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Weds, March 3, 2021

Problem set 1 due today Problem set 2 out today (due in a week).

e Comment on problem 2 of ps2
e Fourier transforms and signal processing, continued
e Fourier processing by human visual system

e Spatial digital filters
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Projector




surface

light ray

Camera Projector



f we know ug, Up, f, and d, we can infer depth Zc



surface

laser



















F recognizes that this is the pattern that the projector projected at up=32 pixe



Visualizing the image Fourier transform

N—IM—
n= Om 0

The values of F' [u,v] are complex.

Using the real and imaginary components:

Flu,v] = Re{F |u,v]} + jImag{F [u,v]}

Or using a polar decomposition:

F [u,v] = A[u,v] exp (jO [u,v])

1

Amplitude Phase

14



Visualizing the image Fourier transform

image

m Flu,v]

Imaginary

15
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find the right pa

The DFT Game
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1I'S

find the right pa

The DFT Game

(Solution in the class notes)
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The inverse Discrete Fourier transform

2D Discrete Fourier Transform (DFT) transforms an image f [n,m] into F [u,v] as:

N—l M—

nOmO

The inverse of the 2D DFT Is:

N—l M—

nOmO

How does summing waves ends up giving back a picture?

18
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#1: Range [0, 1] #2: Range [0.000109, 0.0267]
Dims [256, 256] Dims [256, 256]
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#1: Range [0, 1]

#2: Range [4.79e-007, 0.503]
Dims [256, 256]

Dims [256, 256]



50

#1: Range [0, 1] #2: Range [8.5e-006, 1.7]
Dims [256, 256] Dims [256, 256]



82

#1: Range [0, 1] #2: Range [3.85e-007, 2.21]
Dims [256, 256] Dims [256, 256]



136

136

#1: Range [0, 1] #2: Range [8.25e-006, 3.48]
Dims [256, 256] Dims [256, 256]



#1: Range [0, 1] #2: Range [1.39e-005, 5.88]
Dims [256, 256] Dims [256, 256]



#1: Range [0, 1] #2: Range [6.17e-006, 8.4]
Dims [256, 256] Dims [256, 256]



1088

#1: Range [0, 1] #2: Range [9.99e-005, 15]
Dims [256, 256] Dims [256, 256]



#1: Range [0, 1] #2: Range [8.7e-005, 19]
Dims [256, 256] Dims [256, 256]



4052.

#1: Range [0, 1] #2: Range [0.000556, 37.7]
Dims [256, 256] Dims [256, 256]



#1: Range [0, 1]
Dims [256, 256]
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#2: Range [0.00032, 64.5]
Dims [256, 256]
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28743

28743

- ] 3 u. . ; .n / “l. .5 ”.- ’) -_.h Lt - -lc_'u o

#2: Range [0.00109, 146]
Dims [256, 256]

=
l. * lr

o -

T R

#1: Range [0, 1]
Dims [256, 256]
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#1: Range [0, 1]
Dims [256, 256]

#2: Range [0.00753, 294]
Dims [256, 256]
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65536.

#1: Range [0.5, 1.5]
Dims [256, 256]

65536.

#2: Range [4.43e-015, 255]
Dims [256, 256]

34



3

r Figure 5 B@w\

File Edit VYiew Insert Tools Desktop Window Help

DNEeEES h | RQAM® €| 06 80

#1: Range [0, 1] #2: Range [0.237, 0.545]
Dims [286, 256] Dims [286, 256]

Now, an analogous sequence of images, but selecting
Fourier components in descending order of magnitude.



Figure 6

B|f=1 X

File Edit View Insert Tools Desktop Window Help

NEESE hRAM® |08 80

#1: Range [0, 1] #2: Range [0.106, 0.676]
Dims [256, 256] Dims [286, 256]
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9

, Figure 7 u@w

File Edit View Insert Tools Desktop Window Help >

NEEE| LRQAND || 08|80

#1: Range [0, 1] #2. Range [2.04e-006, 0.788]
Dims [286, 256] Dims [286, 256]
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17

, Figure 8 u@w

File Edit View Insert Tools Desktop Window Help >

NEEE| LRQAND || 08|80

|

#1: Range [0, 1] #2. Range [2.62e-005, 0.934]
Dims [286, 256] Dims [286, 256]

38



Figure 9

B|f=1 X

File Edit View Insert Tools Desktop Window Help

NSESE L RAND € DE

#1: Range [0, 1]
Dims [256, 256]

33

l

#2: Range [2.05e-005, 1.0Y]
Dims [286, 256]

39
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r Figure 10 @@

File Edit View Insert Tools Desktop Window Help >

D& hh RQAO® ¥ 0 =8O

#1: Range [0, 1] #2. Range [B8.78e-006, 1.22]
Dims [256, 256] Dims [256, 256]

40



129

Figure 11

BETX

File Edit View Insert Tools Desktop Window Help

NS ESE N RAOND | 0E

#1: Range [0, 1]
Dims [286, 256]

129

#2: Range [4.79e-005, 1.27]
Dims [286, 256]

41



257

Figure 12

SETX

File Edit View Insert Tools Desktop Window Help

NSRS L RAaMm® & 0E

#1: Range [0, 1]
Dims [286, 256]

‘#2: Range [4.2e-005, 1.28]
Dims [286, 256]

42
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r Figure 13 [__]@w

File Edit View Insert Tools Desktop Window Help >

DEEd&E& h RRAN® € 0B &L

#1: Range [0, 1] #2- Range [1.76e-005, 1.26]
Dimns [258, 256] Dims [256, 256]
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r Figure 14 [._]@w

File Edit View Insert Tools Desktop Window Help >

DEEd&E& h RRAN® € 0B &L

1025

#1: Range [0, 1] #2. Range [2.24e-005, 1.28]
Dims [286, 256] Dims [286, 256]
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r Figure 15 [__]@w

File Edit View Insert Tools Desktop Window Help >

DEEd&E& h RRAN® € 0B &L

#1: Range [0, 1] #2: Range [0.000347, 1.27]
Dims [286, 256] Dims [286, 256]
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r Figure 16 u@w

File Edit View Insert Tools Desktop Window Help >

DEeEE K RAMe € 0 &8 C

#1: Range [0, 1] #2: Range [0.000582, 1.23]
Dims [286, 256] Dims [286, 256]

46



8193

Figure 17

SETX

File Edit View

Ded& K RRAN® ¥ [0E =

Insert Tools Desktop Window Help

#1: Range [0, 1]
Dims [286, 256]

||

#2- Range [0.00298, 1.17]
Dims [256, 256]

47



16385

r Figure 18 [_._J[EJW

File Edit View Insert Tools Desktop Window Help

DEeEE h RAM® | €| 06 8 C

#1: Range [0, 1] #2: Range [0.00036%5, 1.1]
Dims [256, 256] Dims [256, 256]

48



| 32769

B|f=1 X

File Edit View Insert Tools Desktop Window Help

D& h RAO® ¥ JE 80

#1° Range [0, 1] #2° Range [0.0246, 1.03]
Dirns [258, 256] Dirms [258, 256]

49



65536

-
- Figure 20

=Jo/&d

File Edit VYiew Insert Tools Desktop MWindow Help

DEedE h RAN® € [0

| =

#1: Range [0.9, 1.5]
Dims [2586, 256]

#2: Range [0.028, 1]
Dims [256, 256]
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Some visual areas...

From M. Lewicky



Figure 1. Sumulus presentation scheme. The stimuli were
originally calibrated to be seen at a distance of 150 ¢cm in a
19" display.

54



Campbell & Robson chart

Let’s define the following image:

What do you think you should see when looking at this image?



0.8

0.6

04

0.2

In,m|=A[n]simQ2zxf[m]|m/M)

100

200 300 400 500 600 700 800










Contrast Sensitivity Function

Blackmore & Campbell (1969) . o
Maximum sensitivity

~ 6 cycles / degree of visual angle

Contrast sensitivity

0.1 1 10 , 100
Low Spatial frequency (cycles/degree) High

Things that are very close Things far away
and/or large are hard to see are hard to see



Vasarely visual 1llusion

60



Input visual stimulus Frequency filtering of human visual system bandpass filtered output

Center-surround
spatial filtering of
human visual system
is subtracting less
positive intensity at
the corners, giving a
bright line there

61



Today: A collection of useful filters

L ow-pass filters High-pass filters



Low pass-filters

63



hy pm [n,m] = {

Box filter

2N+1
11 1
11 1

1 1 1 2M+1

1 1 1 1
] if = N<n<Nand - M<m<M
0 otherwise
h[n] with N=1
—ff'—T—I—L—fO—)
n= n

64



Box filter

mean

[ ]

21X21

mean

256X256 256X256

What does it do?

* Replaces each pixel with an average of its neighborhooad
* Achieve smoothing eftect (remove sharp features)

65



Box filter

The box filter is separable as it can be written as the convolution of two 1D kernels

hym ln.m| = hyoohom

k.
e
e

|
bk
bk



Box filter

256X256 256X256

Requires N+N sums, instead of N*N

67



Box filter

If you convolve two boxes:

111 Oolll=12321

Mmoo

The convolution of two box filters 1s not another box filter.
It 1s a triangular filter.

68



Gaussian filter

In the continuous domain:

1

glx,y;0) = exp —

2

2wo

X2 -+ y2

202

69



Gaussian filter

1 X2 4y

gX,Y,0) = CXP — _

Discretization of the Gaussian:

At 30 the amplitude of the Gaussian 1s around 1% of 1ts central value

2 2
m- +n-

glmn;o|l =exp——
’ g 202



glm,n;o| =exp—

m? —I—n2

202

Scale

71



Dali

Gaussian filter

0012 i

0006,

0004 < .o

72



Properties of the Gaussian filter

2 2
1 X°+y°

glx,y;0) = exp —
2m o2 P 202

* The n-dimensional Gaussian is the only completely
circularly symmetric operator that is separable.

* The (continuous) Fourier transform of a Gaussian is
another gaussian

- -. 2,2 . 2.2
G(u,vy;o) =exp—2x-(u”~+v-)o~



Properties of the Gaussian filter

2 2
| X“ 4+ y°

g(x,_)‘,()') — CXP — .
2m o2 P 202

* The convolution of two n-dimensional gaussians is
an n-dimensional gaussian.

g(x,y;01)0gx,y;00) = g(x,y; 03)

where the variance of the result 1s the sum

(1t 1s easy to prove this using the FT of the gaussian)



Discretization of the Gaussian

There are very efficient approximations to the Gaussian
filter for certain values of o with nicer properties than

when working with discretized gaussians.

[

0.8 . 0 2 m— 1 / 2
0.6 -
0.4
0.2 L //
0 - __1 | , | r— .
-3 -2 -1 0 1 2 3

gs [n] = [0.0183, 0.3679, 1.0000, 0.3679, 0.0183]



Binomial filter

Binomial coefficients provide a compact approximation of
the gaussian coefficients using only integers.

The simplest blur filter (low pass) is
[l 1]

Binomial filters in the family of filters obtained as
successive convolutions of [1 1]



Binomial filter

b1 — [1 1]

by =[11]oll 1]=[121]

by = [11]|o[l1]of[l1]=[1331]



LA

ILter
mial filt
Bino

12

s

N

/4
- 1/2
G§=3/4
a§=1
Uj:s/«:t
052:3/2
063:7/4
Uiiz
O'é'—

/8



Properties of binomial filters

 Sum of the values is 2n
. The variance of b, is % = n/4

 The convolution of two binomial filters is
also a binomial filter

by © by = bpim

With a variance:

9 9

o F

Gn + O-m — Gr +m

These properties are analogous to the gaussian property 1n the continuous
domain (but the binomuial filter 1s different than a discretization of a

gaussian)



B2[n]
The simplest approximation to the Gaussian filter 1s the 3-tap kernel:

b =1,2,1]

—0-0-00000089 200000000/

80



B2[n] versus the 3-tap box filter

bg [I'Z]
(12 1] X
e
—5-900000000 2000000009/
—10 0 10
hi[n]
11 1] )
poo
000000000 000000000 /
—10 0 10

Which one 1s better?




B2[n]

1,1, 170[....,1,-1,1,-1,1,-1, .1 = [...,-1,1,-1,1,-1, 1, ...]

1,2, 110[....1,-1,1,-1,1,-1,..1 = [...,0,0,0,0,0,0, ...]



B2[n]

br> =brpobpyr = [1 2 1] 0

i

1 2 1
2 4 2
1 2 1

|
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What about the opposite of blurring?

Gaussian filter

-+

84



Laplacian filter

-

Gaussian filter

i

i Htidaas

85



Oliva & Schyns

Hybrid Images

86



Hybrid Images

87









Copyright © 2(

0/

Aude Oliva. MIT

920



Copyright @ 2007 Aude Oliva, MIT

http://cvel.mit.edu/hybrid gallery/gallery.html






FInding edges In the Image

Edge strength

Edge orientation:

Edge normal:

Image gradient:

o1 oI
VI = ,
(011:' 81/)

Approximation image derivative:
ol
or

~ I(z,y) —I(z — 1,y)

E(z,y) = |VI(z,y)

0(x,y) = £LVI = arctan gggz
VI

~ VI

Il

93



-
-

. . .

; Fi“a m: 5
llll l

fﬂz

'y . - ’

/ ° : .
-1
-

g[m,n]

[-1 1]

~ I(z,y) - I(z -1,

94



g[m,n]

[-1 1]

95
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Reconstruction from 2D derivatives

In 2D, we have multiple derivatives (along n and m)

and we compute the pseudo-inverse of the full matrix.

97



Reconstruction from 2D derivatives

98



Editing the edge image

929



INg edge

Threshold

100




2D derivatives

There are several ways 1n which 2D derivatives can be approximated.
|
[ } -1
—1
Robert-Cross operator:
0 1
—1 0

b

And many more...
101



Issues with Iimage derivatives

e Derivatives are sensitive to noise

* |f we consider continuous image derivatives, they might not be define in
some regions (e.g., object boundaries, ...)

N

102



Derivatives

We want to compute the image derivative:

af ()C ’ .}‘)
OX

If there 1s noise, we might want to “smooth™ 1t with a blurring filter

af (.X- ” y)

. O g (x ’ }‘)

00X
But derivatives and convolutions are linear and we can move them
around:

of (x, V) o 0g(x,y)

og2(x,y)=7f(x,y)o
™ gx,y) =f(x,y) ™

103



Gaussian derivatives

| X2+ y2

,V;0) = exp —
g(x,y; 0) >3 CXP

202

The continuous derivative 1s:

W_ oglx,y;0)
gX(xaya O-) — -
OX
R’ oy X% + y2
- 2rob P D02
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Gaussian Scale
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Derivatives of Gaussians: Scale

106



Orientation

gy =X o

20° 0 3. et

4 P e S R
dx Zﬂg 1'\é ...... «. ...... .,' ......

gx(xay) =

et

0ol
- A
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Orientation

o ww W

f" | . i

What about other orientations not axis aligned? 108



Orientation

2
X +Yy

BXY) =Y o
Jy 20"

gy(-xay) =

g.(x,y) = = re

The smoothed directional gradient 1s a linear combination of two kernels

u'Vg®1I = (cos(a)gx(x,y) + sin(a)gy(x,y)) ®I(x,y) =

Any orientation can be computed as a linear combination of two filtered images

=cos(at)g. (x,y) ® I(x,y) + Sin(a)gy(xay) ®I1(x,y)

Steereability of gaussian derivatives, Freeman & Adelson 92



Orientation

Steereability of gaussian derivatives, Freeman & Adelson 92 110



Discretization Gaussian derivatives

There are many discrete approximations. For instance, we can take
samples of the continuous functions. In practice i1t 1s common to use
the discrete approximation given by the binomial filters.

Convolving the binomial coefficients with [1, -1]

f—
2
|—
1
ok
\9
I
Y
S—
—
—
f—
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Discretization 2D Gaussian derivatives

As Gaussians are separable, we can approximate two 1D derivatives
and then convolve them.

One example 1s the Sobel-Feldman operator:

_ 1] [ro -1
Sobel, =1 0 —=1|o |2l =12 0 =2
' Sl (10 -1
T
Sobel,

|
—_ O
—_— O
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n-th order Gaussian derivatives

— > X
] 3
| .
. —3

8 (\ Vi o') q”_Hng(\ \) ( —1 )h‘-}-m ( | ,
Xty o ‘ .
ox"oy™  \o/2 7)) i



n-th order Gaussian derivatives
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n-th order Gaussian derivatives

g n __ Gaussian
) - ) .

an-l—m g ( X, '\-’) . \ n—+m X | v o)
ey ) 0RO ( ) Hn( ) Hm( .,. ) v o
4 ox"oy™ o2 o2 o2 8(x.y;0) 115



n-th order Gaussian derivatives

g n __ Gaussian
gx-gy.
; m gxy H gyza

0" g (x,y) ( —1 )"+’" ( X ) ( y )
ym(x,y;0) = — = H, H, | — (x,v;0)
Exty™ | Oxnoym o~/2 g2, o2 ° | 116



n-th order Gaussian derivatives

g n __ Gaussian
i -
NN
‘A -
RS "I ”’I I
" Mg(ry) _ y

OX" Y™ 0'\/_ Uf cr\/i | g(x,y;0) o

gxnym(X,y; 0) =



Image sharpening filter
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Image sharpening filter

Subtract away the blurred components of the image:

[0 0 0] [1 2 1]
sharpening filter= 10 2 0 2472

LoooJ 16 121]

This filter has an overall DC component of 1. It de-emphasizes
the blur component of the image (low spatial frequencies).
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Input 1mage Sharpened




Input 1mage Sharpened




Input 1mage
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