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Lecture 3
Imaging Geometry



3. Imaging Geometry
• Applications


• Stereo and how it works


• Homogeneous coordinates for clean description of the geometry


• Intrinsic and extrinsic camera parameters


• Homographies for image stitching, for image rectification, etc.


• Ransac for fitting parameterized models such as homographies.



– Relationship between coordinates in the world and 
coordinates in the image:  geometric camera 
calibration, see Szeliski, section 5.2, 5.3. 

– (Relationship between intensities in the world and 
intensities in the image: photometric image formation, 
see Szeliski, sect. 2.2.) 

– Class notes. 

Relevant readings
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Devices for depth measurement
Depth map

Active Stereo

Lidar commonly used with self-driving cars.



Applications Gaming

1995 demo

Product (different group, different company)



Applications
3D reconstruction  
for virtual  
navigation



Applications

http://www.cvlibs.net/datasets/kitti/

Autonomous driving



Applications
Augmented reality



Applications

https://en.wikipedia.org/wiki/File:First-down-line.jpg

ESPN

Augmented reality



Vision systems
One camera

Two cameras N cameras



Let’s consider two eyes
One camera

Two cameras N cameras



Stereo images of lunar rocks from Apollo 11

http://www.earthtothemoon.com/ap_11_Stereo_slide.html https://www.hq.nasa.gov/alsj/a11/A11wigglestereo6712.gif



Stereoscope



Depth without objects
Random dot stereograms (Bela Julesz)

Julesz, 1971 



Geometry for a simple stereo system
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Geometry for a simple stereo system
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Geometry for a simple stereo system
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Similar triangles:

T
Z

Solving for Z:

Z = f 
T

XL - XR

Disparity



Measuring disparity

Left image Right image

I took one picture, then I moved ~1m to the right and took a second picture.



Measuring disparity

Left image Right image



Measuring disparity

Left image Right image



Disparity map

Z(x,y) =
a

D(x,y)

I(x,y) I’(x,y) = I(x+D(x,y), y)I’(x,y) D(x,y)



Finding correspondences

We only need to search for matches along horizontal lines.



Computing disparity



Harris corner detector SIFT descriptor
David Lowe, 1999Harris & Stephens, 1988



Finding correspondences
1. Detect features using  

SIFT [Lowe, IJCV 2004]



Finding correspondences (SIFT)

points = detectHarrisFeatures(img);

1) detect keypoints 2) extract SIFT 
at each keypoint



Finding correspondences (SIFT)



Finding correspondences
2. Match features between  

each pair of images



Finding correspondences
3. Refine matching using  

RANSAC between pairs



Stereo correspondence constraints

O O’

p
p’ ?

If we see a point in camera 1, are there any constraints on where we 
will find it on camera 2?

Camera 1 Camera 2



Epipolar constraint

O O’

p
p’ ?



World and camera coordinate systems

World reference system

Camera plane

Desired applications:   
—reconstruct shape from 2 or more camera views;  
—align multi-shot image panoramas. 

The understanding you want in order to support 
those applications:  how does world geometry 
relate to pixel positions in a particular camera at a 
particular position and orientation?



Perspective projection
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Homogeneous coordinates
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homogeneous 
image  
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Homogeneous coordinates
y

x Z

X

Y

homogeneous 
image  
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heterogeneous 
image  

coordinates

3D2D



Homogeneous coordinates
From heterogeneous to homogeneous: 

From homogeneous to heterogeneous: 

a

a
a

=



2D Transformations



2D Transformations
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2D Transformations
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2D Transformations
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=
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Now we can chain transformations

x′ = RTx



2D Transformations
y

x

Rotation
θ (rotation centered on the origin)



2D Transformations
y

x

Rotation
θ (rotation centered on the origin)



2D Transformations
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2D Transformations
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2D Transformations
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2D Transformations
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2D Transformations
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2D Transformations

Euclidean = rotation and translation

Similarity = rotation, translation and uniform scaling (sx = sy)

Affine = rotation, translation, shearing  and uniform scaling (sx = sy)
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2D Transformations

Affine = rotation, translation, shearing  and uniform scaling (sx = sy)

x’

y’
1

=
x

y

1

a b c

d e f

0 0 1

.

• 6 degrees of freedom 
• Parallel lines remain parallel

Properties:
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Homogeneous coordinates
2D 3D



Perspective projection
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Perspective projection
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Perspective projection

  f X / Z

f Y / Z

x = 

y = 

image coordinates

World coordinates

Heterogeneous coordinates Homogeneous coordinates

x

y
w

=

X

Y
Z

1

1 0 0 0

0 1 0 0

0 0 1/f 0

.



Perspective projection
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Perspective projection
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Going back to heterogeneous coordinates:



Perspective projection
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 Orthographic (parallel) projection



 Orthographic (parallel) projection
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Camera parameters

(X, Y, Z)

(x, y)
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3D world

2D image

World coordinatesPixels



Camera parameters

Sensor
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For the pinhole camera:

Let’s start by placing the origin of the  
world coordinate system at the  
aperture of the pinhole camera



Camera parameters

Sensor
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When changing to pixels, there will be an arbitrary scaling:



Camera parameters

Sensor
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if pixels are rectangular



Camera parameters

T
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What if the camera origin is not at the world coordinates origin?



Camera parameters
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PC = PW  - T
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Camera parameters
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Camera parameters
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1. World coordinates to camera coordinates

2. Camera coordinates to image coordinates (square pixels)

World coordinates
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Camera parameters
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Intrinsic parameters Extrinsic parameters



Making image panoramas
Example: two pictures taken by rotating the camera:

If we try to build a panorama by overlapping them:

x’

y’
1

=
x

y

1

a b c

d e f

0 0 1

.



Mapping one camera into another
(x1,y1)

Image coordinates, camera 1

(x2,y2)
Image coordinates, camera 2

(x1,y1) (x2,y2)

In general, we can not find a transformation from x1 to x2. It requires knowing 
the 3D coordinates of each corresponding point.  
(The general mapping has to depend on 3D shape, otherwise we would learn 
no information from the 2nd image of a stereo camera!)



Mapping one camera into another
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Image coordinates, camera 1

(x2,y2)
Image coordinates, camera 2
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Homography



Mapping one camera into another

If the scene is a single plane

(x1,y1)
Image coordinates, camera 1

(x2,y2)
Image coordinates, camera 2

(x1,y1) (x2,y2)

Homography



Homography

x’

y’

w

=

x

y
1

a b c

d e f
g h i

.

What happens if we allow 9 degrees of freedom?

(note that only 8 DOF are relevant here)

The homography allow mapping one camera into another when:’ 
• scene is planar 
• both cameras only differ by a rotation (no translation)  



Homography
Example: two pictures taken by rotating the camera:

If we try to build a panorama by overlapping them:



Homography

With an homography you can map both images into a single camera:

Example: two pictures taken by rotating the camera:



Homography

x1’

y1’
w1

=

x1

y1

1

a b c

d e f
g h i

.

(note that only 8 DOF are relevant here)

(x1,y1)
(x’1,y’1)



Homography
x1’

y1’
w1

=

x1

y1

1

a b c

d e f
g h i

.

x1’=
ax1 + by1+c
gx1 + hy1+i

y1’=
dx1 + ey1+f
gx1 + hy1+i

gx1x’1 + hy1x’1+ix1 = ax1 + by1+c

gx1y’1 + hy1y’1+ix1 = dx1 + ey1+f

Going to heterogeneous coordinates:

Re-arranging the terms:



Homography
gx1x’1 + hy1x’1+ix1 = ax1 + by1+c

gx1y’1 + hy1y’1+ix1 = dx1 + ey1+f

Re-arranging the terms:

gx1x’1 + hy1x’1+ix1 - ax1 - by1- c = 0

gx1y’1 + hy1y’1+ix1 - dx1 - ey1- f = 0

-x1  -y1  -1  0    0    0    x1x’1   y1x’1    x1 a 
b 
c 
d 
e 
f 
g 
h 
i

In matrix form

 0    0    0  -x1  -y1  -1   x1x’1   y1x’1    x1

0 
0=



Homography
-x1  -y1  -1  0    0    0    x1x’1   y1x’1    x1 a 

b 
c 
d 
e 
f 
g 
h 
i

With multiple corresponding points:

 0    0    0  -x1  -y1  -1   x1x’1   y1x’1    x1

0 
0 
0 
. 
. 
. 
 

0

=

...

-xN  -yN  -1  0   0    0    xNx’N   yNx’N   xN

 0    0    0  -xN  -yN -1   xNx’N   yNx’N   xN

A h = 0

Compute SVD of A, and take the eigenvector with the smallest eigenvalue 



Ransac

• M. A. Fischler, R. C. Bolles. Random 
Sample Consensus: A Paradigm for 
Model Fitting with Applications to Image 
Analysis and Automated Cartography. 
Comm. of the ACM, Vol 24, pp 381-395, 
1981.



Simple example: fit a line



Simple example: fit a line
• Pick 2 points


• Fit line


• Count inliers
3 inlier
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Simple example: fit a line
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• Count inliers



Simple example: fit a line

8 inlier

• Pick 2 points


• Fit line


• Count inliers



Simple example: fit a line

• Use biggest set of inliers


• Do least-square fit



RANSAC for estimating homography
RANSAC loop:


1. Select four feature pairs (at random)


2. Compute homography H (exact)


3. Compute inliers where ||pi’, H pi|| < ε 

4. Keep largest set of inliers


5. Re-compute least-squares H estimate using all of the inliers



Image rectification, a pre-processing for stereo

The images from a stereo 
pair can be transformed to 
appear as they would have 
had the cameras in the 
stereo rig been rotated to 
have coplanar sensors and 
their epipolar lines oriented 
along pixel scan lines.


This transformation just 
involves virtual camera 
rotations and thus is a 
homography.  Image 
rectification is a common 
pre-processing step for 
stereo, since the search for 
matching features can now 
be along horizontal scan 
lines.

from Wikipedia



summary / recap:

• Stereo and how it works


• Homogeneous coordinates for clean description of the geometry


• Intrinsic and extrinsic camera parameters


• Homographies for image stitching, for image rectification, etc.


• Ransac for fitting parameterized models such as homographies.


