAOu5A2U2w+f+qiZcU="></latexit>

x(l)
<latexit sha1_base64="WkaaSbOQKMwpCuQP2Bnu1DLM82A="></latexit><latexit sha1_base64="WkaaSbOQKMwpCuQP2Bnu1DLM82A="></latexit><latexit sha1_base64="WkaaSbOQKMwpCuQP2Bnu1DLM82A="></latexit><latexit sha1_base64="WkaaSbOQKMwpCuQP2Bnu1DLM82A="></latexit>

y
<latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit>

J
<latexit sha1_base64="Ro1vbEsDMxSDmIPyW68eIg0SCUY="></latexit><latexit sha1_base64="Ro1vbEsDMxSDmIPyW68eIg0SCUY="></latexit><latexit sha1_base64="Ro1vbEsDMxSDmIPyW68eIg0SCUY="></latexit><latexit sha1_base64="Ro1vbEsDMxSDmIPyW68eIg0SCUY="></latexit>

L(x(L),y)
<latexit sha1_base64="JWUVWsYIfnImHLeGtbKbp0hmeMQ="></latexit><latexit sha1_base64="JWUVWsYIfnImHLeGtbKbp0hmeMQ="></latexit><latexit sha1_base64="JWUVWsYIfnImHLeGtbKbp0hmeMQ="></latexit><latexit sha1_base64="JWUVWsYIfnImHLeGtbKbp0hmeMQ="></latexit>

J(W) =
X

i=1

L(f (L)(. . . f (2)(f (1)(x(0)
i ,W(1)),W(2)), . . .W(L)),yi)

<latexit sha1_base64="24BWDVna/Q+5g7wj5WvAxWpHAPw="></latexit><latexit sha1_base64="24BWDVna/Q+5g7wj5WvAxWpHAPw="></latexit><latexit sha1_base64="24BWDVna/Q+5g7wj5WvAxWpHAPw="></latexit><latexit sha1_base64="24BWDVna/Q+5g7wj5WvAxWpHAPw="></latexit>



The energy J is the sum of the losses 
associated to each training example

Computing gradients

Its gradient with respect to each of the network’s 
parameters w is:

is how much J varies when the parameter w is varied.

J(W) =
NX

i=1

L(x(L)
i ,yi;W)

<latexit sha1_base64="7VserTW6IVGEQCDYsB66jjq2xNw="></latexit><latexit sha1_base64="7VserTW6IVGEQCDYsB66jjq2xNw="></latexit><latexit sha1_base64="7VserTW6IVGEQCDYsB66jjq2xNw="></latexit><latexit sha1_base64="7VserTW6IVGEQCDYsB66jjq2xNw="></latexit>

{x(0)
i ,yi}

<latexit sha1_base64="RtUvBY1h1MkheL5KwYkccLe4Mp4="></latexit><latexit sha1_base64="RtUvBY1h1MkheL5KwYkccLe4Mp4="></latexit><latexit sha1_base64="RtUvBY1h1MkheL5KwYkccLe4Mp4="></latexit><latexit sha1_base64="RtUvBY1h1MkheL5KwYkccLe4Mp4="></latexit>

@J(W)

@w
=

NX

i=1

@L(x(L)
i ,yi;W)

@w
<latexit sha1_base64="o9Pvm+g8hnlZM33IDD645ER2W5E="></latexit><latexit sha1_base64="o9Pvm+g8hnlZM33IDD645ER2W5E="></latexit><latexit sha1_base64="o9Pvm+g8hnlZM33IDD645ER2W5E="></latexit><latexit sha1_base64="o9Pvm+g8hnlZM33IDD645ER2W5E="></latexit>



We could write the loss function to get the gradients as:

If we compute the gradient with respect to the parameters of  
the last layer (output layer) W(L), using the chain rule:

(How much the cost changes when we change W(L) is the product between 
how much the loss changes when we change the output of the last layer and 
how much the output changes when we change the layer parameters.)

Computing gradients

L(x(L),y;W) = L(f (L)(x(L�1),W(L)),y)
<latexit sha1_base64="fD08V/d0O0rFpKG7Vzx44v8P0U0="></latexit><latexit sha1_base64="fD08V/d0O0rFpKG7Vzx44v8P0U0="></latexit><latexit sha1_base64="fD08V/d0O0rFpKG7Vzx44v8P0U0="></latexit><latexit sha1_base64="fD08V/d0O0rFpKG7Vzx44v8P0U0="></latexit>

@L
@W(L)

=
@L

@x(L)
· @x(L)

@W(L)
=

@L
@x(L)

· @f
(L)(x(L�1),W(L))

@W(L)
<latexit sha1_base64="4ONBzmjLXHc/E3RysjGlOfcy26c="></latexit><latexit sha1_base64="4ONBzmjLXHc/E3RysjGlOfcy26c="></latexit><latexit sha1_base64="4ONBzmjLXHc/E3RysjGlOfcy26c="></latexit><latexit sha1_base64="4ONBzmjLXHc/E3RysjGlOfcy26c="></latexit>

@L
@W(L)

=
@L

@x(L)
· @x(L)

@W(L)
=

@L
@x(L)

· @f
(L)(x(L�1),W(L))

@W(L)
<latexit sha1_base64="4ONBzmjLXHc/E3RysjGlOfcy26c="></latexit><latexit sha1_base64="4ONBzmjLXHc/E3RysjGlOfcy26c="></latexit><latexit sha1_base64="4ONBzmjLXHc/E3RysjGlOfcy26c="></latexit><latexit sha1_base64="4ONBzmjLXHc/E3RysjGlOfcy26c="></latexit>



If we compute the gradient with respect to the parameters of  
the last layer (output layer) W(L), using the chain rule:

Will depend on the  
layer structure and 
non-linearity.

Computing gradients: loss layer

@L
@W(L)

=
@L

@x(L)
· @x(L)

@W(L)
=

@L
@x(L)

· @f
(L)(x(L�1),W(L))

@W(L)
<latexit sha1_base64="4ONBzmjLXHc/E3RysjGlOfcy26c="></latexit><latexit sha1_base64="4ONBzmjLXHc/E3RysjGlOfcy26c="></latexit><latexit sha1_base64="4ONBzmjLXHc/E3RysjGlOfcy26c="></latexit><latexit sha1_base64="4ONBzmjLXHc/E3RysjGlOfcy26c="></latexit>

For example, for an Euclidean loss:

L(x(L),y) =
1

2

���x(L) � y
���
2

2
<latexit sha1_base64="FqqdVbueKgtVyT2QV0DPc146JCw="></latexit><latexit sha1_base64="FqqdVbueKgtVyT2QV0DPc146JCw="></latexit><latexit sha1_base64="FqqdVbueKgtVyT2QV0DPc146JCw="></latexit><latexit sha1_base64="FqqdVbueKgtVyT2QV0DPc146JCw="></latexit>

The gradient is:

@L
@x(L)

= x(L) � y
<latexit sha1_base64="SGNx4I7CRquP5/wVNw+aID9jRdI="></latexit><latexit sha1_base64="SGNx4I7CRquP5/wVNw+aID9jRdI="></latexit><latexit sha1_base64="SGNx4I7CRquP5/wVNw+aID9jRdI="></latexit><latexit sha1_base64="SGNx4I7CRquP5/wVNw+aID9jRdI="></latexit>



We could write the full loss function to get the gradients:

If we compute the gradient with respect to wi, using the chain rule:

And this can be 
computed iteratively! This is easy.

Computing gradients: layer 

L(x(L),y;W) = L(f (L)(. . . f (2)(f (1)(x(0),W(1)),W(2)), . . .W(L)),y)
<latexit sha1_base64="CsZmZe0Fgmlu343scKI+L27rhFg="></latexit><latexit sha1_base64="CsZmZe0Fgmlu343scKI+L27rhFg="></latexit><latexit sha1_base64="CsZmZe0Fgmlu343scKI+L27rhFg="></latexit><latexit sha1_base64="CsZmZe0Fgmlu343scKI+L27rhFg="></latexit>

l
<latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit>

@f (l)(x(l�1),W(l))

@W(l)
<latexit sha1_base64="KpxpIoeIAJqTocC1M3Ij66yj9FU="></latexit><latexit sha1_base64="KpxpIoeIAJqTocC1M3Ij66yj9FU="></latexit><latexit sha1_base64="KpxpIoeIAJqTocC1M3Ij66yj9FU="></latexit><latexit sha1_base64="KpxpIoeIAJqTocC1M3Ij66yj9FU="></latexit>

@L
@W(L)

=
@L

@x(L)
· @x(L)

@x(L�1)
· @x

(L�1)

@x(L�2)
· · · @x

(l+1)

@x(l)
· @x(l)

@W(l)
<latexit sha1_base64="I7aJQ3T3Cgz4OVej5CWVmy6qdTE="></latexit><latexit sha1_base64="I7aJQ3T3Cgz4OVej5CWVmy6qdTE="></latexit><latexit sha1_base64="I7aJQ3T3Cgz4OVej5CWVmy6qdTE="></latexit><latexit sha1_base64="I7aJQ3T3Cgz4OVej5CWVmy6qdTE="></latexit>

@L
@x(l)

<latexit sha1_base64="tUpbC2mLcYn6qxULIRjpSLLms5o="></latexit><latexit sha1_base64="tUpbC2mLcYn6qxULIRjpSLLms5o="></latexit><latexit sha1_base64="tUpbC2mLcYn6qxULIRjpSLLms5o="></latexit><latexit sha1_base64="tUpbC2mLcYn6qxULIRjpSLLms5o="></latexit>



Gradient  
layer l

Gradient  
layer l-1

@f (l)(x(l�1),W(l))

@W(l)
<latexit sha1_base64="KpxpIoeIAJqTocC1M3Ij66yj9FU="></latexit><latexit sha1_base64="KpxpIoeIAJqTocC1M3Ij66yj9FU="></latexit><latexit sha1_base64="KpxpIoeIAJqTocC1M3Ij66yj9FU="></latexit><latexit sha1_base64="KpxpIoeIAJqTocC1M3Ij66yj9FU="></latexit>

@L
@W(L)

=
@L

@x(L)
· @x(L)

@x(L�1)
· @x

(L�1)

@x(L�2)
· · · @x

(l+1)

@x(l)
· @x(l)

@W(l)
<latexit sha1_base64="I7aJQ3T3Cgz4OVej5CWVmy6qdTE="></latexit><latexit sha1_base64="I7aJQ3T3Cgz4OVej5CWVmy6qdTE="></latexit><latexit sha1_base64="I7aJQ3T3Cgz4OVej5CWVmy6qdTE="></latexit><latexit sha1_base64="I7aJQ3T3Cgz4OVej5CWVmy6qdTE="></latexit>

@L
@x(l)

<latexit sha1_base64="tUpbC2mLcYn6qxULIRjpSLLms5o="></latexit><latexit sha1_base64="tUpbC2mLcYn6qxULIRjpSLLms5o="></latexit><latexit sha1_base64="tUpbC2mLcYn6qxULIRjpSLLms5o="></latexit><latexit sha1_base64="tUpbC2mLcYn6qxULIRjpSLLms5o="></latexit>

Backpropagation

If we have the value of           we can compute the gradient at the  
layer below as: 

@L
@x(l)

<latexit sha1_base64="tUpbC2mLcYn6qxULIRjpSLLms5o="></latexit><latexit sha1_base64="tUpbC2mLcYn6qxULIRjpSLLms5o="></latexit><latexit sha1_base64="tUpbC2mLcYn6qxULIRjpSLLms5o="></latexit><latexit sha1_base64="tUpbC2mLcYn6qxULIRjpSLLms5o="></latexit>

@L
@x(l�1)

=
@L
@x(l)

· @x(l)

@x(l�1)
<latexit sha1_base64="fEVMIA5ssOmNbADVIzZH7AYTkTs="></latexit><latexit sha1_base64="fEVMIA5ssOmNbADVIzZH7AYTkTs="></latexit><latexit sha1_base64="fEVMIA5ssOmNbADVIzZH7AYTkTs="></latexit><latexit sha1_base64="fEVMIA5ssOmNbADVIzZH7AYTkTs="></latexit>

@f (l)(x(l�1),W(l))

@x(l�1)
<latexit sha1_base64="BecsT3nD+eDQmDrD9xmOo2voo34="></latexit><latexit sha1_base64="BecsT3nD+eDQmDrD9xmOo2voo34="></latexit><latexit sha1_base64="BecsT3nD+eDQmDrD9xmOo2voo34="></latexit><latexit sha1_base64="BecsT3nD+eDQmDrD9xmOo2voo34="></latexit>



Hidden layer   

Forward 
pass

Backpropagation — Goal: to update parameters of layer l<latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit>

x(l�1)
<latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit><latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit><latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit><latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit>

• To compute the output, we need:
@f (l)(x(l�1),W(l))

@x(l�1)
<latexit sha1_base64="BecsT3nD+eDQmDrD9xmOo2voo34="></latexit><latexit sha1_base64="BecsT3nD+eDQmDrD9xmOo2voo34="></latexit><latexit sha1_base64="BecsT3nD+eDQmDrD9xmOo2voo34="></latexit><latexit sha1_base64="BecsT3nD+eDQmDrD9xmOo2voo34="></latexit>Backward 

pass

@L
@x(l)

<latexit sha1_base64="tUpbC2mLcYn6qxULIRjpSLLms5o="></latexit><latexit sha1_base64="tUpbC2mLcYn6qxULIRjpSLLms5o="></latexit><latexit sha1_base64="tUpbC2mLcYn6qxULIRjpSLLms5o="></latexit><latexit sha1_base64="tUpbC2mLcYn6qxULIRjpSLLms5o="></latexit>

@L
@x(l�1)

<latexit sha1_base64="mgzHmkyGBBJFG5FNQ0lzLIS75HY="></latexit><latexit sha1_base64="mgzHmkyGBBJFG5FNQ0lzLIS75HY="></latexit><latexit sha1_base64="mgzHmkyGBBJFG5FNQ0lzLIS75HY="></latexit><latexit sha1_base64="mgzHmkyGBBJFG5FNQ0lzLIS75HY="></latexit>

x(l)
<latexit sha1_base64="WkaaSbOQKMwpCuQP2Bnu1DLM82A="></latexit><latexit sha1_base64="WkaaSbOQKMwpCuQP2Bnu1DLM82A="></latexit><latexit sha1_base64="WkaaSbOQKMwpCuQP2Bnu1DLM82A="></latexit><latexit sha1_base64="WkaaSbOQKMwpCuQP2Bnu1DLM82A="></latexit>

l
<latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit>

• Layer    has two inputs (during training)l
<latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit>

@L
@x(l)

<latexit sha1_base64="tUpbC2mLcYn6qxULIRjpSLLms5o="></latexit><latexit sha1_base64="tUpbC2mLcYn6qxULIRjpSLLms5o="></latexit><latexit sha1_base64="tUpbC2mLcYn6qxULIRjpSLLms5o="></latexit><latexit sha1_base64="tUpbC2mLcYn6qxULIRjpSLLms5o="></latexit>

x(l�1)
<latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit><latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit><latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit><latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit>

• We compute the outputs

@L
@x(l�1)

=
@L
@x(l)

· @f
(l)(x(l�1),W(l))

@x(l�1)
<latexit sha1_base64="IaacijYYgPMk1tKy7ubpyaLzaA0="></latexit><latexit sha1_base64="IaacijYYgPMk1tKy7ubpyaLzaA0="></latexit><latexit sha1_base64="IaacijYYgPMk1tKy7ubpyaLzaA0="></latexit><latexit sha1_base64="IaacijYYgPMk1tKy7ubpyaLzaA0="></latexit>

x(l) = f (l)(x(l�1),W(l))
<latexit sha1_base64="4KBHMh68Eu+097rmIuigtRB2Fnk="></latexit><latexit sha1_base64="4KBHMh68Eu+097rmIuigtRB2Fnk="></latexit><latexit sha1_base64="4KBHMh68Eu+097rmIuigtRB2Fnk="></latexit><latexit sha1_base64="4KBHMh68Eu+097rmIuigtRB2Fnk="></latexit>

@f (l)(x(l�1),W(l))

@W(l)
<latexit sha1_base64="KpxpIoeIAJqTocC1M3Ij66yj9FU="></latexit><latexit sha1_base64="KpxpIoeIAJqTocC1M3Ij66yj9FU="></latexit><latexit sha1_base64="KpxpIoeIAJqTocC1M3Ij66yj9FU="></latexit><latexit sha1_base64="KpxpIoeIAJqTocC1M3Ij66yj9FU="></latexit>

• To compute the weight update, we need:

f (l)(x(l�1),W(l))
<latexit sha1_base64="Hs0P0ct9Lv3qQHE8mLb4LAbtT7E="></latexit><latexit sha1_base64="Hs0P0ct9Lv3qQHE8mLb4LAbtT7E="></latexit><latexit sha1_base64="Hs0P0ct9Lv3qQHE8mLb4LAbtT7E="></latexit><latexit sha1_base64="Hs0P0ct9Lv3qQHE8mLb4LAbtT7E="></latexit>

f (l�1)
<latexit sha1_base64="dhc8O2oSc/QYSeeEbU6FH1W1AmI="></latexit><latexit sha1_base64="dhc8O2oSc/QYSeeEbU6FH1W1AmI="></latexit><latexit sha1_base64="dhc8O2oSc/QYSeeEbU6FH1W1AmI="></latexit><latexit sha1_base64="dhc8O2oSc/QYSeeEbU6FH1W1AmI="></latexit>

f (l+1)
<latexit sha1_base64="ygRrIfB77tfe56+91e3nunjQqOA="></latexit><latexit sha1_base64="ygRrIfB77tfe56+91e3nunjQqOA="></latexit><latexit sha1_base64="ygRrIfB77tfe56+91e3nunjQqOA="></latexit><latexit sha1_base64="ygRrIfB77tfe56+91e3nunjQqOA="></latexit>



• We compute the outputs

Backpropagation — Goal: to update parameters of layer l<latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit>

• Layer    has two inputs (during training)l
<latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit>

@L
@x(l)

<latexit sha1_base64="tUpbC2mLcYn6qxULIRjpSLLms5o="></latexit><latexit sha1_base64="tUpbC2mLcYn6qxULIRjpSLLms5o="></latexit><latexit sha1_base64="tUpbC2mLcYn6qxULIRjpSLLms5o="></latexit><latexit sha1_base64="tUpbC2mLcYn6qxULIRjpSLLms5o="></latexit>

x(l�1)
<latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit><latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit><latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit><latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit>

@L
@x(l�1)

=
@L
@x(l)

· @f
(l)(x(l�1),W(l))

@x(l�1)
<latexit sha1_base64="IaacijYYgPMk1tKy7ubpyaLzaA0="></latexit><latexit sha1_base64="IaacijYYgPMk1tKy7ubpyaLzaA0="></latexit><latexit sha1_base64="IaacijYYgPMk1tKy7ubpyaLzaA0="></latexit><latexit sha1_base64="IaacijYYgPMk1tKy7ubpyaLzaA0="></latexit>

x(l) = f (l)(x(l�1),W(l))
<latexit sha1_base64="4KBHMh68Eu+097rmIuigtRB2Fnk="></latexit><latexit sha1_base64="4KBHMh68Eu+097rmIuigtRB2Fnk="></latexit><latexit sha1_base64="4KBHMh68Eu+097rmIuigtRB2Fnk="></latexit><latexit sha1_base64="4KBHMh68Eu+097rmIuigtRB2Fnk="></latexit>

• The weight update equation is:
@L

@W(l)
=

@L
@x(l)

· @f
(l)(x(l�1),W(l))

@W(l)
<latexit sha1_base64="YOiRkqf83CDxvkPGjiLh1M45Ggk="></latexit><latexit sha1_base64="YOiRkqf83CDxvkPGjiLh1M45Ggk="></latexit><latexit sha1_base64="YOiRkqf83CDxvkPGjiLh1M45Ggk="></latexit><latexit sha1_base64="YOiRkqf83CDxvkPGjiLh1M45Ggk="></latexit>

Hidden layer   

Forward 
pass

Backward 
pass

x(l�1)
<latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit><latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit><latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit><latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit>

@L
@x(l)

<latexit sha1_base64="tUpbC2mLcYn6qxULIRjpSLLms5o="></latexit><latexit sha1_base64="tUpbC2mLcYn6qxULIRjpSLLms5o="></latexit><latexit sha1_base64="tUpbC2mLcYn6qxULIRjpSLLms5o="></latexit><latexit sha1_base64="tUpbC2mLcYn6qxULIRjpSLLms5o="></latexit>

@L
@x(l�1)

<latexit sha1_base64="mgzHmkyGBBJFG5FNQ0lzLIS75HY="></latexit><latexit sha1_base64="mgzHmkyGBBJFG5FNQ0lzLIS75HY="></latexit><latexit sha1_base64="mgzHmkyGBBJFG5FNQ0lzLIS75HY="></latexit><latexit sha1_base64="mgzHmkyGBBJFG5FNQ0lzLIS75HY="></latexit>

x(l)
<latexit sha1_base64="WkaaSbOQKMwpCuQP2Bnu1DLM82A="></latexit><latexit sha1_base64="WkaaSbOQKMwpCuQP2Bnu1DLM82A="></latexit><latexit sha1_base64="WkaaSbOQKMwpCuQP2Bnu1DLM82A="></latexit><latexit sha1_base64="WkaaSbOQKMwpCuQP2Bnu1DLM82A="></latexit>

l
<latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit>

f (l)(x(l�1),W(l))
<latexit sha1_base64="Hs0P0ct9Lv3qQHE8mLb4LAbtT7E="></latexit><latexit sha1_base64="Hs0P0ct9Lv3qQHE8mLb4LAbtT7E="></latexit><latexit sha1_base64="Hs0P0ct9Lv3qQHE8mLb4LAbtT7E="></latexit><latexit sha1_base64="Hs0P0ct9Lv3qQHE8mLb4LAbtT7E="></latexit>

f (l�1)
<latexit sha1_base64="dhc8O2oSc/QYSeeEbU6FH1W1AmI="></latexit><latexit sha1_base64="dhc8O2oSc/QYSeeEbU6FH1W1AmI="></latexit><latexit sha1_base64="dhc8O2oSc/QYSeeEbU6FH1W1AmI="></latexit><latexit sha1_base64="dhc8O2oSc/QYSeeEbU6FH1W1AmI="></latexit>

f (l+1)
<latexit sha1_base64="ygRrIfB77tfe56+91e3nunjQqOA="></latexit><latexit sha1_base64="ygRrIfB77tfe56+91e3nunjQqOA="></latexit><latexit sha1_base64="ygRrIfB77tfe56+91e3nunjQqOA="></latexit><latexit sha1_base64="ygRrIfB77tfe56+91e3nunjQqOA="></latexit>

(sum over all training 
examples to get J)W(l)  W(l) + ⌘

✓
@J

@W(l)

◆T

<latexit sha1_base64="hM96oft34mE9jm7Toc8fMSieOa0="></latexit><latexit sha1_base64="hM96oft34mE9jm7Toc8fMSieOa0="></latexit><latexit sha1_base64="hM96oft34mE9jm7Toc8fMSieOa0="></latexit><latexit sha1_base64="hM96oft34mE9jm7Toc8fMSieOa0="></latexit>



Backpropagation Summary

…
…

(output)

(input)

• Forward pass: for each training example, 
compute the outputs for all layers: 

• Backwards pass: compute loss 
derivatives iteratively from top to bottom: 

• Compute gradients w.r.t. weights, and 
update weights: 

x(l) = f (l)(x(l�1),W(l))
<latexit sha1_base64="4KBHMh68Eu+097rmIuigtRB2Fnk="></latexit><latexit sha1_base64="4KBHMh68Eu+097rmIuigtRB2Fnk="></latexit><latexit sha1_base64="4KBHMh68Eu+097rmIuigtRB2Fnk="></latexit><latexit sha1_base64="4KBHMh68Eu+097rmIuigtRB2Fnk="></latexit>

@L
@x(l�1)

=
@L
@x(l)

· @f
(l)(x(l�1),W(l))

@x(l�1)
<latexit sha1_base64="IaacijYYgPMk1tKy7ubpyaLzaA0="></latexit><latexit sha1_base64="IaacijYYgPMk1tKy7ubpyaLzaA0="></latexit><latexit sha1_base64="IaacijYYgPMk1tKy7ubpyaLzaA0="></latexit><latexit sha1_base64="IaacijYYgPMk1tKy7ubpyaLzaA0="></latexit>

@L
@W(l)

=
@L
@x(l)

· @f
(l)(x(l�1),W(l))

@W(l)
<latexit sha1_base64="YOiRkqf83CDxvkPGjiLh1M45Ggk="></latexit><latexit sha1_base64="YOiRkqf83CDxvkPGjiLh1M45Ggk="></latexit><latexit sha1_base64="YOiRkqf83CDxvkPGjiLh1M45Ggk="></latexit><latexit sha1_base64="YOiRkqf83CDxvkPGjiLh1M45Ggk="></latexit>

x(L)
<latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit><latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit><latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit><latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit>

x(0)
<latexit sha1_base64="NzD/WGTnF8Ltex6HfQaOdh1Ebis="></latexit><latexit sha1_base64="NzD/WGTnF8Ltex6HfQaOdh1Ebis="></latexit><latexit sha1_base64="NzD/WGTnF8Ltex6HfQaOdh1Ebis="></latexit><latexit sha1_base64="NzD/WGTnF8Ltex6HfQaOdh1Ebis="></latexit>

y
<latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit>

J
<latexit sha1_base64="Ro1vbEsDMxSDmIPyW68eIg0SCUY="></latexit><latexit sha1_base64="Ro1vbEsDMxSDmIPyW68eIg0SCUY="></latexit><latexit sha1_base64="Ro1vbEsDMxSDmIPyW68eIg0SCUY="></latexit><latexit sha1_base64="Ro1vbEsDMxSDmIPyW68eIg0SCUY="></latexit>

L(x(L),y)
<latexit sha1_base64="JWUVWsYIfnImHLeGtbKbp0hmeMQ="></latexit><latexit sha1_base64="JWUVWsYIfnImHLeGtbKbp0hmeMQ="></latexit><latexit sha1_base64="JWUVWsYIfnImHLeGtbKbp0hmeMQ="></latexit><latexit sha1_base64="JWUVWsYIfnImHLeGtbKbp0hmeMQ="></latexit>

x(1)
<latexit sha1_base64="cAA+o2QFzeGsnhGBP5KhNbNRj3U="></latexit><latexit sha1_base64="cAA+o2QFzeGsnhGBP5KhNbNRj3U="></latexit><latexit sha1_base64="cAA+o2QFzeGsnhGBP5KhNbNRj3U="></latexit><latexit sha1_base64="cAA+o2QFzeGsnhGBP5KhNbNRj3U="></latexit>

x(l�1)
<latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit><latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit><latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit><latexit sha1_base64="Sn1jrtAooBUAS0LautmvAE1LeG8="></latexit>

x(L�1)
<latexit sha1_base64="qUAZLMYF7v/RfZowmPsa0/ZKNRo="></latexit><latexit sha1_base64="qUAZLMYF7v/RfZowmPsa0/ZKNRo="></latexit><latexit sha1_base64="qUAZLMYF7v/RfZowmPsa0/ZKNRo="></latexit><latexit sha1_base64="qUAZLMYF7v/RfZowmPsa0/ZKNRo="></latexit>

x(2)
<latexit sha1_base64="v/Vx2g89doAOu5A2U2w+f+qiZcU="></latexit><latexit sha1_base64="v/Vx2g89doAOu5A2U2w+f+qiZcU="></latexit><latexit sha1_base64="v/Vx2g89doAOu5A2U2w+f+qiZcU="></latexit><latexit sha1_base64="v/Vx2g89doAOu5A2U2w+f+qiZcU="></latexit>

x(l)
<latexit sha1_base64="WkaaSbOQKMwpCuQP2Bnu1DLM82A="></latexit><latexit sha1_base64="WkaaSbOQKMwpCuQP2Bnu1DLM82A="></latexit><latexit sha1_base64="WkaaSbOQKMwpCuQP2Bnu1DLM82A="></latexit><latexit sha1_base64="WkaaSbOQKMwpCuQP2Bnu1DLM82A="></latexit>

f (1)(x(0),W(1))
<latexit sha1_base64="GkL7qjUkTSn2I3DJ9cELpY/+2ug="></latexit><latexit sha1_base64="GkL7qjUkTSn2I3DJ9cELpY/+2ug="></latexit><latexit sha1_base64="GkL7qjUkTSn2I3DJ9cELpY/+2ug="></latexit><latexit sha1_base64="GkL7qjUkTSn2I3DJ9cELpY/+2ug="></latexit>

f (2)(x(1),W(2))
<latexit sha1_base64="ZVmrSwWMjwdHmZR8wL/64LV6w70="></latexit><latexit sha1_base64="ZVmrSwWMjwdHmZR8wL/64LV6w70="></latexit><latexit sha1_base64="ZVmrSwWMjwdHmZR8wL/64LV6w70="></latexit><latexit sha1_base64="ZVmrSwWMjwdHmZR8wL/64LV6w70="></latexit>

f (l)(x(l�1),W(l))
<latexit sha1_base64="ztsWfEuY7BZb/FFRmfBM1tD4VWI="></latexit><latexit sha1_base64="ztsWfEuY7BZb/FFRmfBM1tD4VWI="></latexit><latexit sha1_base64="ztsWfEuY7BZb/FFRmfBM1tD4VWI="></latexit><latexit sha1_base64="ztsWfEuY7BZb/FFRmfBM1tD4VWI="></latexit>

f (L)(x(L�1),W(L))
<latexit sha1_base64="c/Sjs+I+XZ2Bf1P35mw44/vjcHw="></latexit><latexit sha1_base64="c/Sjs+I+XZ2Bf1P35mw44/vjcHw="></latexit><latexit sha1_base64="c/Sjs+I+XZ2Bf1P35mw44/vjcHw="></latexit><latexit sha1_base64="c/Sjs+I+XZ2Bf1P35mw44/vjcHw="></latexit>

…
…

@L
@x(1)

<latexit sha1_base64="QxJffuURA1ApnXw7xhG4eufQb60="></latexit><latexit sha1_base64="QxJffuURA1ApnXw7xhG4eufQb60="></latexit><latexit sha1_base64="QxJffuURA1ApnXw7xhG4eufQb60="></latexit><latexit sha1_base64="QxJffuURA1ApnXw7xhG4eufQb60="></latexit>

@L
@x(L)

<latexit sha1_base64="KIL25luPFChvnFoMnmY/RSobh2Y="></latexit><latexit sha1_base64="KIL25luPFChvnFoMnmY/RSobh2Y="></latexit><latexit sha1_base64="KIL25luPFChvnFoMnmY/RSobh2Y="></latexit><latexit sha1_base64="KIL25luPFChvnFoMnmY/RSobh2Y="></latexit>

@L
@x(2)

<latexit sha1_base64="a3hWMdoZ7y/G00XJhmMXvojTbMM="></latexit><latexit sha1_base64="a3hWMdoZ7y/G00XJhmMXvojTbMM="></latexit><latexit sha1_base64="a3hWMdoZ7y/G00XJhmMXvojTbMM="></latexit><latexit sha1_base64="a3hWMdoZ7y/G00XJhmMXvojTbMM="></latexit>

@L
@x(l�1)

<latexit sha1_base64="mgzHmkyGBBJFG5FNQ0lzLIS75HY="></latexit><latexit sha1_base64="mgzHmkyGBBJFG5FNQ0lzLIS75HY="></latexit><latexit sha1_base64="mgzHmkyGBBJFG5FNQ0lzLIS75HY="></latexit><latexit sha1_base64="mgzHmkyGBBJFG5FNQ0lzLIS75HY="></latexit>

@L
@x(l)

<latexit sha1_base64="tUpbC2mLcYn6qxULIRjpSLLms5o="></latexit><latexit sha1_base64="tUpbC2mLcYn6qxULIRjpSLLms5o="></latexit><latexit sha1_base64="tUpbC2mLcYn6qxULIRjpSLLms5o="></latexit><latexit sha1_base64="tUpbC2mLcYn6qxULIRjpSLLms5o="></latexit>

@L
@x(L�1)

<latexit sha1_base64="x5P106bZ+CBoPbEr38rrUvQcpV0="></latexit><latexit sha1_base64="x5P106bZ+CBoPbEr38rrUvQcpV0="></latexit><latexit sha1_base64="x5P106bZ+CBoPbEr38rrUvQcpV0="></latexit><latexit sha1_base64="x5P106bZ+CBoPbEr38rrUvQcpV0="></latexit>



Linear Module

With W being a  
matrix of size  
|xout|×|xin|

• Forward propagation: xout = f(xin,W) = Wxin
<latexit sha1_base64="Xc/Rtb1Pm3zsa4Wq2fcwq5QgRo8="></latexit><latexit sha1_base64="Xc/Rtb1Pm3zsa4Wq2fcwq5QgRo8="></latexit><latexit sha1_base64="Xc/Rtb1Pm3zsa4Wq2fcwq5QgRo8="></latexit><latexit sha1_base64="Xc/Rtb1Pm3zsa4Wq2fcwq5QgRo8="></latexit>

@L
@xin

<latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit>

@L
@xout

<latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit>

f(xin,W)
<latexit sha1_base64="jMlYtvDfg60eyA74W6Hpj482ivk="></latexit><latexit sha1_base64="jMlYtvDfg60eyA74W6Hpj482ivk="></latexit><latexit sha1_base64="jMlYtvDfg60eyA74W6Hpj482ivk="></latexit><latexit sha1_base64="jMlYtvDfg60eyA74W6Hpj482ivk="></latexit>

xin
<latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit>

xout
<latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit>

• Backprop to input: 
@L
@xin

=
@L

@xout
· @f(xin,W)

@xin
=

@L
@xout

· @xout

@xin
<latexit sha1_base64="Tvb4TIMXBUfoy5rvrcf6k6LMBSM="></latexit><latexit sha1_base64="Tvb4TIMXBUfoy5rvrcf6k6LMBSM="></latexit><latexit sha1_base64="Tvb4TIMXBUfoy5rvrcf6k6LMBSM="></latexit><latexit sha1_base64="Tvb4TIMXBUfoy5rvrcf6k6LMBSM="></latexit>

If we look at the j component of output xout, with respect to the i component of the input, xin:
@xouti

@xinj

= Wij
<latexit sha1_base64="5Lcd3D42kFKRzmuHSReW/gEJnIs="></latexit><latexit sha1_base64="5Lcd3D42kFKRzmuHSReW/gEJnIs="></latexit><latexit sha1_base64="5Lcd3D42kFKRzmuHSReW/gEJnIs="></latexit><latexit sha1_base64="5Lcd3D42kFKRzmuHSReW/gEJnIs="></latexit>

@f(xin,W)

@xin
= W

<latexit sha1_base64="1TikNKCAqeplvOQbMVcTlFpOlzc="></latexit><latexit sha1_base64="1TikNKCAqeplvOQbMVcTlFpOlzc="></latexit><latexit sha1_base64="1TikNKCAqeplvOQbMVcTlFpOlzc="></latexit><latexit sha1_base64="1TikNKCAqeplvOQbMVcTlFpOlzc="></latexit>

Therefore:
@L
@xin

=
@L

@xout
·W

<latexit sha1_base64="/1Ohz/itKzXMcaA1BcIDO6AMhAA="></latexit><latexit sha1_base64="/1Ohz/itKzXMcaA1BcIDO6AMhAA="></latexit><latexit sha1_base64="/1Ohz/itKzXMcaA1BcIDO6AMhAA="></latexit><latexit sha1_base64="/1Ohz/itKzXMcaA1BcIDO6AMhAA="></latexit>



• Backprop to input: 

Now let’s see how we use the set of outputs to compute the  
weights update equation (backprop to the weights).

Linear Module

@L
@xin

=
@L

@xout
·W

<latexit sha1_base64="/1Ohz/itKzXMcaA1BcIDO6AMhAA="></latexit><latexit sha1_base64="/1Ohz/itKzXMcaA1BcIDO6AMhAA="></latexit><latexit sha1_base64="/1Ohz/itKzXMcaA1BcIDO6AMhAA="></latexit><latexit sha1_base64="/1Ohz/itKzXMcaA1BcIDO6AMhAA="></latexit>

• Forward propagation: xout = f(xin,W) = Wxin
<latexit sha1_base64="Xc/Rtb1Pm3zsa4Wq2fcwq5QgRo8="></latexit><latexit sha1_base64="Xc/Rtb1Pm3zsa4Wq2fcwq5QgRo8="></latexit><latexit sha1_base64="Xc/Rtb1Pm3zsa4Wq2fcwq5QgRo8="></latexit><latexit sha1_base64="Xc/Rtb1Pm3zsa4Wq2fcwq5QgRo8="></latexit>

@L
@xout

<latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit>

f(xin,W)
<latexit sha1_base64="jMlYtvDfg60eyA74W6Hpj482ivk="></latexit><latexit sha1_base64="jMlYtvDfg60eyA74W6Hpj482ivk="></latexit><latexit sha1_base64="jMlYtvDfg60eyA74W6Hpj482ivk="></latexit><latexit sha1_base64="jMlYtvDfg60eyA74W6Hpj482ivk="></latexit>

xin
<latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit>

xout
<latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit>



• Backprop to weights: 

If we look at how the parameter Wij changes the cost, only the i component 
of the output will change, therefore:

Linear Module
• Forward propagation: xout = f(xin,W) = Wxin

<latexit sha1_base64="Xc/Rtb1Pm3zsa4Wq2fcwq5QgRo8="></latexit><latexit sha1_base64="Xc/Rtb1Pm3zsa4Wq2fcwq5QgRo8="></latexit><latexit sha1_base64="Xc/Rtb1Pm3zsa4Wq2fcwq5QgRo8="></latexit><latexit sha1_base64="Xc/Rtb1Pm3zsa4Wq2fcwq5QgRo8="></latexit>

@L
@xin

<latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit>

@L
@xout

<latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit>

f(xin,W)
<latexit sha1_base64="jMlYtvDfg60eyA74W6Hpj482ivk="></latexit><latexit sha1_base64="jMlYtvDfg60eyA74W6Hpj482ivk="></latexit><latexit sha1_base64="jMlYtvDfg60eyA74W6Hpj482ivk="></latexit><latexit sha1_base64="jMlYtvDfg60eyA74W6Hpj482ivk="></latexit>

xin
<latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit>

xout
<latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit>

@L
@W

=
@L

@xout
· @f(xin,W)

@W
=

@L
@xout

· @xout

@W
<latexit sha1_base64="rOuYlNm6NXS5aummyKr4uammWXE="></latexit><latexit sha1_base64="rOuYlNm6NXS5aummyKr4uammWXE="></latexit><latexit sha1_base64="rOuYlNm6NXS5aummyKr4uammWXE="></latexit><latexit sha1_base64="rOuYlNm6NXS5aummyKr4uammWXE="></latexit>

@L
@Wij

=
@L

@xouti

· @xouti

@Wij
<latexit sha1_base64="qNJtryCII4yRQlxFnZkmTz79MjU="></latexit><latexit sha1_base64="qNJtryCII4yRQlxFnZkmTz79MjU="></latexit><latexit sha1_base64="qNJtryCII4yRQlxFnZkmTz79MjU="></latexit><latexit sha1_base64="qNJtryCII4yRQlxFnZkmTz79MjU="></latexit>

=
@L

@xouti

· xinj
<latexit sha1_base64="9H2GUje2RMobc8AAUCC/RgGjxik="></latexit><latexit sha1_base64="9H2GUje2RMobc8AAUCC/RgGjxik="></latexit><latexit sha1_base64="9H2GUje2RMobc8AAUCC/RgGjxik="></latexit><latexit sha1_base64="9H2GUje2RMobc8AAUCC/RgGjxik="></latexit>

@xouti

@Wij
= xinj

<latexit sha1_base64="BRZvPbdAXB/w97q3RX4F9bti4BM="></latexit><latexit sha1_base64="BRZvPbdAXB/w97q3RX4F9bti4BM="></latexit><latexit sha1_base64="BRZvPbdAXB/w97q3RX4F9bti4BM="></latexit><latexit sha1_base64="BRZvPbdAXB/w97q3RX4F9bti4BM="></latexit>

@L
@W

= xin ·
@L

@xout
<latexit sha1_base64="k/FoOBQBjtyZ8XY0mWaEVqQMlv4="></latexit><latexit sha1_base64="k/FoOBQBjtyZ8XY0mWaEVqQMlv4="></latexit><latexit sha1_base64="k/FoOBQBjtyZ8XY0mWaEVqQMlv4="></latexit><latexit sha1_base64="k/FoOBQBjtyZ8XY0mWaEVqQMlv4="></latexit>

And now we can update the weights (by summing over all the training examples):

(sum over all training 
examples to get J)Wk+1  Wk + ⌘

✓
@J

@W

◆T

<latexit sha1_base64="tEv2ufs9Uvi+jyrVzXQKnOzNFrQ="></latexit><latexit sha1_base64="tEv2ufs9Uvi+jyrVzXQKnOzNFrQ="></latexit><latexit sha1_base64="tEv2ufs9Uvi+jyrVzXQKnOzNFrQ="></latexit><latexit sha1_base64="tEv2ufs9Uvi+jyrVzXQKnOzNFrQ="></latexit>



Linear Module

xin
<latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit>

xout
<latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit>

@L
@W

= xin ·
@L

@xout
<latexit sha1_base64="k/FoOBQBjtyZ8XY0mWaEVqQMlv4="></latexit><latexit sha1_base64="k/FoOBQBjtyZ8XY0mWaEVqQMlv4="></latexit><latexit sha1_base64="k/FoOBQBjtyZ8XY0mWaEVqQMlv4="></latexit><latexit sha1_base64="k/FoOBQBjtyZ8XY0mWaEVqQMlv4="></latexit>

xout = Wxin
<latexit sha1_base64="1QtGRMyng5UWLcEiM2GZWspXofI="></latexit><latexit sha1_base64="1QtGRMyng5UWLcEiM2GZWspXofI="></latexit><latexit sha1_base64="1QtGRMyng5UWLcEiM2GZWspXofI="></latexit><latexit sha1_base64="1QtGRMyng5UWLcEiM2GZWspXofI="></latexit>

@L
@xin

=
@L

@xout
·W

<latexit sha1_base64="/1Ohz/itKzXMcaA1BcIDO6AMhAA="></latexit><latexit sha1_base64="/1Ohz/itKzXMcaA1BcIDO6AMhAA="></latexit><latexit sha1_base64="/1Ohz/itKzXMcaA1BcIDO6AMhAA="></latexit><latexit sha1_base64="/1Ohz/itKzXMcaA1BcIDO6AMhAA="></latexit>

@L
@xin

<latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit>

@L
@xout

<latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit>

Weight updates:

Wk+1  Wk + ⌘

✓
@J

@W

◆T

<latexit sha1_base64="tEv2ufs9Uvi+jyrVzXQKnOzNFrQ="></latexit><latexit sha1_base64="tEv2ufs9Uvi+jyrVzXQKnOzNFrQ="></latexit><latexit sha1_base64="tEv2ufs9Uvi+jyrVzXQKnOzNFrQ="></latexit><latexit sha1_base64="tEv2ufs9Uvi+jyrVzXQKnOzNFrQ="></latexit>

Sum over N training pairs

J =
NX

i=1

L(xi,yi)
<latexit sha1_base64="Jx43dOJWTxnu04UAGXgZZ8tXGdE="></latexit><latexit sha1_base64="Jx43dOJWTxnu04UAGXgZZ8tXGdE="></latexit><latexit sha1_base64="Jx43dOJWTxnu04UAGXgZZ8tXGdE="></latexit><latexit sha1_base64="Jx43dOJWTxnu04UAGXgZZ8tXGdE="></latexit>

@J

@W
=

NX

i=1

xin ·
@L

@xout

����
xi,yi

<latexit sha1_base64="RskjJqJ9UkLuAWdI0nfVex9+izg="></latexit><latexit sha1_base64="RskjJqJ9UkLuAWdI0nfVex9+izg="></latexit><latexit sha1_base64="RskjJqJ9UkLuAWdI0nfVex9+izg="></latexit><latexit sha1_base64="RskjJqJ9UkLuAWdI0nfVex9+izg="></latexit>



Pointwise function
• Forward propagation: 

We use this last expression to update the bias.

Some useful derivatives:

@L
@xin

<latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit>

@L
@xout

<latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit>

f(xin,W)
<latexit sha1_base64="jMlYtvDfg60eyA74W6Hpj482ivk="></latexit><latexit sha1_base64="jMlYtvDfg60eyA74W6Hpj482ivk="></latexit><latexit sha1_base64="jMlYtvDfg60eyA74W6Hpj482ivk="></latexit><latexit sha1_base64="jMlYtvDfg60eyA74W6Hpj482ivk="></latexit>

xin
<latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit>

xout
<latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit>

h = an arbitrary function, bi is a bias term.

xouti = h(xini + bi)
<latexit sha1_base64="KICnzeZ9U/3uZSlWl8s8XsldPo8="></latexit><latexit sha1_base64="KICnzeZ9U/3uZSlWl8s8XsldPo8="></latexit><latexit sha1_base64="KICnzeZ9U/3uZSlWl8s8XsldPo8="></latexit><latexit sha1_base64="KICnzeZ9U/3uZSlWl8s8XsldPo8="></latexit>

@L
@xini

=
@L

@xouti

· @xouti

@xini

=
@L

@xouti

· h0(xini + bi)
<latexit sha1_base64="uja4HgH0VogjIhWET9rqyHKHZtw="></latexit><latexit sha1_base64="uja4HgH0VogjIhWET9rqyHKHZtw="></latexit><latexit sha1_base64="uja4HgH0VogjIhWET9rqyHKHZtw="></latexit><latexit sha1_base64="uja4HgH0VogjIhWET9rqyHKHZtw="></latexit>

For hyperbolic tangent: tanh0(x) = 1� tanh2(x)
<latexit sha1_base64="cKao85TopgMirMJ95CkdK7eEQFU="></latexit><latexit sha1_base64="cKao85TopgMirMJ95CkdK7eEQFU="></latexit><latexit sha1_base64="cKao85TopgMirMJ95CkdK7eEQFU="></latexit><latexit sha1_base64="cKao85TopgMirMJ95CkdK7eEQFU="></latexit>

For ReLU: h(x) = max(0, x), h0(x) = (x � 0)
<latexit sha1_base64="gE33VMlpsabwgI7LA4/bZ3dLe9g="></latexit><latexit sha1_base64="gE33VMlpsabwgI7LA4/bZ3dLe9g="></latexit><latexit sha1_base64="gE33VMlpsabwgI7LA4/bZ3dLe9g="></latexit><latexit sha1_base64="gE33VMlpsabwgI7LA4/bZ3dLe9g="></latexit>

@L
@bi

=
@L

@xouti

· @xouti

@bi
=

@L
@xouti

· h0(xini + bi)
<latexit sha1_base64="ULVENgadQaETtzg3F1tRZgBn0H4="></latexit><latexit sha1_base64="ULVENgadQaETtzg3F1tRZgBn0H4="></latexit><latexit sha1_base64="ULVENgadQaETtzg3F1tRZgBn0H4="></latexit><latexit sha1_base64="ULVENgadQaETtzg3F1tRZgBn0H4="></latexit>

• Backprop to input: @L
@xini

=
@L

@xouti

· @xouti

@xini

=
@L

@xouti

· h0(xini + bi)
<latexit sha1_base64="uja4HgH0VogjIhWET9rqyHKHZtw="></latexit><latexit sha1_base64="uja4HgH0VogjIhWET9rqyHKHZtw="></latexit><latexit sha1_base64="uja4HgH0VogjIhWET9rqyHKHZtw="></latexit><latexit sha1_base64="uja4HgH0VogjIhWET9rqyHKHZtw="></latexit>

• Backprop to bias: 
@L
@bi

=
@L

@xouti

· @xouti

@bi
=

@L
@xouti

· h0(xini + bi)
<latexit sha1_base64="ULVENgadQaETtzg3F1tRZgBn0H4="></latexit><latexit sha1_base64="ULVENgadQaETtzg3F1tRZgBn0H4="></latexit><latexit sha1_base64="ULVENgadQaETtzg3F1tRZgBn0H4="></latexit><latexit sha1_base64="ULVENgadQaETtzg3F1tRZgBn0H4="></latexit>



Pointwise function

xin
<latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit>

xout
<latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit>

@L
@xin

<latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit>

@L
@xout

<latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit>

xouti = h(xini + bi)
<latexit sha1_base64="KICnzeZ9U/3uZSlWl8s8XsldPo8="></latexit><latexit sha1_base64="KICnzeZ9U/3uZSlWl8s8XsldPo8="></latexit><latexit sha1_base64="KICnzeZ9U/3uZSlWl8s8XsldPo8="></latexit><latexit sha1_base64="KICnzeZ9U/3uZSlWl8s8XsldPo8="></latexit>

@L
@xini

=
@L

@xouti

· h0(xini + bi)
<latexit sha1_base64="QLF5X/UJgxyOr5ltJx6e+MSq97s="></latexit><latexit sha1_base64="QLF5X/UJgxyOr5ltJx6e+MSq97s="></latexit><latexit sha1_base64="QLF5X/UJgxyOr5ltJx6e+MSq97s="></latexit><latexit sha1_base64="QLF5X/UJgxyOr5ltJx6e+MSq97s="></latexit>

@L
@bi

=
@L

@xouti

· h0(xini + bi)
<latexit sha1_base64="WI4V36ShK4yTTLYbvLKkj6eathw="></latexit><latexit sha1_base64="WI4V36ShK4yTTLYbvLKkj6eathw="></latexit><latexit sha1_base64="WI4V36ShK4yTTLYbvLKkj6eathw="></latexit><latexit sha1_base64="WI4V36ShK4yTTLYbvLKkj6eathw="></latexit>

Bias updates:

bk+1
i  bki + ⌘

@J

@bi
<latexit sha1_base64="lFlBkT3tYxB2JmlbFZOa2sc8Ztg="></latexit><latexit sha1_base64="lFlBkT3tYxB2JmlbFZOa2sc8Ztg="></latexit><latexit sha1_base64="lFlBkT3tYxB2JmlbFZOa2sc8Ztg="></latexit><latexit sha1_base64="lFlBkT3tYxB2JmlbFZOa2sc8Ztg="></latexit>



Euclidean cost module

L =
1

2
kxin � yk22

<latexit sha1_base64="0WF6zAZD/q19txYKbHZcBIXV60Q="></latexit><latexit sha1_base64="0WF6zAZD/q19txYKbHZcBIXV60Q="></latexit><latexit sha1_base64="0WF6zAZD/q19txYKbHZcBIXV60Q="></latexit><latexit sha1_base64="0WF6zAZD/q19txYKbHZcBIXV60Q="></latexit>

@L
@xin

= xin � y
<latexit sha1_base64="oNw5fLtvArnUqEExU9fsdl2rmzE="></latexit><latexit sha1_base64="oNw5fLtvArnUqEExU9fsdl2rmzE="></latexit><latexit sha1_base64="oNw5fLtvArnUqEExU9fsdl2rmzE="></latexit><latexit sha1_base64="oNw5fLtvArnUqEExU9fsdl2rmzE="></latexit>

xin
<latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit>

@L
@xin

<latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit>

L
<latexit sha1_base64="rSdSHFd2CpN+yBrFt4sNljKoCMk="></latexit><latexit sha1_base64="rSdSHFd2CpN+yBrFt4sNljKoCMk="></latexit><latexit sha1_base64="rSdSHFd2CpN+yBrFt4sNljKoCMk="></latexit><latexit sha1_base64="rSdSHFd2CpN+yBrFt4sNljKoCMk="></latexit>

y
<latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit>

@L
@L = 1

<latexit sha1_base64="CzMYPxo6ivRQeXsHY7xeeibS6zY="></latexit><latexit sha1_base64="CzMYPxo6ivRQeXsHY7xeeibS6zY="></latexit><latexit sha1_base64="CzMYPxo6ivRQeXsHY7xeeibS6zY="></latexit><latexit sha1_base64="CzMYPxo6ivRQeXsHY7xeeibS6zY="></latexit>



Backpropagation example
node 1

node 2

node 3

node 4

node 5

w13=1

0.2

-3

1

1

-1

input output

tanh

tanh

linear

Learning rate η = -0.2 (because we used positive increments)
Euclidean loss

Exercise: run one iteration of back propagation

Training data: desired output
node 1 node 2 node 5

input

1.0 0.1 0.5



Backpropagation example
node 1

node 2

node 3

node 4

node 5

w13=1.02

0.17

-3.0

1.0

1.02

-0.99

input output

tanh

tanh

linear

After one iteration (rounding to two digits)



Unit visualization via backprop

…

dolphin
cat
grizzly bear
angel fish
chameleon

iguana
elephant

clown fish

x(0)
<latexit sha1_base64="NzD/WGTnF8Ltex6HfQaOdh1Ebis="></latexit><latexit sha1_base64="NzD/WGTnF8Ltex6HfQaOdh1Ebis="></latexit><latexit sha1_base64="NzD/WGTnF8Ltex6HfQaOdh1Ebis="></latexit><latexit sha1_base64="NzD/WGTnF8Ltex6HfQaOdh1Ebis="></latexit>

x(L)
<latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit><latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit><latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit><latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit>

@x(L)
j

@x(0)
<latexit sha1_base64="8GS6yytpHMNL3oOnjitHg/cVkEc="></latexit><latexit sha1_base64="8GS6yytpHMNL3oOnjitHg/cVkEc="></latexit><latexit sha1_base64="8GS6yytpHMNL3oOnjitHg/cVkEc="></latexit><latexit sha1_base64="8GS6yytpHMNL3oOnjitHg/cVkEc="></latexit>

=
@x(L)

j

@x(L�1)
· @x

(L�1)

@x(L�2)
· · · @x

(2)

@x(1)
· @x

(1)

@x(0)
<latexit sha1_base64="aaM9zx2ck1bE2Nmi6ckfefbYWFE="></latexit><latexit sha1_base64="aaM9zx2ck1bE2Nmi6ckfefbYWFE="></latexit><latexit sha1_base64="aaM9zx2ck1bE2Nmi6ckfefbYWFE="></latexit><latexit sha1_base64="aaM9zx2ck1bE2Nmi6ckfefbYWFE="></latexit>

How much the “chameleon” score is increased or decreased by 
changing the image pixels.



Unit visualization via backprop

argmax
x(0)

x(L)
j

<latexit sha1_base64="ymAAU4jewoOLJFN/Yxo2emjARP8="></latexit><latexit sha1_base64="ymAAU4jewoOLJFN/Yxo2emjARP8="></latexit><latexit sha1_base64="ymAAU4jewoOLJFN/Yxo2emjARP8="></latexit><latexit sha1_base64="ymAAU4jewoOLJFN/Yxo2emjARP8="></latexit>

x(0)k+1

 x(0)k + ⌘
@x(L)

j

@x(0)
<latexit sha1_base64="aNfSvfAVysCSbnZmV3o1ArVhcDQ="></latexit><latexit sha1_base64="aNfSvfAVysCSbnZmV3o1ArVhcDQ="></latexit><latexit sha1_base64="aNfSvfAVysCSbnZmV3o1ArVhcDQ="></latexit><latexit sha1_base64="raQpPe+YVB+cNmlLOAsjCzLtPm8="></latexit><latexit sha1_base64="pUN5V1g4xVzkQsKPzwUl28twew4="></latexit><latexit sha1_base64="pUN5V1g4xVzkQsKPzwUl28twew4="></latexit><latexit sha1_base64="JViqK3NCywNe20qbtUKcwYpLGmA="></latexit><latexit sha1_base64="aNfSvfAVysCSbnZmV3o1ArVhcDQ="></latexit><latexit sha1_base64="aNfSvfAVysCSbnZmV3o1ArVhcDQ="></latexit><latexit sha1_base64="aNfSvfAVysCSbnZmV3o1ArVhcDQ="></latexit><latexit sha1_base64="aNfSvfAVysCSbnZmV3o1ArVhcDQ="></latexit><latexit sha1_base64="aNfSvfAVysCSbnZmV3o1ArVhcDQ="></latexit><latexit sha1_base64="aNfSvfAVysCSbnZmV3o1ArVhcDQ="></latexit>



Unit visualization via backprop

argmax
x(0)

x(L)
j + �R(x(0))

<latexit sha1_base64="hZ4EihKHaPtjR3ltJkPWvcByZFY="></latexit><latexit sha1_base64="hZ4EihKHaPtjR3ltJkPWvcByZFY="></latexit><latexit sha1_base64="hZ4EihKHaPtjR3ltJkPWvcByZFY="></latexit><latexit sha1_base64="hZ4EihKHaPtjR3ltJkPWvcByZFY="></latexit>

x(0)k+1

 x(0)k + ⌘
@(x(L)

j + �R(x(0)))

@x(0)
<latexit sha1_base64="6HC5+LUuecghLjWIOjkPSQOrt/g="></latexit><latexit sha1_base64="6HC5+LUuecghLjWIOjkPSQOrt/g="></latexit><latexit sha1_base64="6HC5+LUuecghLjWIOjkPSQOrt/g="></latexit><latexit sha1_base64="6HC5+LUuecghLjWIOjkPSQOrt/g="></latexit>

Make an image that maximizes the “cat”  
output neuron:

[https://distill.pub/2017/feature-visualization/]



Unit visualization via backprop

[https://distill.pub/2017/feature-visualization/]

Make an image that maximizes the 
value of a random neuron in the middle 

of the network:
argmax

x(0)

x(L)
j + �R(x(0))

<latexit sha1_base64="hZ4EihKHaPtjR3ltJkPWvcByZFY="></latexit><latexit sha1_base64="hZ4EihKHaPtjR3ltJkPWvcByZFY="></latexit><latexit sha1_base64="hZ4EihKHaPtjR3ltJkPWvcByZFY="></latexit><latexit sha1_base64="hZ4EihKHaPtjR3ltJkPWvcByZFY="></latexit>

x(0)k+1

 x(0)k + ⌘
@(x(L)

j + �R(x(0)))

@x(0)
<latexit sha1_base64="6HC5+LUuecghLjWIOjkPSQOrt/g="></latexit><latexit sha1_base64="6HC5+LUuecghLjWIOjkPSQOrt/g="></latexit><latexit sha1_base64="6HC5+LUuecghLjWIOjkPSQOrt/g="></latexit><latexit sha1_base64="6HC5+LUuecghLjWIOjkPSQOrt/g="></latexit>



“Deep dream” [https://ai.googleblog.com/2015/06/inceptionism-going-deeper-into-neural.html]



Differentiable programming

An emerging term for general models with these 
properties is differentiable programming.

Deep nets are popular for a few reasons: 
1. High capacity 
2. Easy to optimize (differentiable) 
3. Compositional “block based programming”



Differentiable programming

@L
@xin

<latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit>

@L
@xout

<latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit>

f(xin,W)
<latexit sha1_base64="jMlYtvDfg60eyA74W6Hpj482ivk="></latexit><latexit sha1_base64="jMlYtvDfg60eyA74W6Hpj482ivk="></latexit><latexit sha1_base64="jMlYtvDfg60eyA74W6Hpj482ivk="></latexit><latexit sha1_base64="jMlYtvDfg60eyA74W6Hpj482ivk="></latexit>

xin
<latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit>

xout
<latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit>

Deep learning

y
<latexit sha1_base64="wmQTi+CiSNXY0OM6Rdab2EC57Yw=">AAACO3icfZDLSgMxFIYz9VbrrdWlm8EqiEiZEUGXRV24EVuwF+iUciY9bUMzmSHJiGXoE7jVx/FBXLsTt+5NL4K24oHAx3/+JOf8fsSZ0o7zaqUWFpeWV9KrmbX1jc2tbG67qsJYUqzQkIey7oNCzgRWNNMc65FECHyONb9/OerX7lEqFoo7PYiwGUBXsA6joI1UHrSyeafgjMueB3cKeTKtUitn7XvtkMYBCk05KNVwnUg3E5CaUY7DjBcrjID2oYsNgwICVM1kPOnQPjBK2+6E0hyh7bH680YCgVKDwDfOAHRPzfZG4l+9Rqw7582EiSjWKOjko07MbR3ao7XtNpNINR8YACqZmdWmPZBAtQknk/Gu0Cwj8cY8fBuhBB3Ko8QD2Q3gYWiW63rHI/rPyMS30ZDJ1Z1NcR6qJwXXKbjl03zxYppwmuySPXJIXHJGiuSalEiFUILkkTyRZ+vFerPerY+JNWVN7+yQX2V9fgGeHq3A</latexit><latexit sha1_base64="wmQTi+CiSNXY0OM6Rdab2EC57Yw=">AAACO3icfZDLSgMxFIYz9VbrrdWlm8EqiEiZEUGXRV24EVuwF+iUciY9bUMzmSHJiGXoE7jVx/FBXLsTt+5NL4K24oHAx3/+JOf8fsSZ0o7zaqUWFpeWV9KrmbX1jc2tbG67qsJYUqzQkIey7oNCzgRWNNMc65FECHyONb9/OerX7lEqFoo7PYiwGUBXsA6joI1UHrSyeafgjMueB3cKeTKtUitn7XvtkMYBCk05KNVwnUg3E5CaUY7DjBcrjID2oYsNgwICVM1kPOnQPjBK2+6E0hyh7bH680YCgVKDwDfOAHRPzfZG4l+9Rqw7582EiSjWKOjko07MbR3ao7XtNpNINR8YACqZmdWmPZBAtQknk/Gu0Cwj8cY8fBuhBB3Ko8QD2Q3gYWiW63rHI/rPyMS30ZDJ1Z1NcR6qJwXXKbjl03zxYppwmuySPXJIXHJGiuSalEiFUILkkTyRZ+vFerPerY+JNWVN7+yQX2V9fgGeHq3A</latexit><latexit sha1_base64="wmQTi+CiSNXY0OM6Rdab2EC57Yw=">AAACO3icfZDLSgMxFIYz9VbrrdWlm8EqiEiZEUGXRV24EVuwF+iUciY9bUMzmSHJiGXoE7jVx/FBXLsTt+5NL4K24oHAx3/+JOf8fsSZ0o7zaqUWFpeWV9KrmbX1jc2tbG67qsJYUqzQkIey7oNCzgRWNNMc65FECHyONb9/OerX7lEqFoo7PYiwGUBXsA6joI1UHrSyeafgjMueB3cKeTKtUitn7XvtkMYBCk05KNVwnUg3E5CaUY7DjBcrjID2oYsNgwICVM1kPOnQPjBK2+6E0hyh7bH680YCgVKDwDfOAHRPzfZG4l+9Rqw7582EiSjWKOjko07MbR3ao7XtNpNINR8YACqZmdWmPZBAtQknk/Gu0Cwj8cY8fBuhBB3Ko8QD2Q3gYWiW63rHI/rPyMS30ZDJ1Z1NcR6qJwXXKbjl03zxYppwmuySPXJIXHJGiuSalEiFUILkkTyRZ+vFerPerY+JNWVN7+yQX2V9fgGeHq3A</latexit><latexit sha1_base64="wmQTi+CiSNXY0OM6Rdab2EC57Yw=">AAACO3icfZDLSgMxFIYz9VbrrdWlm8EqiEiZEUGXRV24EVuwF+iUciY9bUMzmSHJiGXoE7jVx/FBXLsTt+5NL4K24oHAx3/+JOf8fsSZ0o7zaqUWFpeWV9KrmbX1jc2tbG67qsJYUqzQkIey7oNCzgRWNNMc65FECHyONb9/OerX7lEqFoo7PYiwGUBXsA6joI1UHrSyeafgjMueB3cKeTKtUitn7XvtkMYBCk05KNVwnUg3E5CaUY7DjBcrjID2oYsNgwICVM1kPOnQPjBK2+6E0hyh7bH680YCgVKDwDfOAHRPzfZG4l+9Rqw7582EiSjWKOjko07MbR3ao7XtNpNINR8YACqZmdWmPZBAtQknk/Gu0Cwj8cY8fBuhBB3Ko8QD2Q3gYWiW63rHI/rPyMS30ZDJ1Z1NcR6qJwXXKbjl03zxYppwmuySPXJIXHJGiuSalEiFUILkkTyRZ+vFerPerY+JNWVN7+yQX2V9fgGeHq3A</latexit>

x
<latexit sha1_base64="9NEoze40rC7bmnW5903lOYwWg/E=">AAACO3icfZDLSgMxFIYzXmu9tbp0M1gFESkzIuiyqAs3Ygv2Ap1SzqSnbWgmMyQZaRn6BG71cXwQ1+7ErXvTi6CteCDw8Z8/yTm/H3GmtOO8WguLS8srq6m19PrG5tZ2JrtTUWEsKZZpyENZ80EhZwLLmmmOtUgiBD7Hqt+7GvWrDygVC8W9HkTYCKAjWJtR0EYq9ZuZnJN3xmXPgzuFHJlWsZm1DrxWSOMAhaYclKq7TqQbCUjNKMdh2osVRkB70MG6QQEBqkYynnRoHxqlZbdDaY7Q9lj9eSOBQKlB4BtnALqrZnsj8a9ePdbti0bCRBRrFHTyUTvmtg7t0dp2i0mkmg8MAJXMzGrTLkig2oSTTnvXaJaReGsevotQgg7lceKB7ATQH5rlOt7JiP4zMvFtNGRydWdTnIfKad518m7pLFe4nCacIntknxwRl5yTArkhRVImlCB5JE/k2Xqx3qx362NiXbCmd3bJr7I+vwCcR62/</latexit><latexit sha1_base64="9NEoze40rC7bmnW5903lOYwWg/E=">AAACO3icfZDLSgMxFIYzXmu9tbp0M1gFESkzIuiyqAs3Ygv2Ap1SzqSnbWgmMyQZaRn6BG71cXwQ1+7ErXvTi6CteCDw8Z8/yTm/H3GmtOO8WguLS8srq6m19PrG5tZ2JrtTUWEsKZZpyENZ80EhZwLLmmmOtUgiBD7Hqt+7GvWrDygVC8W9HkTYCKAjWJtR0EYq9ZuZnJN3xmXPgzuFHJlWsZm1DrxWSOMAhaYclKq7TqQbCUjNKMdh2osVRkB70MG6QQEBqkYynnRoHxqlZbdDaY7Q9lj9eSOBQKlB4BtnALqrZnsj8a9ePdbti0bCRBRrFHTyUTvmtg7t0dp2i0mkmg8MAJXMzGrTLkig2oSTTnvXaJaReGsevotQgg7lceKB7ATQH5rlOt7JiP4zMvFtNGRydWdTnIfKad518m7pLFe4nCacIntknxwRl5yTArkhRVImlCB5JE/k2Xqx3qx362NiXbCmd3bJr7I+vwCcR62/</latexit><latexit sha1_base64="9NEoze40rC7bmnW5903lOYwWg/E=">AAACO3icfZDLSgMxFIYzXmu9tbp0M1gFESkzIuiyqAs3Ygv2Ap1SzqSnbWgmMyQZaRn6BG71cXwQ1+7ErXvTi6CteCDw8Z8/yTm/H3GmtOO8WguLS8srq6m19PrG5tZ2JrtTUWEsKZZpyENZ80EhZwLLmmmOtUgiBD7Hqt+7GvWrDygVC8W9HkTYCKAjWJtR0EYq9ZuZnJN3xmXPgzuFHJlWsZm1DrxWSOMAhaYclKq7TqQbCUjNKMdh2osVRkB70MG6QQEBqkYynnRoHxqlZbdDaY7Q9lj9eSOBQKlB4BtnALqrZnsj8a9ePdbti0bCRBRrFHTyUTvmtg7t0dp2i0mkmg8MAJXMzGrTLkig2oSTTnvXaJaReGsevotQgg7lceKB7ATQH5rlOt7JiP4zMvFtNGRydWdTnIfKad518m7pLFe4nCacIntknxwRl5yTArkhRVImlCB5JE/k2Xqx3qx362NiXbCmd3bJr7I+vwCcR62/</latexit><latexit sha1_base64="9NEoze40rC7bmnW5903lOYwWg/E=">AAACO3icfZDLSgMxFIYzXmu9tbp0M1gFESkzIuiyqAs3Ygv2Ap1SzqSnbWgmMyQZaRn6BG71cXwQ1+7ErXvTi6CteCDw8Z8/yTm/H3GmtOO8WguLS8srq6m19PrG5tZ2JrtTUWEsKZZpyENZ80EhZwLLmmmOtUgiBD7Hqt+7GvWrDygVC8W9HkTYCKAjWJtR0EYq9ZuZnJN3xmXPgzuFHJlWsZm1DrxWSOMAhaYclKq7TqQbCUjNKMdh2osVRkB70MG6QQEBqkYynnRoHxqlZbdDaY7Q9lj9eSOBQKlB4BtnALqrZnsj8a9ePdbti0bCRBRrFHTyUTvmtg7t0dp2i0mkmg8MAJXMzGrTLkig2oSTTnvXaJaReGsevotQgg7lceKB7ATQH5rlOt7JiP4zMvFtNGRydWdTnIfKad518m7pLFe4nCacIntknxwRl5yTArkhRVImlCB5JE/k2Xqx3qx362NiXbCmd3bJr7I+vwCcR62/</latexit>

@L
@xin

<latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit>

@L
@xout

<latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit>

xin
<latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit>

xout
<latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit>

Differentiable programming

f(xin, ✓)
<latexit sha1_base64="+HUl16j41oX+BgmNP2EYcwbSZV8="></latexit><latexit sha1_base64="+HUl16j41oX+BgmNP2EYcwbSZV8="></latexit><latexit sha1_base64="+HUl16j41oX+BgmNP2EYcwbSZV8="></latexit><latexit sha1_base64="+HUl16j41oX+BgmNP2EYcwbSZV8="></latexit>



Differentiable programming

[Figure from “Neural Module Networks”,  Andreas et al. 2017]



Next up:  
1. Convolutional neural networks (CNNs)


