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6.869/6.819 Advances in Computer Vision Spring 2022

Bill Freeman, Phillip Isola 

Lecture 10
Backpropagation



2. Backprop and Differentiable Programming

• Review of gradient descent, SGD 

• Forward propagation 

• Computing gradients 

• Backward propagation 

• Computation graphs and differentiable programming



“clown fish”

Loss

Learned
Deep learning

✓⇤ = argmin
✓

NX

i=1

L(f✓(x(i)),y(i))
<latexit sha1_base64="Q10CJJ1ondCg8EG7JnRaFON1ooM="></latexit><latexit sha1_base64="Q10CJJ1ondCg8EG7JnRaFON1ooM="></latexit><latexit sha1_base64="Q10CJJ1ondCg8EG7JnRaFON1ooM="></latexit><latexit sha1_base64="Q10CJJ1ondCg8EG7JnRaFON1ooM="></latexit>

✓1
<latexit sha1_base64="jdlg7NGrnJcaH/VcD2JvBoOrWj0="></latexit><latexit sha1_base64="jdlg7NGrnJcaH/VcD2JvBoOrWj0="></latexit><latexit sha1_base64="jdlg7NGrnJcaH/VcD2JvBoOrWj0="></latexit><latexit sha1_base64="jdlg7NGrnJcaH/VcD2JvBoOrWj0="></latexit>

✓2
<latexit sha1_base64="iVXCJZktr2Eln/pkk7Aj/62g948="></latexit><latexit sha1_base64="iVXCJZktr2Eln/pkk7Aj/62g948="></latexit><latexit sha1_base64="iVXCJZktr2Eln/pkk7Aj/62g948="></latexit><latexit sha1_base64="iVXCJZktr2Eln/pkk7Aj/62g948="></latexit>

✓3
<latexit sha1_base64="reWg5/K7U0PXdk1ubbo0pbdjPKk="></latexit><latexit sha1_base64="reWg5/K7U0PXdk1ubbo0pbdjPKk="></latexit><latexit sha1_base64="reWg5/K7U0PXdk1ubbo0pbdjPKk="></latexit><latexit sha1_base64="reWg5/K7U0PXdk1ubbo0pbdjPKk="></latexit>

✓4
<latexit sha1_base64="7Ngbm8oatoIEczf5bGzdlabUqio="></latexit><latexit sha1_base64="7Ngbm8oatoIEczf5bGzdlabUqio="></latexit><latexit sha1_base64="7Ngbm8oatoIEczf5bGzdlabUqio="></latexit><latexit sha1_base64="7Ngbm8oatoIEczf5bGzdlabUqio="></latexit>

✓5
<latexit sha1_base64="c+xP7yXt8IAUGttWNf57Pb7fO0I="></latexit><latexit sha1_base64="c+xP7yXt8IAUGttWNf57Pb7fO0I="></latexit><latexit sha1_base64="c+xP7yXt8IAUGttWNf57Pb7fO0I="></latexit><latexit sha1_base64="c+xP7yXt8IAUGttWNf57Pb7fO0I="></latexit>

✓6
<latexit sha1_base64="MwMtPAOwyA4XXwcUh1F3lF5KRWQ="></latexit><latexit sha1_base64="MwMtPAOwyA4XXwcUh1F3lF5KRWQ="></latexit><latexit sha1_base64="MwMtPAOwyA4XXwcUh1F3lF5KRWQ="></latexit><latexit sha1_base64="MwMtPAOwyA4XXwcUh1F3lF5KRWQ="></latexit>

y(i)
<latexit sha1_base64="quZshCT3eequHj3Gz5l4SokEfxA="></latexit><latexit sha1_base64="quZshCT3eequHj3Gz5l4SokEfxA="></latexit><latexit sha1_base64="quZshCT3eequHj3Gz5l4SokEfxA="></latexit><latexit sha1_base64="quZshCT3eequHj3Gz5l4SokEfxA="></latexit>

x(i)
<latexit sha1_base64="sBmUPe2BsaZDT8odYldlaKu4Hts="></latexit><latexit sha1_base64="sBmUPe2BsaZDT8odYldlaKu4Hts="></latexit><latexit sha1_base64="sBmUPe2BsaZDT8odYldlaKu4Hts="></latexit><latexit sha1_base64="sBmUPe2BsaZDT8odYldlaKu4Hts="></latexit>

L(f✓(x(i)),y(i))
<latexit sha1_base64="TI714bjFMqPosUiwA2MD/W53cRc="></latexit><latexit sha1_base64="TI714bjFMqPosUiwA2MD/W53cRc="></latexit><latexit sha1_base64="TI714bjFMqPosUiwA2MD/W53cRc="></latexit><latexit sha1_base64="TI714bjFMqPosUiwA2MD/W53cRc="></latexit>
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J(✓)
<latexit sha1_base64="a/Lk8rEB5YqTpm5iqH/sBpa7bWw="></latexit><latexit sha1_base64="a/Lk8rEB5YqTpm5iqH/sBpa7bWw="></latexit><latexit sha1_base64="a/Lk8rEB5YqTpm5iqH/sBpa7bWw="></latexit><latexit sha1_base64="a/Lk8rEB5YqTpm5iqH/sBpa7bWw="></latexit>

✓1
<latexit sha1_base64="dRSr4rXm+n73Ts3IpBaIU3XH5Gg="></latexit><latexit sha1_base64="dRSr4rXm+n73Ts3IpBaIU3XH5Gg="></latexit><latexit sha1_base64="dRSr4rXm+n73Ts3IpBaIU3XH5Gg="></latexit><latexit sha1_base64="dRSr4rXm+n73Ts3IpBaIU3XH5Gg="></latexit> ✓2

<latexit sha1_base64="NpiJT5/KEODczN77QRTuqpv3m44="></latexit><latexit sha1_base64="NpiJT5/KEODczN77QRTuqpv3m44="></latexit><latexit sha1_base64="NpiJT5/KEODczN77QRTuqpv3m44="></latexit><latexit sha1_base64="NpiJT5/KEODczN77QRTuqpv3m44="></latexit>

✓⇤ = argmin
✓

J(✓)
<latexit sha1_base64="AYItQoyunNkE46+v9OudQ3G4+AY="></latexit><latexit sha1_base64="AYItQoyunNkE46+v9OudQ3G4+AY="></latexit><latexit sha1_base64="AYItQoyunNkE46+v9OudQ3G4+AY="></latexit><latexit sha1_base64="AYItQoyunNkE46+v9OudQ3G4+AY="></latexit>

x

Gradient descent



Gradient descent

learning rate

One iteration of gradient descent:

✓t+1 = ✓t � ⌘t
@J(✓)

@✓

����
✓=✓t

<latexit sha1_base64="zY43iVuC2uxHmoxD/IWvMOm6ttM="></latexit><latexit sha1_base64="zY43iVuC2uxHmoxD/IWvMOm6ttM="></latexit><latexit sha1_base64="zY43iVuC2uxHmoxD/IWvMOm6ttM="></latexit><latexit sha1_base64="zY43iVuC2uxHmoxD/IWvMOm6ttM="></latexit>
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J(✓)
<latexit sha1_base64="a/Lk8rEB5YqTpm5iqH/sBpa7bWw="></latexit><latexit sha1_base64="a/Lk8rEB5YqTpm5iqH/sBpa7bWw="></latexit><latexit sha1_base64="a/Lk8rEB5YqTpm5iqH/sBpa7bWw="></latexit><latexit sha1_base64="a/Lk8rEB5YqTpm5iqH/sBpa7bWw="></latexit>

✓1
<latexit sha1_base64="dRSr4rXm+n73Ts3IpBaIU3XH5Gg="></latexit><latexit sha1_base64="dRSr4rXm+n73Ts3IpBaIU3XH5Gg="></latexit><latexit sha1_base64="dRSr4rXm+n73Ts3IpBaIU3XH5Gg="></latexit><latexit sha1_base64="dRSr4rXm+n73Ts3IpBaIU3XH5Gg="></latexit> ✓2

<latexit sha1_base64="NpiJT5/KEODczN77QRTuqpv3m44="></latexit><latexit sha1_base64="NpiJT5/KEODczN77QRTuqpv3m44="></latexit><latexit sha1_base64="NpiJT5/KEODczN77QRTuqpv3m44="></latexit><latexit sha1_base64="NpiJT5/KEODczN77QRTuqpv3m44="></latexit>

J(✓)
<latexit sha1_base64="a/Lk8rEB5YqTpm5iqH/sBpa7bWw="></latexit><latexit sha1_base64="a/Lk8rEB5YqTpm5iqH/sBpa7bWw="></latexit><latexit sha1_base64="a/Lk8rEB5YqTpm5iqH/sBpa7bWw="></latexit><latexit sha1_base64="a/Lk8rEB5YqTpm5iqH/sBpa7bWw="></latexit>

( <latexit sha1_base64="owEByfgSfqYY+gqWmMd3gcCbpjg="></latexit><latexit sha1_base64="owEByfgSfqYY+gqWmMd3gcCbpjg="></latexit><latexit sha1_base64="owEByfgSfqYY+gqWmMd3gcCbpjg="></latexit><latexit sha1_base64="owEByfgSfqYY+gqWmMd3gcCbpjg="></latexit>

✓⇤ = argmin
✓

NX

i=1

L(f✓(x(i)),y(i))
<latexit sha1_base64="Q10CJJ1ondCg8EG7JnRaFON1ooM="></latexit><latexit sha1_base64="Q10CJJ1ondCg8EG7JnRaFON1ooM="></latexit><latexit sha1_base64="Q10CJJ1ondCg8EG7JnRaFON1ooM="></latexit><latexit sha1_base64="Q10CJJ1ondCg8EG7JnRaFON1ooM="></latexit>



Stochastic gradient descent (SGD)
• Want to minimize overall loss function J, which is sum of individual losses over each example. 
• In Stochastic gradient descent, compute gradient on sub-set (batch) of data. 

	 	 If batchsize=1 then θ is updated after each example. 

	 	 If batchsize=N (full set) then this is standard gradient descent. 
• Gradient direction is noisy, relative to average over all examples (standard gradient descent). 
• Advantages 
• Faster: approximate total gradient with small sample 
• Implicit regularizer 

• Disadvantages 
• High variance, unstable updates



…
…

(output)• Consider model with     layers. Layer    has 
vector of weights 

• Forward pass: takes input           and passes 
it through each layer      : 
	 	  

• Output of layer    is      .  

• Network output (top layer) is       .

Forward pass
L

<latexit sha1_base64="geqfPHROZN4l15miATuqCG7ddQE="></latexit><latexit sha1_base64="geqfPHROZN4l15miATuqCG7ddQE="></latexit><latexit sha1_base64="geqfPHROZN4l15miATuqCG7ddQE="></latexit><latexit sha1_base64="geqfPHROZN4l15miATuqCG7ddQE="></latexit>

l
<latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit>

Wl
<latexit sha1_base64="yc5QT7MXBhuJNJwGIUFXYcD3g9o="></latexit><latexit sha1_base64="yc5QT7MXBhuJNJwGIUFXYcD3g9o="></latexit><latexit sha1_base64="yc5QT7MXBhuJNJwGIUFXYcD3g9o="></latexit><latexit sha1_base64="yc5QT7MXBhuJNJwGIUFXYcD3g9o="></latexit>

l
<latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit>

xl
<latexit sha1_base64="/LTeRqFbTs0RVtMYGZGxbEnX9DE="></latexit><latexit sha1_base64="/LTeRqFbTs0RVtMYGZGxbEnX9DE="></latexit><latexit sha1_base64="/LTeRqFbTs0RVtMYGZGxbEnX9DE="></latexit><latexit sha1_base64="/LTeRqFbTs0RVtMYGZGxbEnX9DE="></latexit>

xl�1
<latexit sha1_base64="w53lUWMq41GnKvM6p0QKkRX15AY="></latexit><latexit sha1_base64="w53lUWMq41GnKvM6p0QKkRX15AY="></latexit><latexit sha1_base64="w53lUWMq41GnKvM6p0QKkRX15AY="></latexit><latexit sha1_base64="w53lUWMq41GnKvM6p0QKkRX15AY="></latexit>

fl
<latexit sha1_base64="10NVbipRcX2qoZnLSVu1qu/eIkQ="></latexit><latexit sha1_base64="10NVbipRcX2qoZnLSVu1qu/eIkQ="></latexit><latexit sha1_base64="10NVbipRcX2qoZnLSVu1qu/eIkQ="></latexit><latexit sha1_base64="10NVbipRcX2qoZnLSVu1qu/eIkQ="></latexit>

xl = fl(xl�1,Wl)
<latexit sha1_base64="+nrKfkA4ULRqc/sn7VXXMruCk8M="></latexit><latexit sha1_base64="+nrKfkA4ULRqc/sn7VXXMruCk8M="></latexit><latexit sha1_base64="+nrKfkA4ULRqc/sn7VXXMruCk8M="></latexit><latexit sha1_base64="+nrKfkA4ULRqc/sn7VXXMruCk8M="></latexit>

(input)

xL
<latexit sha1_base64="jdwPld+3IdUo44x72/RVxC1foFc="></latexit><latexit sha1_base64="jdwPld+3IdUo44x72/RVxC1foFc="></latexit><latexit sha1_base64="jdwPld+3IdUo44x72/RVxC1foFc="></latexit><latexit sha1_base64="jdwPld+3IdUo44x72/RVxC1foFc="></latexit>

x0
<latexit sha1_base64="i8RyUEbLG6/GLbN2oKZUlZEMDPA="></latexit><latexit sha1_base64="i8RyUEbLG6/GLbN2oKZUlZEMDPA="></latexit><latexit sha1_base64="i8RyUEbLG6/GLbN2oKZUlZEMDPA="></latexit><latexit sha1_base64="i8RyUEbLG6/GLbN2oKZUlZEMDPA="></latexit>

xL
<latexit sha1_base64="jdwPld+3IdUo44x72/RVxC1foFc="></latexit><latexit sha1_base64="jdwPld+3IdUo44x72/RVxC1foFc="></latexit><latexit sha1_base64="jdwPld+3IdUo44x72/RVxC1foFc="></latexit><latexit sha1_base64="jdwPld+3IdUo44x72/RVxC1foFc="></latexit>

xL�1
<latexit sha1_base64="Tck5RYijalGMl+9GWWx3x1Anmtk="></latexit><latexit sha1_base64="Tck5RYijalGMl+9GWWx3x1Anmtk="></latexit><latexit sha1_base64="Tck5RYijalGMl+9GWWx3x1Anmtk="></latexit><latexit sha1_base64="Tck5RYijalGMl+9GWWx3x1Anmtk="></latexit>

xl
<latexit sha1_base64="diGieRk/+yzlPAtbe3UVtxj2Xu8="></latexit><latexit sha1_base64="diGieRk/+yzlPAtbe3UVtxj2Xu8="></latexit><latexit sha1_base64="diGieRk/+yzlPAtbe3UVtxj2Xu8="></latexit><latexit sha1_base64="diGieRk/+yzlPAtbe3UVtxj2Xu8="></latexit>

xl�1
<latexit sha1_base64="w53lUWMq41GnKvM6p0QKkRX15AY="></latexit><latexit sha1_base64="w53lUWMq41GnKvM6p0QKkRX15AY="></latexit><latexit sha1_base64="w53lUWMq41GnKvM6p0QKkRX15AY="></latexit><latexit sha1_base64="w53lUWMq41GnKvM6p0QKkRX15AY="></latexit>

x1
<latexit sha1_base64="RAksMLp2OPTUerMMqkmFz+7ilFI="></latexit><latexit sha1_base64="RAksMLp2OPTUerMMqkmFz+7ilFI="></latexit><latexit sha1_base64="RAksMLp2OPTUerMMqkmFz+7ilFI="></latexit><latexit sha1_base64="RAksMLp2OPTUerMMqkmFz+7ilFI="></latexit>

x2
<latexit sha1_base64="hqP+d0RX9fdC+S4Oh85TVquApro="></latexit><latexit sha1_base64="hqP+d0RX9fdC+S4Oh85TVquApro="></latexit><latexit sha1_base64="hqP+d0RX9fdC+S4Oh85TVquApro="></latexit><latexit sha1_base64="hqP+d0RX9fdC+S4Oh85TVquApro="></latexit>

f1(x0,W1)
<latexit sha1_base64="v1zyA72mxtwMosebQalqA/o3XVg="></latexit><latexit sha1_base64="v1zyA72mxtwMosebQalqA/o3XVg="></latexit><latexit sha1_base64="v1zyA72mxtwMosebQalqA/o3XVg="></latexit><latexit sha1_base64="v1zyA72mxtwMosebQalqA/o3XVg="></latexit>

f2(x1,W2)
<latexit sha1_base64="KYWd/2Az0jlwk3aS8vfufNUgv7I="></latexit><latexit sha1_base64="KYWd/2Az0jlwk3aS8vfufNUgv7I="></latexit><latexit sha1_base64="KYWd/2Az0jlwk3aS8vfufNUgv7I="></latexit><latexit sha1_base64="KYWd/2Az0jlwk3aS8vfufNUgv7I="></latexit>

fl(xl�1,Wl)
<latexit sha1_base64="XI3tZHzm3SkIDzWpoF+hhhWkOtc="></latexit><latexit sha1_base64="XI3tZHzm3SkIDzWpoF+hhhWkOtc="></latexit><latexit sha1_base64="XI3tZHzm3SkIDzWpoF+hhhWkOtc="></latexit><latexit sha1_base64="XI3tZHzm3SkIDzWpoF+hhhWkOtc="></latexit>

fL(xL�1,WL)
<latexit sha1_base64="Zxg6Ga8VjapWNBfvlwvTSIZu414="></latexit><latexit sha1_base64="Zxg6Ga8VjapWNBfvlwvTSIZu414="></latexit><latexit sha1_base64="Zxg6Ga8VjapWNBfvlwvTSIZu414="></latexit><latexit sha1_base64="Zxg6Ga8VjapWNBfvlwvTSIZu414="></latexit>



…
…

(output)
• Consider model with     layers. Layer    has 

vector of weights 

• Forward pass: takes input           and passes 
it through each layer      : 
	 	  

• Output of layer    is      .  

• Network output (top layer) is       .

Forward pass
L

<latexit sha1_base64="geqfPHROZN4l15miATuqCG7ddQE="></latexit><latexit sha1_base64="geqfPHROZN4l15miATuqCG7ddQE="></latexit><latexit sha1_base64="geqfPHROZN4l15miATuqCG7ddQE="></latexit><latexit sha1_base64="geqfPHROZN4l15miATuqCG7ddQE="></latexit>

l
<latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit>

Wl
<latexit sha1_base64="yc5QT7MXBhuJNJwGIUFXYcD3g9o="></latexit><latexit sha1_base64="yc5QT7MXBhuJNJwGIUFXYcD3g9o="></latexit><latexit sha1_base64="yc5QT7MXBhuJNJwGIUFXYcD3g9o="></latexit><latexit sha1_base64="yc5QT7MXBhuJNJwGIUFXYcD3g9o="></latexit>

l
<latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit>

xl
<latexit sha1_base64="/LTeRqFbTs0RVtMYGZGxbEnX9DE="></latexit><latexit sha1_base64="/LTeRqFbTs0RVtMYGZGxbEnX9DE="></latexit><latexit sha1_base64="/LTeRqFbTs0RVtMYGZGxbEnX9DE="></latexit><latexit sha1_base64="/LTeRqFbTs0RVtMYGZGxbEnX9DE="></latexit>

xl�1
<latexit sha1_base64="w53lUWMq41GnKvM6p0QKkRX15AY="></latexit><latexit sha1_base64="w53lUWMq41GnKvM6p0QKkRX15AY="></latexit><latexit sha1_base64="w53lUWMq41GnKvM6p0QKkRX15AY="></latexit><latexit sha1_base64="w53lUWMq41GnKvM6p0QKkRX15AY="></latexit>

fl
<latexit sha1_base64="10NVbipRcX2qoZnLSVu1qu/eIkQ="></latexit><latexit sha1_base64="10NVbipRcX2qoZnLSVu1qu/eIkQ="></latexit><latexit sha1_base64="10NVbipRcX2qoZnLSVu1qu/eIkQ="></latexit><latexit sha1_base64="10NVbipRcX2qoZnLSVu1qu/eIkQ="></latexit>

xl = fl(xl�1,Wl)
<latexit sha1_base64="+nrKfkA4ULRqc/sn7VXXMruCk8M="></latexit><latexit sha1_base64="+nrKfkA4ULRqc/sn7VXXMruCk8M="></latexit><latexit sha1_base64="+nrKfkA4ULRqc/sn7VXXMruCk8M="></latexit><latexit sha1_base64="+nrKfkA4ULRqc/sn7VXXMruCk8M="></latexit>

(input)

xL
<latexit sha1_base64="jdwPld+3IdUo44x72/RVxC1foFc="></latexit><latexit sha1_base64="jdwPld+3IdUo44x72/RVxC1foFc="></latexit><latexit sha1_base64="jdwPld+3IdUo44x72/RVxC1foFc="></latexit><latexit sha1_base64="jdwPld+3IdUo44x72/RVxC1foFc="></latexit>

x0
<latexit sha1_base64="i8RyUEbLG6/GLbN2oKZUlZEMDPA="></latexit><latexit sha1_base64="i8RyUEbLG6/GLbN2oKZUlZEMDPA="></latexit><latexit sha1_base64="i8RyUEbLG6/GLbN2oKZUlZEMDPA="></latexit><latexit sha1_base64="i8RyUEbLG6/GLbN2oKZUlZEMDPA="></latexit>

xL
<latexit sha1_base64="jdwPld+3IdUo44x72/RVxC1foFc="></latexit><latexit sha1_base64="jdwPld+3IdUo44x72/RVxC1foFc="></latexit><latexit sha1_base64="jdwPld+3IdUo44x72/RVxC1foFc="></latexit><latexit sha1_base64="jdwPld+3IdUo44x72/RVxC1foFc="></latexit>

xL�1
<latexit sha1_base64="Tck5RYijalGMl+9GWWx3x1Anmtk="></latexit><latexit sha1_base64="Tck5RYijalGMl+9GWWx3x1Anmtk="></latexit><latexit sha1_base64="Tck5RYijalGMl+9GWWx3x1Anmtk="></latexit><latexit sha1_base64="Tck5RYijalGMl+9GWWx3x1Anmtk="></latexit>

xl
<latexit sha1_base64="diGieRk/+yzlPAtbe3UVtxj2Xu8="></latexit><latexit sha1_base64="diGieRk/+yzlPAtbe3UVtxj2Xu8="></latexit><latexit sha1_base64="diGieRk/+yzlPAtbe3UVtxj2Xu8="></latexit><latexit sha1_base64="diGieRk/+yzlPAtbe3UVtxj2Xu8="></latexit>

xl�1
<latexit sha1_base64="w53lUWMq41GnKvM6p0QKkRX15AY="></latexit><latexit sha1_base64="w53lUWMq41GnKvM6p0QKkRX15AY="></latexit><latexit sha1_base64="w53lUWMq41GnKvM6p0QKkRX15AY="></latexit><latexit sha1_base64="w53lUWMq41GnKvM6p0QKkRX15AY="></latexit>

x1
<latexit sha1_base64="RAksMLp2OPTUerMMqkmFz+7ilFI="></latexit><latexit sha1_base64="RAksMLp2OPTUerMMqkmFz+7ilFI="></latexit><latexit sha1_base64="RAksMLp2OPTUerMMqkmFz+7ilFI="></latexit><latexit sha1_base64="RAksMLp2OPTUerMMqkmFz+7ilFI="></latexit>

x2
<latexit sha1_base64="hqP+d0RX9fdC+S4Oh85TVquApro="></latexit><latexit sha1_base64="hqP+d0RX9fdC+S4Oh85TVquApro="></latexit><latexit sha1_base64="hqP+d0RX9fdC+S4Oh85TVquApro="></latexit><latexit sha1_base64="hqP+d0RX9fdC+S4Oh85TVquApro="></latexit>

f1(x0,W1)
<latexit sha1_base64="v1zyA72mxtwMosebQalqA/o3XVg="></latexit><latexit sha1_base64="v1zyA72mxtwMosebQalqA/o3XVg="></latexit><latexit sha1_base64="v1zyA72mxtwMosebQalqA/o3XVg="></latexit><latexit sha1_base64="v1zyA72mxtwMosebQalqA/o3XVg="></latexit>

f2(x1,W2)
<latexit sha1_base64="KYWd/2Az0jlwk3aS8vfufNUgv7I="></latexit><latexit sha1_base64="KYWd/2Az0jlwk3aS8vfufNUgv7I="></latexit><latexit sha1_base64="KYWd/2Az0jlwk3aS8vfufNUgv7I="></latexit><latexit sha1_base64="KYWd/2Az0jlwk3aS8vfufNUgv7I="></latexit>

fl(xl�1,Wl)
<latexit sha1_base64="XI3tZHzm3SkIDzWpoF+hhhWkOtc="></latexit><latexit sha1_base64="XI3tZHzm3SkIDzWpoF+hhhWkOtc="></latexit><latexit sha1_base64="XI3tZHzm3SkIDzWpoF+hhhWkOtc="></latexit><latexit sha1_base64="XI3tZHzm3SkIDzWpoF+hhhWkOtc="></latexit>

fL(xL�1,WL)
<latexit sha1_base64="Zxg6Ga8VjapWNBfvlwvTSIZu414="></latexit><latexit sha1_base64="Zxg6Ga8VjapWNBfvlwvTSIZu414="></latexit><latexit sha1_base64="Zxg6Ga8VjapWNBfvlwvTSIZu414="></latexit><latexit sha1_base64="Zxg6Ga8VjapWNBfvlwvTSIZu414="></latexit>

• Loss function     compares         to    .


• Overall cost is the sum of the losses over all 
training examples:

L
<latexit sha1_base64="rSdSHFd2CpN+yBrFt4sNljKoCMk="></latexit><latexit sha1_base64="rSdSHFd2CpN+yBrFt4sNljKoCMk="></latexit><latexit sha1_base64="rSdSHFd2CpN+yBrFt4sNljKoCMk="></latexit><latexit sha1_base64="rSdSHFd2CpN+yBrFt4sNljKoCMk="></latexit>

y
<latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit>

xL
<latexit sha1_base64="jdwPld+3IdUo44x72/RVxC1foFc="></latexit><latexit sha1_base64="jdwPld+3IdUo44x72/RVxC1foFc="></latexit><latexit sha1_base64="jdwPld+3IdUo44x72/RVxC1foFc="></latexit><latexit sha1_base64="jdwPld+3IdUo44x72/RVxC1foFc="></latexit>

J
<latexit sha1_base64="Ro1vbEsDMxSDmIPyW68eIg0SCUY="></latexit><latexit sha1_base64="Ro1vbEsDMxSDmIPyW68eIg0SCUY="></latexit><latexit sha1_base64="Ro1vbEsDMxSDmIPyW68eIg0SCUY="></latexit><latexit sha1_base64="Ro1vbEsDMxSDmIPyW68eIg0SCUY="></latexit>

J =
NX

i=1

L(x(i)
L ,y(i))

<latexit sha1_base64="TlTWd0tTriTu4b1NKvyLNX5cZ0A="></latexit><latexit sha1_base64="TlTWd0tTriTu4b1NKvyLNX5cZ0A="></latexit><latexit sha1_base64="TlTWd0tTriTu4b1NKvyLNX5cZ0A="></latexit><latexit sha1_base64="TlTWd0tTriTu4b1NKvyLNX5cZ0A="></latexit>

y
<latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit>

L(xL,y)
<latexit sha1_base64="dHDBhmNXsWreJxg8+UODyuW2JlM="></latexit><latexit sha1_base64="dHDBhmNXsWreJxg8+UODyuW2JlM="></latexit><latexit sha1_base64="dHDBhmNXsWreJxg8+UODyuW2JlM="></latexit><latexit sha1_base64="dHDBhmNXsWreJxg8+UODyuW2JlM="></latexit>



Gradient descent

• We need to compute gradients of the cost with 
respect to model parameters        . 

• By design, each layer is differentiable with respect 
to its parameters and input.

w1 w2

Wt

Wt+1J(W)

Wl
<latexit sha1_base64="yc5QT7MXBhuJNJwGIUFXYcD3g9o="></latexit><latexit sha1_base64="yc5QT7MXBhuJNJwGIUFXYcD3g9o="></latexit><latexit sha1_base64="yc5QT7MXBhuJNJwGIUFXYcD3g9o="></latexit><latexit sha1_base64="yc5QT7MXBhuJNJwGIUFXYcD3g9o="></latexit>

xL
<latexit sha1_base64="jdwPld+3IdUo44x72/RVxC1foFc="></latexit><latexit sha1_base64="jdwPld+3IdUo44x72/RVxC1foFc="></latexit><latexit sha1_base64="jdwPld+3IdUo44x72/RVxC1foFc="></latexit><latexit sha1_base64="jdwPld+3IdUo44x72/RVxC1foFc="></latexit>

…
…

x0
<latexit sha1_base64="i8RyUEbLG6/GLbN2oKZUlZEMDPA="></latexit><latexit sha1_base64="i8RyUEbLG6/GLbN2oKZUlZEMDPA="></latexit><latexit sha1_base64="i8RyUEbLG6/GLbN2oKZUlZEMDPA="></latexit><latexit sha1_base64="i8RyUEbLG6/GLbN2oKZUlZEMDPA="></latexit>

xL�1
<latexit sha1_base64="Tck5RYijalGMl+9GWWx3x1Anmtk="></latexit><latexit sha1_base64="Tck5RYijalGMl+9GWWx3x1Anmtk="></latexit><latexit sha1_base64="Tck5RYijalGMl+9GWWx3x1Anmtk="></latexit><latexit sha1_base64="Tck5RYijalGMl+9GWWx3x1Anmtk="></latexit>

xl
<latexit sha1_base64="diGieRk/+yzlPAtbe3UVtxj2Xu8="></latexit><latexit sha1_base64="diGieRk/+yzlPAtbe3UVtxj2Xu8="></latexit><latexit sha1_base64="diGieRk/+yzlPAtbe3UVtxj2Xu8="></latexit><latexit sha1_base64="diGieRk/+yzlPAtbe3UVtxj2Xu8="></latexit>

xl�1
<latexit sha1_base64="w53lUWMq41GnKvM6p0QKkRX15AY="></latexit><latexit sha1_base64="w53lUWMq41GnKvM6p0QKkRX15AY="></latexit><latexit sha1_base64="w53lUWMq41GnKvM6p0QKkRX15AY="></latexit><latexit sha1_base64="w53lUWMq41GnKvM6p0QKkRX15AY="></latexit>

x1
<latexit sha1_base64="RAksMLp2OPTUerMMqkmFz+7ilFI="></latexit><latexit sha1_base64="RAksMLp2OPTUerMMqkmFz+7ilFI="></latexit><latexit sha1_base64="RAksMLp2OPTUerMMqkmFz+7ilFI="></latexit><latexit sha1_base64="RAksMLp2OPTUerMMqkmFz+7ilFI="></latexit>

x2
<latexit sha1_base64="hqP+d0RX9fdC+S4Oh85TVquApro="></latexit><latexit sha1_base64="hqP+d0RX9fdC+S4Oh85TVquApro="></latexit><latexit sha1_base64="hqP+d0RX9fdC+S4Oh85TVquApro="></latexit><latexit sha1_base64="hqP+d0RX9fdC+S4Oh85TVquApro="></latexit>

f1(x0,W1)
<latexit sha1_base64="v1zyA72mxtwMosebQalqA/o3XVg="></latexit><latexit sha1_base64="v1zyA72mxtwMosebQalqA/o3XVg="></latexit><latexit sha1_base64="v1zyA72mxtwMosebQalqA/o3XVg="></latexit><latexit sha1_base64="v1zyA72mxtwMosebQalqA/o3XVg="></latexit>

f2(x1,W2)
<latexit sha1_base64="KYWd/2Az0jlwk3aS8vfufNUgv7I="></latexit><latexit sha1_base64="KYWd/2Az0jlwk3aS8vfufNUgv7I="></latexit><latexit sha1_base64="KYWd/2Az0jlwk3aS8vfufNUgv7I="></latexit><latexit sha1_base64="KYWd/2Az0jlwk3aS8vfufNUgv7I="></latexit>

fl(xl�1,Wl)
<latexit sha1_base64="XI3tZHzm3SkIDzWpoF+hhhWkOtc="></latexit><latexit sha1_base64="XI3tZHzm3SkIDzWpoF+hhhWkOtc="></latexit><latexit sha1_base64="XI3tZHzm3SkIDzWpoF+hhhWkOtc="></latexit><latexit sha1_base64="XI3tZHzm3SkIDzWpoF+hhhWkOtc="></latexit>

fL(xL�1,WL)
<latexit sha1_base64="Zxg6Ga8VjapWNBfvlwvTSIZu414="></latexit><latexit sha1_base64="Zxg6Ga8VjapWNBfvlwvTSIZu414="></latexit><latexit sha1_base64="Zxg6Ga8VjapWNBfvlwvTSIZu414="></latexit><latexit sha1_base64="Zxg6Ga8VjapWNBfvlwvTSIZu414="></latexit>

y
<latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit>

L(xL,y)
<latexit sha1_base64="dHDBhmNXsWreJxg8+UODyuW2JlM="></latexit><latexit sha1_base64="dHDBhmNXsWreJxg8+UODyuW2JlM="></latexit><latexit sha1_base64="dHDBhmNXsWreJxg8+UODyuW2JlM="></latexit><latexit sha1_base64="dHDBhmNXsWreJxg8+UODyuW2JlM="></latexit>

J
<latexit sha1_base64="Ro1vbEsDMxSDmIPyW68eIg0SCUY="></latexit><latexit sha1_base64="Ro1vbEsDMxSDmIPyW68eIg0SCUY="></latexit><latexit sha1_base64="Ro1vbEsDMxSDmIPyW68eIg0SCUY="></latexit><latexit sha1_base64="Ro1vbEsDMxSDmIPyW68eIg0SCUY="></latexit>



Computing gradients
To compute the gradients, we could start by writing the full 

energy J as a function of the network parameters.

And then compute the partial derivatives…  
@J

@Wl
<latexit sha1_base64="WqarhEcmYjpdH4Atvg21d+sP26c="></latexit><latexit sha1_base64="WqarhEcmYjpdH4Atvg21d+sP26c="></latexit><latexit sha1_base64="WqarhEcmYjpdH4Atvg21d+sP26c="></latexit><latexit sha1_base64="WqarhEcmYjpdH4Atvg21d+sP26c="></latexit>

instead, we can use the chain rule to derive a compact algorithm:  backpropagation

xL
<latexit sha1_base64="jdwPld+3IdUo44x72/RVxC1foFc="></latexit><latexit sha1_base64="jdwPld+3IdUo44x72/RVxC1foFc="></latexit><latexit sha1_base64="jdwPld+3IdUo44x72/RVxC1foFc="></latexit><latexit sha1_base64="jdwPld+3IdUo44x72/RVxC1foFc="></latexit>

…
…

x0
<latexit sha1_base64="i8RyUEbLG6/GLbN2oKZUlZEMDPA="></latexit><latexit sha1_base64="i8RyUEbLG6/GLbN2oKZUlZEMDPA="></latexit><latexit sha1_base64="i8RyUEbLG6/GLbN2oKZUlZEMDPA="></latexit><latexit sha1_base64="i8RyUEbLG6/GLbN2oKZUlZEMDPA="></latexit>

xL�1
<latexit sha1_base64="Tck5RYijalGMl+9GWWx3x1Anmtk="></latexit><latexit sha1_base64="Tck5RYijalGMl+9GWWx3x1Anmtk="></latexit><latexit sha1_base64="Tck5RYijalGMl+9GWWx3x1Anmtk="></latexit><latexit sha1_base64="Tck5RYijalGMl+9GWWx3x1Anmtk="></latexit>

xl
<latexit sha1_base64="diGieRk/+yzlPAtbe3UVtxj2Xu8="></latexit><latexit sha1_base64="diGieRk/+yzlPAtbe3UVtxj2Xu8="></latexit><latexit sha1_base64="diGieRk/+yzlPAtbe3UVtxj2Xu8="></latexit><latexit sha1_base64="diGieRk/+yzlPAtbe3UVtxj2Xu8="></latexit>

xl�1
<latexit sha1_base64="w53lUWMq41GnKvM6p0QKkRX15AY="></latexit><latexit sha1_base64="w53lUWMq41GnKvM6p0QKkRX15AY="></latexit><latexit sha1_base64="w53lUWMq41GnKvM6p0QKkRX15AY="></latexit><latexit sha1_base64="w53lUWMq41GnKvM6p0QKkRX15AY="></latexit>

x1
<latexit sha1_base64="RAksMLp2OPTUerMMqkmFz+7ilFI="></latexit><latexit sha1_base64="RAksMLp2OPTUerMMqkmFz+7ilFI="></latexit><latexit sha1_base64="RAksMLp2OPTUerMMqkmFz+7ilFI="></latexit><latexit sha1_base64="RAksMLp2OPTUerMMqkmFz+7ilFI="></latexit>

x2
<latexit sha1_base64="hqP+d0RX9fdC+S4Oh85TVquApro="></latexit><latexit sha1_base64="hqP+d0RX9fdC+S4Oh85TVquApro="></latexit><latexit sha1_base64="hqP+d0RX9fdC+S4Oh85TVquApro="></latexit><latexit sha1_base64="hqP+d0RX9fdC+S4Oh85TVquApro="></latexit>

f1(x0,W1)
<latexit sha1_base64="v1zyA72mxtwMosebQalqA/o3XVg="></latexit><latexit sha1_base64="v1zyA72mxtwMosebQalqA/o3XVg="></latexit><latexit sha1_base64="v1zyA72mxtwMosebQalqA/o3XVg="></latexit><latexit sha1_base64="v1zyA72mxtwMosebQalqA/o3XVg="></latexit>

f2(x1,W2)
<latexit sha1_base64="KYWd/2Az0jlwk3aS8vfufNUgv7I="></latexit><latexit sha1_base64="KYWd/2Az0jlwk3aS8vfufNUgv7I="></latexit><latexit sha1_base64="KYWd/2Az0jlwk3aS8vfufNUgv7I="></latexit><latexit sha1_base64="KYWd/2Az0jlwk3aS8vfufNUgv7I="></latexit>

fl(xl�1,Wl)
<latexit sha1_base64="XI3tZHzm3SkIDzWpoF+hhhWkOtc="></latexit><latexit sha1_base64="XI3tZHzm3SkIDzWpoF+hhhWkOtc="></latexit><latexit sha1_base64="XI3tZHzm3SkIDzWpoF+hhhWkOtc="></latexit><latexit sha1_base64="XI3tZHzm3SkIDzWpoF+hhhWkOtc="></latexit>

fL(xL�1,WL)
<latexit sha1_base64="Zxg6Ga8VjapWNBfvlwvTSIZu414="></latexit><latexit sha1_base64="Zxg6Ga8VjapWNBfvlwvTSIZu414="></latexit><latexit sha1_base64="Zxg6Ga8VjapWNBfvlwvTSIZu414="></latexit><latexit sha1_base64="Zxg6Ga8VjapWNBfvlwvTSIZu414="></latexit>

y
<latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit>

L(xL,y)
<latexit sha1_base64="dHDBhmNXsWreJxg8+UODyuW2JlM="></latexit><latexit sha1_base64="dHDBhmNXsWreJxg8+UODyuW2JlM="></latexit><latexit sha1_base64="dHDBhmNXsWreJxg8+UODyuW2JlM="></latexit><latexit sha1_base64="dHDBhmNXsWreJxg8+UODyuW2JlM="></latexit>

J
<latexit sha1_base64="Ro1vbEsDMxSDmIPyW68eIg0SCUY="></latexit><latexit sha1_base64="Ro1vbEsDMxSDmIPyW68eIg0SCUY="></latexit><latexit sha1_base64="Ro1vbEsDMxSDmIPyW68eIg0SCUY="></latexit><latexit sha1_base64="Ro1vbEsDMxSDmIPyW68eIg0SCUY="></latexit>

J(W) =
X

i=1

L(fL(. . . f2(f1(x(i)
0 ,W1),W2), . . .WL),y

(i))
<latexit sha1_base64="0TxJdO49oZyyUG4B9CXEGIykfW8="></latexit><latexit sha1_base64="0TxJdO49oZyyUG4B9CXEGIykfW8="></latexit><latexit sha1_base64="0TxJdO49oZyyUG4B9CXEGIykfW8="></latexit><latexit sha1_base64="0TxJdO49oZyyUG4B9CXEGIykfW8="></latexit>



(



Matrix calculus

• We now define a function on vector    : 
• If     is a scalar, then 

• If    is a vector          , then (Jacobian formulation): 
The derivative of y is a row vector of size

•    column vector of size           :

The derivative of y is a matrix of size 
(m rows and n columns)

x
<latexit sha1_base64="zwEMvSbkS4FIgegmMbUfQMWaHVI="></latexit><latexit sha1_base64="zwEMvSbkS4FIgegmMbUfQMWaHVI="></latexit><latexit sha1_base64="zwEMvSbkS4FIgegmMbUfQMWaHVI="></latexit><latexit sha1_base64="zwEMvSbkS4FIgegmMbUfQMWaHVI="></latexit>

x =

0

BBB@

x1

x2
...
xn

1

CCCA

<latexit sha1_base64="DrzK9aaDcNyjAMqk+t9PNlMk9po="></latexit><latexit sha1_base64="DrzK9aaDcNyjAMqk+t9PNlMk9po="></latexit><latexit sha1_base64="DrzK9aaDcNyjAMqk+t9PNlMk9po="></latexit><latexit sha1_base64="DrzK9aaDcNyjAMqk+t9PNlMk9po="></latexit>

[n⇥ 1]
<latexit sha1_base64="gaxDm4N1epQsbEeS2rqRATvqQbc="></latexit><latexit sha1_base64="gaxDm4N1epQsbEeS2rqRATvqQbc="></latexit><latexit sha1_base64="gaxDm4N1epQsbEeS2rqRATvqQbc="></latexit><latexit sha1_base64="gaxDm4N1epQsbEeS2rqRATvqQbc="></latexit>

y
<latexit sha1_base64="nxjwBrlM1ZSf2muruIgjuCSFBj0="></latexit><latexit sha1_base64="nxjwBrlM1ZSf2muruIgjuCSFBj0="></latexit><latexit sha1_base64="nxjwBrlM1ZSf2muruIgjuCSFBj0="></latexit><latexit sha1_base64="nxjwBrlM1ZSf2muruIgjuCSFBj0="></latexit>

@y

@x
=

⇣
@y
@x1

@y
@x2

· · · @y
@xn

⌘

<latexit sha1_base64="xu/PGQXlOgSTTFwUHswiWVkl2Ho="></latexit><latexit sha1_base64="xu/PGQXlOgSTTFwUHswiWVkl2Ho="></latexit><latexit sha1_base64="xu/PGQXlOgSTTFwUHswiWVkl2Ho="></latexit><latexit sha1_base64="xu/PGQXlOgSTTFwUHswiWVkl2Ho="></latexit>

y
<latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit>

@y

@x
=

0

B@

@y1

@x1

@y1

@x2
· · · @y1

@xn

...
...

...
...

@ym

@x1

@ym

@x2
· · · @ym

@xn

1

CA

<latexit sha1_base64="lhhTP9h+EaNWnEvPKmtj1P5tng0="></latexit><latexit sha1_base64="lhhTP9h+EaNWnEvPKmtj1P5tng0="></latexit><latexit sha1_base64="lhhTP9h+EaNWnEvPKmtj1P5tng0="></latexit><latexit sha1_base64="lhhTP9h+EaNWnEvPKmtj1P5tng0="></latexit>

[m⇥ 1]
<latexit sha1_base64="Cl1yRRu+b8IS9s/JdXSYCrL5tTU="></latexit><latexit sha1_base64="Cl1yRRu+b8IS9s/JdXSYCrL5tTU="></latexit><latexit sha1_base64="Cl1yRRu+b8IS9s/JdXSYCrL5tTU="></latexit><latexit sha1_base64="Cl1yRRu+b8IS9s/JdXSYCrL5tTU="></latexit>

[1⇥ n]
<latexit sha1_base64="10NVHCASanErYXmGQdGaWmbHyCw="></latexit><latexit sha1_base64="10NVHCASanErYXmGQdGaWmbHyCw="></latexit><latexit sha1_base64="10NVHCASanErYXmGQdGaWmbHyCw="></latexit><latexit sha1_base64="10NVHCASanErYXmGQdGaWmbHyCw="></latexit>

[m⇥ n]
<latexit sha1_base64="+457GWhzGDE1+WZEu/AzspiVebc="></latexit><latexit sha1_base64="+457GWhzGDE1+WZEu/AzspiVebc="></latexit><latexit sha1_base64="+457GWhzGDE1+WZEu/AzspiVebc="></latexit><latexit sha1_base64="+457GWhzGDE1+WZEu/AzspiVebc="></latexit>

y = f(x)
<latexit sha1_base64="vU6ilCS+WyekXv4l6Lz9By8P7N0="></latexit><latexit sha1_base64="vU6ilCS+WyekXv4l6Lz9By8P7N0="></latexit><latexit sha1_base64="vU6ilCS+WyekXv4l6Lz9By8P7N0="></latexit><latexit sha1_base64="vU6ilCS+WyekXv4l6Lz9By8P7N0="></latexit>

x
<latexit sha1_base64="zwEMvSbkS4FIgegmMbUfQMWaHVI="></latexit><latexit sha1_base64="zwEMvSbkS4FIgegmMbUfQMWaHVI="></latexit><latexit sha1_base64="zwEMvSbkS4FIgegmMbUfQMWaHVI="></latexit><latexit sha1_base64="zwEMvSbkS4FIgegmMbUfQMWaHVI="></latexit>



The output is a matrix of size [m⇥ n]
<latexit sha1_base64="+457GWhzGDE1+WZEu/AzspiVebc="></latexit><latexit sha1_base64="+457GWhzGDE1+WZEu/AzspiVebc="></latexit><latexit sha1_base64="+457GWhzGDE1+WZEu/AzspiVebc="></latexit><latexit sha1_base64="+457GWhzGDE1+WZEu/AzspiVebc="></latexit>

Matrix calculus

• If    is a scalar and      is a matrix of size            , then y
<latexit sha1_base64="nxjwBrlM1ZSf2muruIgjuCSFBj0="></latexit><latexit sha1_base64="nxjwBrlM1ZSf2muruIgjuCSFBj0="></latexit><latexit sha1_base64="nxjwBrlM1ZSf2muruIgjuCSFBj0="></latexit><latexit sha1_base64="nxjwBrlM1ZSf2muruIgjuCSFBj0="></latexit>

X
<latexit sha1_base64="/MdizKBGg0TUjUYsYYtBIJVSn9c="></latexit><latexit sha1_base64="/MdizKBGg0TUjUYsYYtBIJVSn9c="></latexit><latexit sha1_base64="/MdizKBGg0TUjUYsYYtBIJVSn9c="></latexit><latexit sha1_base64="/MdizKBGg0TUjUYsYYtBIJVSn9c="></latexit>

[n⇥m]
<latexit sha1_base64="H5RRHtLN2MI/bj4yjGmSwCLSHfE="></latexit><latexit sha1_base64="H5RRHtLN2MI/bj4yjGmSwCLSHfE="></latexit><latexit sha1_base64="H5RRHtLN2MI/bj4yjGmSwCLSHfE="></latexit><latexit sha1_base64="H5RRHtLN2MI/bj4yjGmSwCLSHfE="></latexit>

@y

@X
=

0

B@

@y
@x11

@y
@x21

· · · @y
@xn1

...
...

...
...

@y
@x1m

@y
@x2m

· · · @y
@xnm

1

CA

<latexit sha1_base64="SR9ilQTmfFiz6FiTlEVssphaHUY="></latexit><latexit sha1_base64="SR9ilQTmfFiz6FiTlEVssphaHUY="></latexit><latexit sha1_base64="SR9ilQTmfFiz6FiTlEVssphaHUY="></latexit><latexit sha1_base64="SR9ilQTmfFiz6FiTlEVssphaHUY="></latexit>

Wikipedia: The three types of derivatives that have not been considered are those involving vectors-by-matrices, matrices-by-vectors,  
and matrices-by-matrices. These are not as widely considered and a notation is not widely agreed upon. 



• Chain rule:
Matrix calculus

@z

@x

����
x=a

=
@z

@u

����
u=g(a)

· @u
@x

����
x=a

<latexit sha1_base64="ynNHWCr/4PvYZMzy9+iTOBgY+Ug="></latexit><latexit sha1_base64="ynNHWCr/4PvYZMzy9+iTOBgY+Ug="></latexit><latexit sha1_base64="ynNHWCr/4PvYZMzy9+iTOBgY+Ug="></latexit><latexit sha1_base64="ynNHWCr/4PvYZMzy9+iTOBgY+Ug="></latexit>

Its derivative is: h0(x) = f 0(g(x))g0(x)
<latexit sha1_base64="LYSCPiFYvBKsr+WZQK1gle4M9hI="></latexit><latexit sha1_base64="LYSCPiFYvBKsr+WZQK1gle4M9hI="></latexit><latexit sha1_base64="LYSCPiFYvBKsr+WZQK1gle4M9hI="></latexit><latexit sha1_base64="LYSCPiFYvBKsr+WZQK1gle4M9hI="></latexit>

For the function:  z = h(x) = f(g(x))
<latexit sha1_base64="Dekv7rOY1VIDB8ld4v5E0QN5+WQ="></latexit><latexit sha1_base64="Dekv7rOY1VIDB8ld4v5E0QN5+WQ="></latexit><latexit sha1_base64="Dekv7rOY1VIDB8ld4v5E0QN5+WQ="></latexit><latexit sha1_base64="Dekv7rOY1VIDB8ld4v5E0QN5+WQ="></latexit>

and writing              , and              : z = f(u)
<latexit sha1_base64="DqRvDzORlGzMOGLO2A1BFowGSnY="></latexit><latexit sha1_base64="DqRvDzORlGzMOGLO2A1BFowGSnY="></latexit><latexit sha1_base64="DqRvDzORlGzMOGLO2A1BFowGSnY="></latexit><latexit sha1_base64="DqRvDzORlGzMOGLO2A1BFowGSnY="></latexit>

u = g(x)
<latexit sha1_base64="QchBGz+YM38uKdgxWghHbWS1oeo="></latexit><latexit sha1_base64="QchBGz+YM38uKdgxWghHbWS1oeo="></latexit><latexit sha1_base64="QchBGz+YM38uKdgxWghHbWS1oeo="></latexit><latexit sha1_base64="QchBGz+YM38uKdgxWghHbWS1oeo="></latexit>

Example, if           ,           ,|z| = 1
<latexit sha1_base64="X5g/+tTygU/TyH4l8rjFC4oWNrM="></latexit><latexit sha1_base64="X5g/+tTygU/TyH4l8rjFC4oWNrM="></latexit><latexit sha1_base64="X5g/+tTygU/TyH4l8rjFC4oWNrM="></latexit><latexit sha1_base64="X5g/+tTygU/TyH4l8rjFC4oWNrM="></latexit>

|u| = 2
<latexit sha1_base64="JVMqEiFk4AgLPenim6gLH5Wnevo="></latexit><latexit sha1_base64="JVMqEiFk4AgLPenim6gLH5Wnevo="></latexit><latexit sha1_base64="JVMqEiFk4AgLPenim6gLH5Wnevo="></latexit><latexit sha1_base64="JVMqEiFk4AgLPenim6gLH5Wnevo="></latexit>

|x| = 4
<latexit sha1_base64="d5rySL4b7QnPBjhp6PkT3B8wGwg="></latexit><latexit sha1_base64="d5rySL4b7QnPBjhp6PkT3B8wGwg="></latexit><latexit sha1_base64="d5rySL4b7QnPBjhp6PkT3B8wGwg="></latexit><latexit sha1_base64="d5rySL4b7QnPBjhp6PkT3B8wGwg="></latexit>

h0(x) =
<latexit sha1_base64="NjC5aDOGxi7WF6YzP0/Y9ArLr7s="></latexit><latexit sha1_base64="NjC5aDOGxi7WF6YzP0/Y9ArLr7s="></latexit><latexit sha1_base64="NjC5aDOGxi7WF6YzP0/Y9ArLr7s="></latexit><latexit sha1_base64="NjC5aDOGxi7WF6YzP0/Y9ArLr7s="></latexit>

=<latexit sha1_base64="FP97J9w90+Q0aCd9FyHXELYKqS4="></latexit><latexit sha1_base64="FP97J9w90+Q0aCd9FyHXELYKqS4="></latexit><latexit sha1_base64="FP97J9w90+Q0aCd9FyHXELYKqS4="></latexit><latexit sha1_base64="FP97J9w90+Q0aCd9FyHXELYKqS4="></latexit>

[m⇥ n]
<latexit sha1_base64="+457GWhzGDE1+WZEu/AzspiVebc="></latexit><latexit sha1_base64="+457GWhzGDE1+WZEu/AzspiVebc="></latexit><latexit sha1_base64="+457GWhzGDE1+WZEu/AzspiVebc="></latexit><latexit sha1_base64="+457GWhzGDE1+WZEu/AzspiVebc="></latexit>

[m⇥ p]
<latexit sha1_base64="7YQpTCH2voPFgunVKvbX7Z9z02s="></latexit><latexit sha1_base64="7YQpTCH2voPFgunVKvbX7Z9z02s="></latexit><latexit sha1_base64="7YQpTCH2voPFgunVKvbX7Z9z02s="></latexit><latexit sha1_base64="7YQpTCH2voPFgunVKvbX7Z9z02s="></latexit>

[p⇥ n]
<latexit sha1_base64="VglHoRQOtG6EjbLulgPa453K61I="></latexit><latexit sha1_base64="VglHoRQOtG6EjbLulgPa453K61I="></latexit><latexit sha1_base64="VglHoRQOtG6EjbLulgPa453K61I="></latexit><latexit sha1_base64="VglHoRQOtG6EjbLulgPa453K61I="></latexit>

with         length of vector             ,            ,  and p =
<latexit sha1_base64="a3D/eDG54KzmCjU5lV2wRUqU1rE="></latexit><latexit sha1_base64="a3D/eDG54KzmCjU5lV2wRUqU1rE="></latexit><latexit sha1_base64="a3D/eDG54KzmCjU5lV2wRUqU1rE="></latexit><latexit sha1_base64="a3D/eDG54KzmCjU5lV2wRUqU1rE="></latexit>

u
<latexit sha1_base64="MV2GDRT0V8srlHfkOV7lhpEUB3Q="></latexit><latexit sha1_base64="MV2GDRT0V8srlHfkOV7lhpEUB3Q="></latexit><latexit sha1_base64="MV2GDRT0V8srlHfkOV7lhpEUB3Q="></latexit><latexit sha1_base64="MV2GDRT0V8srlHfkOV7lhpEUB3Q="></latexit>

= |u|
<latexit sha1_base64="YddDzxjx1Dj81S4MlujKWXK/8LM="></latexit><latexit sha1_base64="YddDzxjx1Dj81S4MlujKWXK/8LM="></latexit><latexit sha1_base64="YddDzxjx1Dj81S4MlujKWXK/8LM="></latexit><latexit sha1_base64="YddDzxjx1Dj81S4MlujKWXK/8LM="></latexit>

m = |z|
<latexit sha1_base64="Yv3X0h9eFI0kDcNjxavEunq1ROc="></latexit><latexit sha1_base64="Yv3X0h9eFI0kDcNjxavEunq1ROc="></latexit><latexit sha1_base64="Yv3X0h9eFI0kDcNjxavEunq1ROc="></latexit><latexit sha1_base64="Yv3X0h9eFI0kDcNjxavEunq1ROc="></latexit>

n = |x|
<latexit sha1_base64="ydkckvC01CLIt0oqQFLhVL/bt7o="></latexit><latexit sha1_base64="ydkckvC01CLIt0oqQFLhVL/bt7o="></latexit><latexit sha1_base64="ydkckvC01CLIt0oqQFLhVL/bt7o="></latexit><latexit sha1_base64="ydkckvC01CLIt0oqQFLhVL/bt7o="></latexit>



)



To compute the gradients, we could start by writing the full 
energy J as a function of the network parameters.

And then compute the partial derivatives… instead, we 
can use the chain rule to derive a compact algorithm:  
backpropagation

xL
<latexit sha1_base64="jdwPld+3IdUo44x72/RVxC1foFc="></latexit><latexit sha1_base64="jdwPld+3IdUo44x72/RVxC1foFc="></latexit><latexit sha1_base64="jdwPld+3IdUo44x72/RVxC1foFc="></latexit><latexit sha1_base64="jdwPld+3IdUo44x72/RVxC1foFc="></latexit>

…
…

x0
<latexit sha1_base64="i8RyUEbLG6/GLbN2oKZUlZEMDPA="></latexit><latexit sha1_base64="i8RyUEbLG6/GLbN2oKZUlZEMDPA="></latexit><latexit sha1_base64="i8RyUEbLG6/GLbN2oKZUlZEMDPA="></latexit><latexit sha1_base64="i8RyUEbLG6/GLbN2oKZUlZEMDPA="></latexit>

xL�1
<latexit sha1_base64="Tck5RYijalGMl+9GWWx3x1Anmtk="></latexit><latexit sha1_base64="Tck5RYijalGMl+9GWWx3x1Anmtk="></latexit><latexit sha1_base64="Tck5RYijalGMl+9GWWx3x1Anmtk="></latexit><latexit sha1_base64="Tck5RYijalGMl+9GWWx3x1Anmtk="></latexit>

xl
<latexit sha1_base64="diGieRk/+yzlPAtbe3UVtxj2Xu8="></latexit><latexit sha1_base64="diGieRk/+yzlPAtbe3UVtxj2Xu8="></latexit><latexit sha1_base64="diGieRk/+yzlPAtbe3UVtxj2Xu8="></latexit><latexit sha1_base64="diGieRk/+yzlPAtbe3UVtxj2Xu8="></latexit>

xl�1
<latexit sha1_base64="w53lUWMq41GnKvM6p0QKkRX15AY="></latexit><latexit sha1_base64="w53lUWMq41GnKvM6p0QKkRX15AY="></latexit><latexit sha1_base64="w53lUWMq41GnKvM6p0QKkRX15AY="></latexit><latexit sha1_base64="w53lUWMq41GnKvM6p0QKkRX15AY="></latexit>

x1
<latexit sha1_base64="RAksMLp2OPTUerMMqkmFz+7ilFI="></latexit><latexit sha1_base64="RAksMLp2OPTUerMMqkmFz+7ilFI="></latexit><latexit sha1_base64="RAksMLp2OPTUerMMqkmFz+7ilFI="></latexit><latexit sha1_base64="RAksMLp2OPTUerMMqkmFz+7ilFI="></latexit>

x2
<latexit sha1_base64="hqP+d0RX9fdC+S4Oh85TVquApro="></latexit><latexit sha1_base64="hqP+d0RX9fdC+S4Oh85TVquApro="></latexit><latexit sha1_base64="hqP+d0RX9fdC+S4Oh85TVquApro="></latexit><latexit sha1_base64="hqP+d0RX9fdC+S4Oh85TVquApro="></latexit>

f1(x0,W1)
<latexit sha1_base64="v1zyA72mxtwMosebQalqA/o3XVg="></latexit><latexit sha1_base64="v1zyA72mxtwMosebQalqA/o3XVg="></latexit><latexit sha1_base64="v1zyA72mxtwMosebQalqA/o3XVg="></latexit><latexit sha1_base64="v1zyA72mxtwMosebQalqA/o3XVg="></latexit>

f2(x1,W2)
<latexit sha1_base64="KYWd/2Az0jlwk3aS8vfufNUgv7I="></latexit><latexit sha1_base64="KYWd/2Az0jlwk3aS8vfufNUgv7I="></latexit><latexit sha1_base64="KYWd/2Az0jlwk3aS8vfufNUgv7I="></latexit><latexit sha1_base64="KYWd/2Az0jlwk3aS8vfufNUgv7I="></latexit>

fl(xl�1,Wl)
<latexit sha1_base64="XI3tZHzm3SkIDzWpoF+hhhWkOtc="></latexit><latexit sha1_base64="XI3tZHzm3SkIDzWpoF+hhhWkOtc="></latexit><latexit sha1_base64="XI3tZHzm3SkIDzWpoF+hhhWkOtc="></latexit><latexit sha1_base64="XI3tZHzm3SkIDzWpoF+hhhWkOtc="></latexit>

fL(xL�1,WL)
<latexit sha1_base64="Zxg6Ga8VjapWNBfvlwvTSIZu414="></latexit><latexit sha1_base64="Zxg6Ga8VjapWNBfvlwvTSIZu414="></latexit><latexit sha1_base64="Zxg6Ga8VjapWNBfvlwvTSIZu414="></latexit><latexit sha1_base64="Zxg6Ga8VjapWNBfvlwvTSIZu414="></latexit>

y
<latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit>

L(xL,y)
<latexit sha1_base64="dHDBhmNXsWreJxg8+UODyuW2JlM="></latexit><latexit sha1_base64="dHDBhmNXsWreJxg8+UODyuW2JlM="></latexit><latexit sha1_base64="dHDBhmNXsWreJxg8+UODyuW2JlM="></latexit><latexit sha1_base64="dHDBhmNXsWreJxg8+UODyuW2JlM="></latexit>

J
<latexit sha1_base64="Ro1vbEsDMxSDmIPyW68eIg0SCUY="></latexit><latexit sha1_base64="Ro1vbEsDMxSDmIPyW68eIg0SCUY="></latexit><latexit sha1_base64="Ro1vbEsDMxSDmIPyW68eIg0SCUY="></latexit><latexit sha1_base64="Ro1vbEsDMxSDmIPyW68eIg0SCUY="></latexit>

J(W) =
X

i=1

L(fL(. . . f2(f1(x(i)
0 ,W1),W2), . . .WL),y

(i))
<latexit sha1_base64="0TxJdO49oZyyUG4B9CXEGIykfW8="></latexit><latexit sha1_base64="0TxJdO49oZyyUG4B9CXEGIykfW8="></latexit><latexit sha1_base64="0TxJdO49oZyyUG4B9CXEGIykfW8="></latexit><latexit sha1_base64="0TxJdO49oZyyUG4B9CXEGIykfW8="></latexit>

Computing gradients



The loss J is the sum of the losses associated 
with each training example

Its gradient with respect to each of the network’s 
parameters w is:

is how much J varies when the parameter w is varied.

xL
<latexit sha1_base64="jdwPld+3IdUo44x72/RVxC1foFc="></latexit><latexit sha1_base64="jdwPld+3IdUo44x72/RVxC1foFc="></latexit><latexit sha1_base64="jdwPld+3IdUo44x72/RVxC1foFc="></latexit><latexit sha1_base64="jdwPld+3IdUo44x72/RVxC1foFc="></latexit>

…
…

x0
<latexit sha1_base64="i8RyUEbLG6/GLbN2oKZUlZEMDPA="></latexit><latexit sha1_base64="i8RyUEbLG6/GLbN2oKZUlZEMDPA="></latexit><latexit sha1_base64="i8RyUEbLG6/GLbN2oKZUlZEMDPA="></latexit><latexit sha1_base64="i8RyUEbLG6/GLbN2oKZUlZEMDPA="></latexit>

xL�1
<latexit sha1_base64="Tck5RYijalGMl+9GWWx3x1Anmtk="></latexit><latexit sha1_base64="Tck5RYijalGMl+9GWWx3x1Anmtk="></latexit><latexit sha1_base64="Tck5RYijalGMl+9GWWx3x1Anmtk="></latexit><latexit sha1_base64="Tck5RYijalGMl+9GWWx3x1Anmtk="></latexit>

xl
<latexit sha1_base64="diGieRk/+yzlPAtbe3UVtxj2Xu8="></latexit><latexit sha1_base64="diGieRk/+yzlPAtbe3UVtxj2Xu8="></latexit><latexit sha1_base64="diGieRk/+yzlPAtbe3UVtxj2Xu8="></latexit><latexit sha1_base64="diGieRk/+yzlPAtbe3UVtxj2Xu8="></latexit>

xl�1
<latexit sha1_base64="w53lUWMq41GnKvM6p0QKkRX15AY="></latexit><latexit sha1_base64="w53lUWMq41GnKvM6p0QKkRX15AY="></latexit><latexit sha1_base64="w53lUWMq41GnKvM6p0QKkRX15AY="></latexit><latexit sha1_base64="w53lUWMq41GnKvM6p0QKkRX15AY="></latexit>

x1
<latexit sha1_base64="RAksMLp2OPTUerMMqkmFz+7ilFI="></latexit><latexit sha1_base64="RAksMLp2OPTUerMMqkmFz+7ilFI="></latexit><latexit sha1_base64="RAksMLp2OPTUerMMqkmFz+7ilFI="></latexit><latexit sha1_base64="RAksMLp2OPTUerMMqkmFz+7ilFI="></latexit>

x2
<latexit sha1_base64="hqP+d0RX9fdC+S4Oh85TVquApro="></latexit><latexit sha1_base64="hqP+d0RX9fdC+S4Oh85TVquApro="></latexit><latexit sha1_base64="hqP+d0RX9fdC+S4Oh85TVquApro="></latexit><latexit sha1_base64="hqP+d0RX9fdC+S4Oh85TVquApro="></latexit>

f1(x0,W1)
<latexit sha1_base64="v1zyA72mxtwMosebQalqA/o3XVg="></latexit><latexit sha1_base64="v1zyA72mxtwMosebQalqA/o3XVg="></latexit><latexit sha1_base64="v1zyA72mxtwMosebQalqA/o3XVg="></latexit><latexit sha1_base64="v1zyA72mxtwMosebQalqA/o3XVg="></latexit>

f2(x1,W2)
<latexit sha1_base64="KYWd/2Az0jlwk3aS8vfufNUgv7I="></latexit><latexit sha1_base64="KYWd/2Az0jlwk3aS8vfufNUgv7I="></latexit><latexit sha1_base64="KYWd/2Az0jlwk3aS8vfufNUgv7I="></latexit><latexit sha1_base64="KYWd/2Az0jlwk3aS8vfufNUgv7I="></latexit>

fl(xl�1,Wl)
<latexit sha1_base64="XI3tZHzm3SkIDzWpoF+hhhWkOtc="></latexit><latexit sha1_base64="XI3tZHzm3SkIDzWpoF+hhhWkOtc="></latexit><latexit sha1_base64="XI3tZHzm3SkIDzWpoF+hhhWkOtc="></latexit><latexit sha1_base64="XI3tZHzm3SkIDzWpoF+hhhWkOtc="></latexit>

fL(xL�1,WL)
<latexit sha1_base64="Zxg6Ga8VjapWNBfvlwvTSIZu414="></latexit><latexit sha1_base64="Zxg6Ga8VjapWNBfvlwvTSIZu414="></latexit><latexit sha1_base64="Zxg6Ga8VjapWNBfvlwvTSIZu414="></latexit><latexit sha1_base64="Zxg6Ga8VjapWNBfvlwvTSIZu414="></latexit>

y
<latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit>

L(xL,y)
<latexit sha1_base64="dHDBhmNXsWreJxg8+UODyuW2JlM="></latexit><latexit sha1_base64="dHDBhmNXsWreJxg8+UODyuW2JlM="></latexit><latexit sha1_base64="dHDBhmNXsWreJxg8+UODyuW2JlM="></latexit><latexit sha1_base64="dHDBhmNXsWreJxg8+UODyuW2JlM="></latexit>

J
<latexit sha1_base64="Ro1vbEsDMxSDmIPyW68eIg0SCUY="></latexit><latexit sha1_base64="Ro1vbEsDMxSDmIPyW68eIg0SCUY="></latexit><latexit sha1_base64="Ro1vbEsDMxSDmIPyW68eIg0SCUY="></latexit><latexit sha1_base64="Ro1vbEsDMxSDmIPyW68eIg0SCUY="></latexit>

Computing gradients
{x(i)

0 ,y(i)}
<latexit sha1_base64="zKisweK3cFeY1mQ3JQgx2MDraRU="></latexit><latexit sha1_base64="zKisweK3cFeY1mQ3JQgx2MDraRU="></latexit><latexit sha1_base64="zKisweK3cFeY1mQ3JQgx2MDraRU="></latexit><latexit sha1_base64="fkhz6XvO13ZeyMvAdkjGZ1Dff+k="></latexit><latexit sha1_base64="ihVeaX0mB6w8DrKkccE8F/yFEFg="></latexit><latexit sha1_base64="ihVeaX0mB6w8DrKkccE8F/yFEFg="></latexit><latexit sha1_base64="wjPpXMVZNKiupTWZKDgoQyy3CEc="></latexit><latexit sha1_base64="zKisweK3cFeY1mQ3JQgx2MDraRU="></latexit><latexit sha1_base64="zKisweK3cFeY1mQ3JQgx2MDraRU="></latexit><latexit sha1_base64="zKisweK3cFeY1mQ3JQgx2MDraRU="></latexit><latexit sha1_base64="zKisweK3cFeY1mQ3JQgx2MDraRU="></latexit><latexit sha1_base64="zKisweK3cFeY1mQ3JQgx2MDraRU="></latexit><latexit sha1_base64="zKisweK3cFeY1mQ3JQgx2MDraRU="></latexit>

J(W) =
NX

i=1

L(x(i)
L ,y(i);W)

<latexit sha1_base64="QejhAOxu3B67bigtDxWkBEsyeXM="></latexit><latexit sha1_base64="QejhAOxu3B67bigtDxWkBEsyeXM="></latexit><latexit sha1_base64="QejhAOxu3B67bigtDxWkBEsyeXM="></latexit><latexit sha1_base64="QejhAOxu3B67bigtDxWkBEsyeXM="></latexit>

@J(W)

@w
=

NX

i=1

@L(x(i)
L ,y(i);W)

@w
<latexit sha1_base64="OqWozTc9iW8H7YCl6zUkGAE93Nw="></latexit><latexit sha1_base64="OqWozTc9iW8H7YCl6zUkGAE93Nw="></latexit><latexit sha1_base64="OqWozTc9iW8H7YCl6zUkGAE93Nw="></latexit><latexit sha1_base64="OqWozTc9iW8H7YCl6zUkGAE93Nw="></latexit>



We could write the loss function to get the gradients as:

If we compute the gradient with respect to the parameters of  
the last layer (output layer) WL, using the chain rule:

How much the loss changes when we change WL?  
The change is the product between how much the loss changes when we change the output of the 
last layer and how much the output changes when we change the layer parameters.

xL
<latexit sha1_base64="jdwPld+3IdUo44x72/RVxC1foFc="></latexit><latexit sha1_base64="jdwPld+3IdUo44x72/RVxC1foFc="></latexit><latexit sha1_base64="jdwPld+3IdUo44x72/RVxC1foFc="></latexit><latexit sha1_base64="jdwPld+3IdUo44x72/RVxC1foFc="></latexit>

…
…

x0
<latexit sha1_base64="i8RyUEbLG6/GLbN2oKZUlZEMDPA="></latexit><latexit sha1_base64="i8RyUEbLG6/GLbN2oKZUlZEMDPA="></latexit><latexit sha1_base64="i8RyUEbLG6/GLbN2oKZUlZEMDPA="></latexit><latexit sha1_base64="i8RyUEbLG6/GLbN2oKZUlZEMDPA="></latexit>

xL�1
<latexit sha1_base64="Tck5RYijalGMl+9GWWx3x1Anmtk="></latexit><latexit sha1_base64="Tck5RYijalGMl+9GWWx3x1Anmtk="></latexit><latexit sha1_base64="Tck5RYijalGMl+9GWWx3x1Anmtk="></latexit><latexit sha1_base64="Tck5RYijalGMl+9GWWx3x1Anmtk="></latexit>

xl
<latexit sha1_base64="diGieRk/+yzlPAtbe3UVtxj2Xu8="></latexit><latexit sha1_base64="diGieRk/+yzlPAtbe3UVtxj2Xu8="></latexit><latexit sha1_base64="diGieRk/+yzlPAtbe3UVtxj2Xu8="></latexit><latexit sha1_base64="diGieRk/+yzlPAtbe3UVtxj2Xu8="></latexit>

xl�1
<latexit sha1_base64="w53lUWMq41GnKvM6p0QKkRX15AY="></latexit><latexit sha1_base64="w53lUWMq41GnKvM6p0QKkRX15AY="></latexit><latexit sha1_base64="w53lUWMq41GnKvM6p0QKkRX15AY="></latexit><latexit sha1_base64="w53lUWMq41GnKvM6p0QKkRX15AY="></latexit>

x1
<latexit sha1_base64="RAksMLp2OPTUerMMqkmFz+7ilFI="></latexit><latexit sha1_base64="RAksMLp2OPTUerMMqkmFz+7ilFI="></latexit><latexit sha1_base64="RAksMLp2OPTUerMMqkmFz+7ilFI="></latexit><latexit sha1_base64="RAksMLp2OPTUerMMqkmFz+7ilFI="></latexit>

x2
<latexit sha1_base64="hqP+d0RX9fdC+S4Oh85TVquApro="></latexit><latexit sha1_base64="hqP+d0RX9fdC+S4Oh85TVquApro="></latexit><latexit sha1_base64="hqP+d0RX9fdC+S4Oh85TVquApro="></latexit><latexit sha1_base64="hqP+d0RX9fdC+S4Oh85TVquApro="></latexit>

f1(x0,W1)
<latexit sha1_base64="v1zyA72mxtwMosebQalqA/o3XVg="></latexit><latexit sha1_base64="v1zyA72mxtwMosebQalqA/o3XVg="></latexit><latexit sha1_base64="v1zyA72mxtwMosebQalqA/o3XVg="></latexit><latexit sha1_base64="v1zyA72mxtwMosebQalqA/o3XVg="></latexit>

f2(x1,W2)
<latexit sha1_base64="KYWd/2Az0jlwk3aS8vfufNUgv7I="></latexit><latexit sha1_base64="KYWd/2Az0jlwk3aS8vfufNUgv7I="></latexit><latexit sha1_base64="KYWd/2Az0jlwk3aS8vfufNUgv7I="></latexit><latexit sha1_base64="KYWd/2Az0jlwk3aS8vfufNUgv7I="></latexit>

fl(xl�1,Wl)
<latexit sha1_base64="XI3tZHzm3SkIDzWpoF+hhhWkOtc="></latexit><latexit sha1_base64="XI3tZHzm3SkIDzWpoF+hhhWkOtc="></latexit><latexit sha1_base64="XI3tZHzm3SkIDzWpoF+hhhWkOtc="></latexit><latexit sha1_base64="XI3tZHzm3SkIDzWpoF+hhhWkOtc="></latexit>

fL(xL�1,WL)
<latexit sha1_base64="Zxg6Ga8VjapWNBfvlwvTSIZu414="></latexit><latexit sha1_base64="Zxg6Ga8VjapWNBfvlwvTSIZu414="></latexit><latexit sha1_base64="Zxg6Ga8VjapWNBfvlwvTSIZu414="></latexit><latexit sha1_base64="Zxg6Ga8VjapWNBfvlwvTSIZu414="></latexit>

y
<latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit>

L(xL,y)
<latexit sha1_base64="dHDBhmNXsWreJxg8+UODyuW2JlM="></latexit><latexit sha1_base64="dHDBhmNXsWreJxg8+UODyuW2JlM="></latexit><latexit sha1_base64="dHDBhmNXsWreJxg8+UODyuW2JlM="></latexit><latexit sha1_base64="dHDBhmNXsWreJxg8+UODyuW2JlM="></latexit>

J
<latexit sha1_base64="Ro1vbEsDMxSDmIPyW68eIg0SCUY="></latexit><latexit sha1_base64="Ro1vbEsDMxSDmIPyW68eIg0SCUY="></latexit><latexit sha1_base64="Ro1vbEsDMxSDmIPyW68eIg0SCUY="></latexit><latexit sha1_base64="Ro1vbEsDMxSDmIPyW68eIg0SCUY="></latexit>

L(xL,y;W) = L(fL(xL�1,WL),y)
<latexit sha1_base64="lbBRRuKnSssuHOD07PsCvDuDefQ="></latexit><latexit sha1_base64="lbBRRuKnSssuHOD07PsCvDuDefQ="></latexit><latexit sha1_base64="lbBRRuKnSssuHOD07PsCvDuDefQ="></latexit><latexit sha1_base64="lbBRRuKnSssuHOD07PsCvDuDefQ="></latexit>

@L
@WL

=
@L
@xL

· @xL

@WL
=

@L
@xL

· @fL(xL�1,WL)

@WL
<latexit sha1_base64="h10cGRxUBupZQfEeUigrcXpY9Ow="></latexit><latexit sha1_base64="h10cGRxUBupZQfEeUigrcXpY9Ow="></latexit><latexit sha1_base64="h10cGRxUBupZQfEeUigrcXpY9Ow="></latexit><latexit sha1_base64="h10cGRxUBupZQfEeUigrcXpY9Ow="></latexit>

@L
@WL

=
@L
@xL

· @xL

@WL
=

@L
@xL

· @fL(xL�1,WL)

@WL
<latexit sha1_base64="h10cGRxUBupZQfEeUigrcXpY9Ow="></latexit><latexit sha1_base64="h10cGRxUBupZQfEeUigrcXpY9Ow="></latexit><latexit sha1_base64="h10cGRxUBupZQfEeUigrcXpY9Ow="></latexit><latexit sha1_base64="h10cGRxUBupZQfEeUigrcXpY9Ow="></latexit>

Computing gradients



If we compute the gradient with respect to the parameters of  
the last layer (output layer) WL, using the chain rule:

Will depend on the  
layer structure and 
non-linearity.

For example, for an Euclidean loss:

L(xL,y) =
1

2
kxL � yk22

<latexit sha1_base64="ae3sPG4pTPU7D3jYsWS3gZ9OByw="></latexit><latexit sha1_base64="ae3sPG4pTPU7D3jYsWS3gZ9OByw="></latexit><latexit sha1_base64="ae3sPG4pTPU7D3jYsWS3gZ9OByw="></latexit><latexit sha1_base64="ae3sPG4pTPU7D3jYsWS3gZ9OByw="></latexit>

The gradient is:
@L
@xL

= xL � y
<latexit sha1_base64="pb8hyKzV6aEct066Zo+juBREY8Y="></latexit><latexit sha1_base64="pb8hyKzV6aEct066Zo+juBREY8Y="></latexit><latexit sha1_base64="pb8hyKzV6aEct066Zo+juBREY8Y="></latexit><latexit sha1_base64="pb8hyKzV6aEct066Zo+juBREY8Y="></latexit>

Computing gradients: loss layer

@L
@WL

=
@L
@xL

· @xL

@WL
=

@L
@xL

· @fL(xL�1,WL)

@WL
<latexit sha1_base64="h10cGRxUBupZQfEeUigrcXpY9Ow="></latexit><latexit sha1_base64="h10cGRxUBupZQfEeUigrcXpY9Ow="></latexit><latexit sha1_base64="h10cGRxUBupZQfEeUigrcXpY9Ow="></latexit><latexit sha1_base64="h10cGRxUBupZQfEeUigrcXpY9Ow="></latexit>

@L
@WL

=
@L
@xL

· @xL

@WL
=

@L
@xL

· @fL(xL�1,WL)

@WL
<latexit sha1_base64="h10cGRxUBupZQfEeUigrcXpY9Ow="></latexit><latexit sha1_base64="h10cGRxUBupZQfEeUigrcXpY9Ow="></latexit><latexit sha1_base64="h10cGRxUBupZQfEeUigrcXpY9Ow="></latexit><latexit sha1_base64="h10cGRxUBupZQfEeUigrcXpY9Ow="></latexit>



We could write the full loss function to get the gradients:

And this can be 
computed iteratively! This is easy.

l
<latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit>

@fl(xl�1,Wl)

@Wl
<latexit sha1_base64="z/Wh9NNhqcfYdjU38Wu5OzgyKy4="></latexit><latexit sha1_base64="z/Wh9NNhqcfYdjU38Wu5OzgyKy4="></latexit><latexit sha1_base64="z/Wh9NNhqcfYdjU38Wu5OzgyKy4="></latexit><latexit sha1_base64="z/Wh9NNhqcfYdjU38Wu5OzgyKy4="></latexit>

@L
@xl

<latexit sha1_base64="gqqyXJ64zHvZ3MYUEMf6P9Zocjs="></latexit><latexit sha1_base64="gqqyXJ64zHvZ3MYUEMf6P9Zocjs="></latexit><latexit sha1_base64="gqqyXJ64zHvZ3MYUEMf6P9Zocjs="></latexit><latexit sha1_base64="gqqyXJ64zHvZ3MYUEMf6P9Zocjs="></latexit>

If we compute the gradient with respect to      , using the chain rule:Wl
<latexit sha1_base64="kFTgEJgK/IyvN6QrwoITrPOigB8="></latexit><latexit sha1_base64="kFTgEJgK/IyvN6QrwoITrPOigB8="></latexit><latexit sha1_base64="kFTgEJgK/IyvN6QrwoITrPOigB8="></latexit><latexit sha1_base64="kFTgEJgK/IyvN6QrwoITrPOigB8="></latexit>

Computing gradients: layer
xL

<latexit sha1_base64="jdwPld+3IdUo44x72/RVxC1foFc="></latexit><latexit sha1_base64="jdwPld+3IdUo44x72/RVxC1foFc="></latexit><latexit sha1_base64="jdwPld+3IdUo44x72/RVxC1foFc="></latexit><latexit sha1_base64="jdwPld+3IdUo44x72/RVxC1foFc="></latexit>

…
…

x0
<latexit sha1_base64="i8RyUEbLG6/GLbN2oKZUlZEMDPA="></latexit><latexit sha1_base64="i8RyUEbLG6/GLbN2oKZUlZEMDPA="></latexit><latexit sha1_base64="i8RyUEbLG6/GLbN2oKZUlZEMDPA="></latexit><latexit sha1_base64="i8RyUEbLG6/GLbN2oKZUlZEMDPA="></latexit>

xL�1
<latexit sha1_base64="Tck5RYijalGMl+9GWWx3x1Anmtk="></latexit><latexit sha1_base64="Tck5RYijalGMl+9GWWx3x1Anmtk="></latexit><latexit sha1_base64="Tck5RYijalGMl+9GWWx3x1Anmtk="></latexit><latexit sha1_base64="Tck5RYijalGMl+9GWWx3x1Anmtk="></latexit>

xl
<latexit sha1_base64="diGieRk/+yzlPAtbe3UVtxj2Xu8="></latexit><latexit sha1_base64="diGieRk/+yzlPAtbe3UVtxj2Xu8="></latexit><latexit sha1_base64="diGieRk/+yzlPAtbe3UVtxj2Xu8="></latexit><latexit sha1_base64="diGieRk/+yzlPAtbe3UVtxj2Xu8="></latexit>

xl�1
<latexit sha1_base64="w53lUWMq41GnKvM6p0QKkRX15AY="></latexit><latexit sha1_base64="w53lUWMq41GnKvM6p0QKkRX15AY="></latexit><latexit sha1_base64="w53lUWMq41GnKvM6p0QKkRX15AY="></latexit><latexit sha1_base64="w53lUWMq41GnKvM6p0QKkRX15AY="></latexit>

x1
<latexit sha1_base64="RAksMLp2OPTUerMMqkmFz+7ilFI="></latexit><latexit sha1_base64="RAksMLp2OPTUerMMqkmFz+7ilFI="></latexit><latexit sha1_base64="RAksMLp2OPTUerMMqkmFz+7ilFI="></latexit><latexit sha1_base64="RAksMLp2OPTUerMMqkmFz+7ilFI="></latexit>

x2
<latexit sha1_base64="hqP+d0RX9fdC+S4Oh85TVquApro="></latexit><latexit sha1_base64="hqP+d0RX9fdC+S4Oh85TVquApro="></latexit><latexit sha1_base64="hqP+d0RX9fdC+S4Oh85TVquApro="></latexit><latexit sha1_base64="hqP+d0RX9fdC+S4Oh85TVquApro="></latexit>

f1(x0,W1)
<latexit sha1_base64="v1zyA72mxtwMosebQalqA/o3XVg="></latexit><latexit sha1_base64="v1zyA72mxtwMosebQalqA/o3XVg="></latexit><latexit sha1_base64="v1zyA72mxtwMosebQalqA/o3XVg="></latexit><latexit sha1_base64="v1zyA72mxtwMosebQalqA/o3XVg="></latexit>

f2(x1,W2)
<latexit sha1_base64="KYWd/2Az0jlwk3aS8vfufNUgv7I="></latexit><latexit sha1_base64="KYWd/2Az0jlwk3aS8vfufNUgv7I="></latexit><latexit sha1_base64="KYWd/2Az0jlwk3aS8vfufNUgv7I="></latexit><latexit sha1_base64="KYWd/2Az0jlwk3aS8vfufNUgv7I="></latexit>

fl(xl�1,Wl)
<latexit sha1_base64="XI3tZHzm3SkIDzWpoF+hhhWkOtc="></latexit><latexit sha1_base64="XI3tZHzm3SkIDzWpoF+hhhWkOtc="></latexit><latexit sha1_base64="XI3tZHzm3SkIDzWpoF+hhhWkOtc="></latexit><latexit sha1_base64="XI3tZHzm3SkIDzWpoF+hhhWkOtc="></latexit>

fL(xL�1,WL)
<latexit sha1_base64="Zxg6Ga8VjapWNBfvlwvTSIZu414="></latexit><latexit sha1_base64="Zxg6Ga8VjapWNBfvlwvTSIZu414="></latexit><latexit sha1_base64="Zxg6Ga8VjapWNBfvlwvTSIZu414="></latexit><latexit sha1_base64="Zxg6Ga8VjapWNBfvlwvTSIZu414="></latexit>

y
<latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit>

L(xL,y)
<latexit sha1_base64="dHDBhmNXsWreJxg8+UODyuW2JlM="></latexit><latexit sha1_base64="dHDBhmNXsWreJxg8+UODyuW2JlM="></latexit><latexit sha1_base64="dHDBhmNXsWreJxg8+UODyuW2JlM="></latexit><latexit sha1_base64="dHDBhmNXsWreJxg8+UODyuW2JlM="></latexit>

J
<latexit sha1_base64="Ro1vbEsDMxSDmIPyW68eIg0SCUY="></latexit><latexit sha1_base64="Ro1vbEsDMxSDmIPyW68eIg0SCUY="></latexit><latexit sha1_base64="Ro1vbEsDMxSDmIPyW68eIg0SCUY="></latexit><latexit sha1_base64="Ro1vbEsDMxSDmIPyW68eIg0SCUY="></latexit>

L(xL,y;W) = L(fL(. . . f2(f1(x0,W1),W2), . . .WL),y)
<latexit sha1_base64="wXs86FbbhnMMZkYA3naSvXIf55g="></latexit><latexit sha1_base64="wXs86FbbhnMMZkYA3naSvXIf55g="></latexit><latexit sha1_base64="wXs86FbbhnMMZkYA3naSvXIf55g="></latexit><latexit sha1_base64="wXs86FbbhnMMZkYA3naSvXIf55g="></latexit>

@L
@WL

=
@L
@xL

· @xL

@xL�1
· @xL�1

@xL�2
· · · @xl+1

@xl
· @xl

@Wl
<latexit sha1_base64="yZBCS0yNwj7iQFm7DK685fiNplQ="></latexit><latexit sha1_base64="yZBCS0yNwj7iQFm7DK685fiNplQ="></latexit><latexit sha1_base64="yZBCS0yNwj7iQFm7DK685fiNplQ="></latexit><latexit sha1_base64="yZBCS0yNwj7iQFm7DK685fiNplQ="></latexit>

@L
@WL

=
@L
@xL

· @xL

@xL�1
· @xL�1

@xL�2
· · · @xl+1

@xl
· @xl

@Wl
<latexit sha1_base64="yZBCS0yNwj7iQFm7DK685fiNplQ="></latexit><latexit sha1_base64="yZBCS0yNwj7iQFm7DK685fiNplQ="></latexit><latexit sha1_base64="yZBCS0yNwj7iQFm7DK685fiNplQ="></latexit><latexit sha1_base64="yZBCS0yNwj7iQFm7DK685fiNplQ="></latexit>

@L
@Wl

=
<latexit sha1_base64="kjpT9r8vxyN1VwlV7NKTCrdmCGo="></latexit><latexit sha1_base64="kjpT9r8vxyN1VwlV7NKTCrdmCGo="></latexit><latexit sha1_base64="kjpT9r8vxyN1VwlV7NKTCrdmCGo="></latexit><latexit sha1_base64="kjpT9r8vxyN1VwlV7NKTCrdmCGo="></latexit>



Backpropagation

Gradient  
layer l

Gradient  
layer l-1

If we have the value of           we can compute the gradient at the  
layer below as: 

@L
@xl

<latexit sha1_base64="gqqyXJ64zHvZ3MYUEMf6P9Zocjs="></latexit><latexit sha1_base64="gqqyXJ64zHvZ3MYUEMf6P9Zocjs="></latexit><latexit sha1_base64="gqqyXJ64zHvZ3MYUEMf6P9Zocjs="></latexit><latexit sha1_base64="gqqyXJ64zHvZ3MYUEMf6P9Zocjs="></latexit>

@fl(xl�1,Wl)

@xl�1
<latexit sha1_base64="6fMLlIfEH7Go2Hg3OmPhWf3q/OU="></latexit><latexit sha1_base64="6fMLlIfEH7Go2Hg3OmPhWf3q/OU="></latexit><latexit sha1_base64="6fMLlIfEH7Go2Hg3OmPhWf3q/OU="></latexit><latexit sha1_base64="6fMLlIfEH7Go2Hg3OmPhWf3q/OU="></latexit>

And this can be computed iteratively.  
We start at the top (L)  and we can 
compute the gradient at layer l-1

@L
@xl�1

<latexit sha1_base64="9WsTsTbf1d2CBUm6csxB6/0ml6M="></latexit><latexit sha1_base64="9WsTsTbf1d2CBUm6csxB6/0ml6M="></latexit><latexit sha1_base64="9WsTsTbf1d2CBUm6csxB6/0ml6M="></latexit><latexit sha1_base64="9WsTsTbf1d2CBUm6csxB6/0ml6M="></latexit>

@L
@xl+1

<latexit sha1_base64="EOkMKtrjryRWhB9qR90GD5+ulrQ="></latexit><latexit sha1_base64="EOkMKtrjryRWhB9qR90GD5+ulrQ="></latexit><latexit sha1_base64="EOkMKtrjryRWhB9qR90GD5+ulrQ="></latexit><latexit sha1_base64="EOkMKtrjryRWhB9qR90GD5+ulrQ="></latexit>

@L
@xl�1

=
@L
@xl

· @xl

@xl�1
<latexit sha1_base64="RejDGN0YwHkNrAnVObnqp+IGJO0="></latexit><latexit sha1_base64="RejDGN0YwHkNrAnVObnqp+IGJO0="></latexit><latexit sha1_base64="RejDGN0YwHkNrAnVObnqp+IGJO0="></latexit><latexit sha1_base64="RejDGN0YwHkNrAnVObnqp+IGJO0="></latexit>

@L
@xl

<latexit sha1_base64="gqqyXJ64zHvZ3MYUEMf6P9Zocjs="></latexit><latexit sha1_base64="gqqyXJ64zHvZ3MYUEMf6P9Zocjs="></latexit><latexit sha1_base64="gqqyXJ64zHvZ3MYUEMf6P9Zocjs="></latexit><latexit sha1_base64="gqqyXJ64zHvZ3MYUEMf6P9Zocjs="></latexit>



Hidden layer   

Forward 
pass

Backpropagation — Goal: to update parameters of layer l<latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit>

• To compute the output, we need:
@fl(xl�1,Wl)

@xl�1
<latexit sha1_base64="6fMLlIfEH7Go2Hg3OmPhWf3q/OU="></latexit><latexit sha1_base64="6fMLlIfEH7Go2Hg3OmPhWf3q/OU="></latexit><latexit sha1_base64="6fMLlIfEH7Go2Hg3OmPhWf3q/OU="></latexit><latexit sha1_base64="6fMLlIfEH7Go2Hg3OmPhWf3q/OU="></latexit>

Backward 
pass

@L
@xl

<latexit sha1_base64="b8zl6bk4A3Yl2Pwxu1X+d9Ijm3s="></latexit><latexit sha1_base64="b8zl6bk4A3Yl2Pwxu1X+d9Ijm3s="></latexit><latexit sha1_base64="b8zl6bk4A3Yl2Pwxu1X+d9Ijm3s="></latexit><latexit sha1_base64="b8zl6bk4A3Yl2Pwxu1X+d9Ijm3s="></latexit>

@L
@xl�1

<latexit sha1_base64="9WsTsTbf1d2CBUm6csxB6/0ml6M="></latexit><latexit sha1_base64="9WsTsTbf1d2CBUm6csxB6/0ml6M="></latexit><latexit sha1_base64="9WsTsTbf1d2CBUm6csxB6/0ml6M="></latexit><latexit sha1_base64="9WsTsTbf1d2CBUm6csxB6/0ml6M="></latexit>

l
<latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit>

• Layer    has two inputs (during training)l
<latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit>

xl�1
<latexit sha1_base64="w53lUWMq41GnKvM6p0QKkRX15AY="></latexit><latexit sha1_base64="w53lUWMq41GnKvM6p0QKkRX15AY="></latexit><latexit sha1_base64="w53lUWMq41GnKvM6p0QKkRX15AY="></latexit><latexit sha1_base64="w53lUWMq41GnKvM6p0QKkRX15AY="></latexit>

@L
@xl

<latexit sha1_base64="b8zl6bk4A3Yl2Pwxu1X+d9Ijm3s="></latexit><latexit sha1_base64="b8zl6bk4A3Yl2Pwxu1X+d9Ijm3s="></latexit><latexit sha1_base64="b8zl6bk4A3Yl2Pwxu1X+d9Ijm3s="></latexit><latexit sha1_base64="b8zl6bk4A3Yl2Pwxu1X+d9Ijm3s="></latexit>

• We compute the outputs
xl = fl(xl�1,Wl)

<latexit sha1_base64="fA1wmoF5QXhIkvCrBphYG+7+6jc="></latexit><latexit sha1_base64="fA1wmoF5QXhIkvCrBphYG+7+6jc="></latexit><latexit sha1_base64="fA1wmoF5QXhIkvCrBphYG+7+6jc="></latexit><latexit sha1_base64="fA1wmoF5QXhIkvCrBphYG+7+6jc="></latexit>

@L
@xl�1

=
@L
@xl

· @fl(xl�1,Wl)

@xl�1
<latexit sha1_base64="Q/CWrpOhxgReYcUU4hsDsyRbCt4="></latexit><latexit sha1_base64="Q/CWrpOhxgReYcUU4hsDsyRbCt4="></latexit><latexit sha1_base64="Q/CWrpOhxgReYcUU4hsDsyRbCt4="></latexit><latexit sha1_base64="Q/CWrpOhxgReYcUU4hsDsyRbCt4="></latexit>

• To compute the weight update, we need:
@fl(xl�1,Wl)

@Wl
<latexit sha1_base64="8pxhu/huZULctvv3kSyILQ/iztQ="></latexit><latexit sha1_base64="8pxhu/huZULctvv3kSyILQ/iztQ="></latexit><latexit sha1_base64="8pxhu/huZULctvv3kSyILQ/iztQ="></latexit><latexit sha1_base64="8pxhu/huZULctvv3kSyILQ/iztQ="></latexit>

fl+1
<latexit sha1_base64="LeKAwexcKupJE5QVilmt5EnHAys="></latexit><latexit sha1_base64="LeKAwexcKupJE5QVilmt5EnHAys="></latexit><latexit sha1_base64="LeKAwexcKupJE5QVilmt5EnHAys="></latexit><latexit sha1_base64="LeKAwexcKupJE5QVilmt5EnHAys="></latexit>

fl�1
<latexit sha1_base64="Il5ID3UX61JX0+NCbwEVjO7fEeY="></latexit><latexit sha1_base64="Il5ID3UX61JX0+NCbwEVjO7fEeY="></latexit><latexit sha1_base64="Il5ID3UX61JX0+NCbwEVjO7fEeY="></latexit><latexit sha1_base64="Il5ID3UX61JX0+NCbwEVjO7fEeY="></latexit>

fl(xl�1,Wl)
<latexit sha1_base64="5dE0ddXnb7VfhUvv4Py9xPQ1DYU="></latexit><latexit sha1_base64="5dE0ddXnb7VfhUvv4Py9xPQ1DYU="></latexit><latexit sha1_base64="5dE0ddXnb7VfhUvv4Py9xPQ1DYU="></latexit><latexit sha1_base64="5dE0ddXnb7VfhUvv4Py9xPQ1DYU="></latexit>

xl
<latexit sha1_base64="/LTeRqFbTs0RVtMYGZGxbEnX9DE="></latexit><latexit sha1_base64="/LTeRqFbTs0RVtMYGZGxbEnX9DE="></latexit><latexit sha1_base64="/LTeRqFbTs0RVtMYGZGxbEnX9DE="></latexit><latexit sha1_base64="/LTeRqFbTs0RVtMYGZGxbEnX9DE="></latexit>

xl�1
<latexit sha1_base64="w53lUWMq41GnKvM6p0QKkRX15AY="></latexit><latexit sha1_base64="w53lUWMq41GnKvM6p0QKkRX15AY="></latexit><latexit sha1_base64="w53lUWMq41GnKvM6p0QKkRX15AY="></latexit><latexit sha1_base64="w53lUWMq41GnKvM6p0QKkRX15AY="></latexit>



Hidden layer   

Forward 
pass

Backpropagation — Goal: to update parameters of layer l<latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit>

Backward 
pass

@L
@xl

<latexit sha1_base64="b8zl6bk4A3Yl2Pwxu1X+d9Ijm3s="></latexit><latexit sha1_base64="b8zl6bk4A3Yl2Pwxu1X+d9Ijm3s="></latexit><latexit sha1_base64="b8zl6bk4A3Yl2Pwxu1X+d9Ijm3s="></latexit><latexit sha1_base64="b8zl6bk4A3Yl2Pwxu1X+d9Ijm3s="></latexit>

@L
@xl�1

<latexit sha1_base64="9WsTsTbf1d2CBUm6csxB6/0ml6M="></latexit><latexit sha1_base64="9WsTsTbf1d2CBUm6csxB6/0ml6M="></latexit><latexit sha1_base64="9WsTsTbf1d2CBUm6csxB6/0ml6M="></latexit><latexit sha1_base64="9WsTsTbf1d2CBUm6csxB6/0ml6M="></latexit>

l
<latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit>

• Layer    has two inputs (during training)l
<latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit><latexit sha1_base64="Dcue1dtERYaQD1rba2g8uA6Pdms="></latexit>

xl�1
<latexit sha1_base64="w53lUWMq41GnKvM6p0QKkRX15AY="></latexit><latexit sha1_base64="w53lUWMq41GnKvM6p0QKkRX15AY="></latexit><latexit sha1_base64="w53lUWMq41GnKvM6p0QKkRX15AY="></latexit><latexit sha1_base64="w53lUWMq41GnKvM6p0QKkRX15AY="></latexit>

@L
@xl

<latexit sha1_base64="b8zl6bk4A3Yl2Pwxu1X+d9Ijm3s="></latexit><latexit sha1_base64="b8zl6bk4A3Yl2Pwxu1X+d9Ijm3s="></latexit><latexit sha1_base64="b8zl6bk4A3Yl2Pwxu1X+d9Ijm3s="></latexit><latexit sha1_base64="b8zl6bk4A3Yl2Pwxu1X+d9Ijm3s="></latexit>

• We compute the outputs
xl = fl(xl�1,Wl)

<latexit sha1_base64="fA1wmoF5QXhIkvCrBphYG+7+6jc="></latexit><latexit sha1_base64="fA1wmoF5QXhIkvCrBphYG+7+6jc="></latexit><latexit sha1_base64="fA1wmoF5QXhIkvCrBphYG+7+6jc="></latexit><latexit sha1_base64="fA1wmoF5QXhIkvCrBphYG+7+6jc="></latexit>

@L
@xl�1

=
@L
@xl

· @fl(xl�1,Wl)

@xl�1
<latexit sha1_base64="Q/CWrpOhxgReYcUU4hsDsyRbCt4="></latexit><latexit sha1_base64="Q/CWrpOhxgReYcUU4hsDsyRbCt4="></latexit><latexit sha1_base64="Q/CWrpOhxgReYcUU4hsDsyRbCt4="></latexit><latexit sha1_base64="Q/CWrpOhxgReYcUU4hsDsyRbCt4="></latexit>

fl+1
<latexit sha1_base64="LeKAwexcKupJE5QVilmt5EnHAys="></latexit><latexit sha1_base64="LeKAwexcKupJE5QVilmt5EnHAys="></latexit><latexit sha1_base64="LeKAwexcKupJE5QVilmt5EnHAys="></latexit><latexit sha1_base64="LeKAwexcKupJE5QVilmt5EnHAys="></latexit>

fl�1
<latexit sha1_base64="Il5ID3UX61JX0+NCbwEVjO7fEeY="></latexit><latexit sha1_base64="Il5ID3UX61JX0+NCbwEVjO7fEeY="></latexit><latexit sha1_base64="Il5ID3UX61JX0+NCbwEVjO7fEeY="></latexit><latexit sha1_base64="Il5ID3UX61JX0+NCbwEVjO7fEeY="></latexit>

fl(xl�1,Wl)
<latexit sha1_base64="5dE0ddXnb7VfhUvv4Py9xPQ1DYU="></latexit><latexit sha1_base64="5dE0ddXnb7VfhUvv4Py9xPQ1DYU="></latexit><latexit sha1_base64="5dE0ddXnb7VfhUvv4Py9xPQ1DYU="></latexit><latexit sha1_base64="5dE0ddXnb7VfhUvv4Py9xPQ1DYU="></latexit>

xl
<latexit sha1_base64="/LTeRqFbTs0RVtMYGZGxbEnX9DE="></latexit><latexit sha1_base64="/LTeRqFbTs0RVtMYGZGxbEnX9DE="></latexit><latexit sha1_base64="/LTeRqFbTs0RVtMYGZGxbEnX9DE="></latexit><latexit sha1_base64="/LTeRqFbTs0RVtMYGZGxbEnX9DE="></latexit>

xl�1
<latexit sha1_base64="w53lUWMq41GnKvM6p0QKkRX15AY="></latexit><latexit sha1_base64="w53lUWMq41GnKvM6p0QKkRX15AY="></latexit><latexit sha1_base64="w53lUWMq41GnKvM6p0QKkRX15AY="></latexit><latexit sha1_base64="w53lUWMq41GnKvM6p0QKkRX15AY="></latexit>

• The weight update equation is:
@L
@Wl

=
@L
@xl

· @fl(xl�1,Wl)

@Wl
<latexit sha1_base64="t3otwAmMfl4ygf7ukldSz9AuaAA="></latexit><latexit sha1_base64="t3otwAmMfl4ygf7ukldSz9AuaAA="></latexit><latexit sha1_base64="t3otwAmMfl4ygf7ukldSz9AuaAA="></latexit><latexit sha1_base64="t3otwAmMfl4ygf7ukldSz9AuaAA="></latexit>

(sum over all training 
examples to get J)Wl  Wl + ⌘

✓
@J

@Wl

◆T

<latexit sha1_base64="uoHCMXn/vNd9ip2wGVsC6s4RP7E="></latexit><latexit sha1_base64="uoHCMXn/vNd9ip2wGVsC6s4RP7E="></latexit><latexit sha1_base64="uoHCMXn/vNd9ip2wGVsC6s4RP7E="></latexit><latexit sha1_base64="uoHCMXn/vNd9ip2wGVsC6s4RP7E="></latexit>



Backpropagation Summary

• Forward pass: for each training example, 
compute the outputs for all layers: 

• Backwards pass: compute loss 
derivatives iteratively from top to bottom: 

• Compute gradients w.r.t. weights, and 
update weights: 

…
…

(output)

(input) x0
<latexit sha1_base64="i8RyUEbLG6/GLbN2oKZUlZEMDPA="></latexit><latexit sha1_base64="i8RyUEbLG6/GLbN2oKZUlZEMDPA="></latexit><latexit sha1_base64="i8RyUEbLG6/GLbN2oKZUlZEMDPA="></latexit><latexit sha1_base64="i8RyUEbLG6/GLbN2oKZUlZEMDPA="></latexit>

xL
<latexit sha1_base64="jdwPld+3IdUo44x72/RVxC1foFc="></latexit><latexit sha1_base64="jdwPld+3IdUo44x72/RVxC1foFc="></latexit><latexit sha1_base64="jdwPld+3IdUo44x72/RVxC1foFc="></latexit><latexit sha1_base64="jdwPld+3IdUo44x72/RVxC1foFc="></latexit>

xL�1
<latexit sha1_base64="Tck5RYijalGMl+9GWWx3x1Anmtk="></latexit><latexit sha1_base64="Tck5RYijalGMl+9GWWx3x1Anmtk="></latexit><latexit sha1_base64="Tck5RYijalGMl+9GWWx3x1Anmtk="></latexit><latexit sha1_base64="Tck5RYijalGMl+9GWWx3x1Anmtk="></latexit>

xl
<latexit sha1_base64="diGieRk/+yzlPAtbe3UVtxj2Xu8="></latexit><latexit sha1_base64="diGieRk/+yzlPAtbe3UVtxj2Xu8="></latexit><latexit sha1_base64="diGieRk/+yzlPAtbe3UVtxj2Xu8="></latexit><latexit sha1_base64="diGieRk/+yzlPAtbe3UVtxj2Xu8="></latexit>

xl�1
<latexit sha1_base64="w53lUWMq41GnKvM6p0QKkRX15AY="></latexit><latexit sha1_base64="w53lUWMq41GnKvM6p0QKkRX15AY="></latexit><latexit sha1_base64="w53lUWMq41GnKvM6p0QKkRX15AY="></latexit><latexit sha1_base64="w53lUWMq41GnKvM6p0QKkRX15AY="></latexit>

x1
<latexit sha1_base64="RAksMLp2OPTUerMMqkmFz+7ilFI="></latexit><latexit sha1_base64="RAksMLp2OPTUerMMqkmFz+7ilFI="></latexit><latexit sha1_base64="RAksMLp2OPTUerMMqkmFz+7ilFI="></latexit><latexit sha1_base64="RAksMLp2OPTUerMMqkmFz+7ilFI="></latexit>

x2
<latexit sha1_base64="hqP+d0RX9fdC+S4Oh85TVquApro="></latexit><latexit sha1_base64="hqP+d0RX9fdC+S4Oh85TVquApro="></latexit><latexit sha1_base64="hqP+d0RX9fdC+S4Oh85TVquApro="></latexit><latexit sha1_base64="hqP+d0RX9fdC+S4Oh85TVquApro="></latexit>

f1(x0,W1)
<latexit sha1_base64="v1zyA72mxtwMosebQalqA/o3XVg="></latexit><latexit sha1_base64="v1zyA72mxtwMosebQalqA/o3XVg="></latexit><latexit sha1_base64="v1zyA72mxtwMosebQalqA/o3XVg="></latexit><latexit sha1_base64="v1zyA72mxtwMosebQalqA/o3XVg="></latexit>

f2(x1,W2)
<latexit sha1_base64="KYWd/2Az0jlwk3aS8vfufNUgv7I="></latexit><latexit sha1_base64="KYWd/2Az0jlwk3aS8vfufNUgv7I="></latexit><latexit sha1_base64="KYWd/2Az0jlwk3aS8vfufNUgv7I="></latexit><latexit sha1_base64="KYWd/2Az0jlwk3aS8vfufNUgv7I="></latexit>

fl(xl�1,Wl)
<latexit sha1_base64="XI3tZHzm3SkIDzWpoF+hhhWkOtc="></latexit><latexit sha1_base64="XI3tZHzm3SkIDzWpoF+hhhWkOtc="></latexit><latexit sha1_base64="XI3tZHzm3SkIDzWpoF+hhhWkOtc="></latexit><latexit sha1_base64="XI3tZHzm3SkIDzWpoF+hhhWkOtc="></latexit>

fL(xL�1,WL)
<latexit sha1_base64="Zxg6Ga8VjapWNBfvlwvTSIZu414="></latexit><latexit sha1_base64="Zxg6Ga8VjapWNBfvlwvTSIZu414="></latexit><latexit sha1_base64="Zxg6Ga8VjapWNBfvlwvTSIZu414="></latexit><latexit sha1_base64="Zxg6Ga8VjapWNBfvlwvTSIZu414="></latexit>

J
<latexit sha1_base64="Ro1vbEsDMxSDmIPyW68eIg0SCUY="></latexit><latexit sha1_base64="Ro1vbEsDMxSDmIPyW68eIg0SCUY="></latexit><latexit sha1_base64="Ro1vbEsDMxSDmIPyW68eIg0SCUY="></latexit><latexit sha1_base64="Ro1vbEsDMxSDmIPyW68eIg0SCUY="></latexit>

y
<latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit>

L(xL,y)
<latexit sha1_base64="dHDBhmNXsWreJxg8+UODyuW2JlM="></latexit><latexit sha1_base64="dHDBhmNXsWreJxg8+UODyuW2JlM="></latexit><latexit sha1_base64="dHDBhmNXsWreJxg8+UODyuW2JlM="></latexit><latexit sha1_base64="dHDBhmNXsWreJxg8+UODyuW2JlM="></latexit>

…
…

@L
@xL

<latexit sha1_base64="HQWegS5me9SekECg2uD3kGqR/Xc="></latexit><latexit sha1_base64="HQWegS5me9SekECg2uD3kGqR/Xc="></latexit><latexit sha1_base64="HQWegS5me9SekECg2uD3kGqR/Xc="></latexit><latexit sha1_base64="HQWegS5me9SekECg2uD3kGqR/Xc="></latexit>

@L
@xL�1

<latexit sha1_base64="Mffc7YTb2rhzpQ3sOLYncSRuRW4="></latexit><latexit sha1_base64="Mffc7YTb2rhzpQ3sOLYncSRuRW4="></latexit><latexit sha1_base64="Mffc7YTb2rhzpQ3sOLYncSRuRW4="></latexit><latexit sha1_base64="Mffc7YTb2rhzpQ3sOLYncSRuRW4="></latexit>

@L
@xl

<latexit sha1_base64="b8zl6bk4A3Yl2Pwxu1X+d9Ijm3s="></latexit><latexit sha1_base64="b8zl6bk4A3Yl2Pwxu1X+d9Ijm3s="></latexit><latexit sha1_base64="b8zl6bk4A3Yl2Pwxu1X+d9Ijm3s="></latexit><latexit sha1_base64="b8zl6bk4A3Yl2Pwxu1X+d9Ijm3s="></latexit>

@L
@xl�1

<latexit sha1_base64="9WsTsTbf1d2CBUm6csxB6/0ml6M="></latexit><latexit sha1_base64="9WsTsTbf1d2CBUm6csxB6/0ml6M="></latexit><latexit sha1_base64="9WsTsTbf1d2CBUm6csxB6/0ml6M="></latexit><latexit sha1_base64="9WsTsTbf1d2CBUm6csxB6/0ml6M="></latexit>

@L
@x2

<latexit sha1_base64="GWY3ORP7ieTKKZpq+z47Zpc6Soo="></latexit><latexit sha1_base64="GWY3ORP7ieTKKZpq+z47Zpc6Soo="></latexit><latexit sha1_base64="GWY3ORP7ieTKKZpq+z47Zpc6Soo="></latexit><latexit sha1_base64="GWY3ORP7ieTKKZpq+z47Zpc6Soo="></latexit>

@L
@x1

<latexit sha1_base64="CuoTtMSWeTxjxeaIjmMJovJ6JAY="></latexit><latexit sha1_base64="CuoTtMSWeTxjxeaIjmMJovJ6JAY="></latexit><latexit sha1_base64="CuoTtMSWeTxjxeaIjmMJovJ6JAY="></latexit><latexit sha1_base64="CuoTtMSWeTxjxeaIjmMJovJ6JAY="></latexit>

xl = fl(xl�1,Wl)
<latexit sha1_base64="fA1wmoF5QXhIkvCrBphYG+7+6jc="></latexit><latexit sha1_base64="fA1wmoF5QXhIkvCrBphYG+7+6jc="></latexit><latexit sha1_base64="fA1wmoF5QXhIkvCrBphYG+7+6jc="></latexit><latexit sha1_base64="fA1wmoF5QXhIkvCrBphYG+7+6jc="></latexit>

@L
@xl�1

=
@L
@xl

· @fl(xl�1,Wl)

@xl�1
<latexit sha1_base64="Q/CWrpOhxgReYcUU4hsDsyRbCt4="></latexit><latexit sha1_base64="Q/CWrpOhxgReYcUU4hsDsyRbCt4="></latexit><latexit sha1_base64="Q/CWrpOhxgReYcUU4hsDsyRbCt4="></latexit><latexit sha1_base64="Q/CWrpOhxgReYcUU4hsDsyRbCt4="></latexit>

@L
@Wl

=
@L
@xl

· @fl(xl�1,Wl)

@Wl
<latexit sha1_base64="t3otwAmMfl4ygf7ukldSz9AuaAA="></latexit><latexit sha1_base64="t3otwAmMfl4ygf7ukldSz9AuaAA="></latexit><latexit sha1_base64="t3otwAmMfl4ygf7ukldSz9AuaAA="></latexit><latexit sha1_base64="t3otwAmMfl4ygf7ukldSz9AuaAA="></latexit>



Linear Module

With W being a  
matrix of size  
|xout|×|xin|

• Forward propagation: xout = f(xin,W) = Wxin
<latexit sha1_base64="Xc/Rtb1Pm3zsa4Wq2fcwq5QgRo8="></latexit><latexit sha1_base64="Xc/Rtb1Pm3zsa4Wq2fcwq5QgRo8="></latexit><latexit sha1_base64="Xc/Rtb1Pm3zsa4Wq2fcwq5QgRo8="></latexit><latexit sha1_base64="Xc/Rtb1Pm3zsa4Wq2fcwq5QgRo8="></latexit>

@L
@xin

<latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit>

@L
@xout

<latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit>

f(xin,W)
<latexit sha1_base64="jMlYtvDfg60eyA74W6Hpj482ivk="></latexit><latexit sha1_base64="jMlYtvDfg60eyA74W6Hpj482ivk="></latexit><latexit sha1_base64="jMlYtvDfg60eyA74W6Hpj482ivk="></latexit><latexit sha1_base64="jMlYtvDfg60eyA74W6Hpj482ivk="></latexit>

xin
<latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit>

xout
<latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit>

• Backprop to input: 
@L
@xin

=
@L

@xout
· @f(xin,W)

@xin
=

@L
@xout

· @xout

@xin
<latexit sha1_base64="Tvb4TIMXBUfoy5rvrcf6k6LMBSM="></latexit><latexit sha1_base64="Tvb4TIMXBUfoy5rvrcf6k6LMBSM="></latexit><latexit sha1_base64="Tvb4TIMXBUfoy5rvrcf6k6LMBSM="></latexit><latexit sha1_base64="Tvb4TIMXBUfoy5rvrcf6k6LMBSM="></latexit>

If we look at the j component of output xout, with respect to the i component of the input, xin:
@xouti

@xinj

= Wij
<latexit sha1_base64="5Lcd3D42kFKRzmuHSReW/gEJnIs="></latexit><latexit sha1_base64="5Lcd3D42kFKRzmuHSReW/gEJnIs="></latexit><latexit sha1_base64="5Lcd3D42kFKRzmuHSReW/gEJnIs="></latexit><latexit sha1_base64="5Lcd3D42kFKRzmuHSReW/gEJnIs="></latexit>

@f(xin,W)

@xin
= W

<latexit sha1_base64="1TikNKCAqeplvOQbMVcTlFpOlzc="></latexit><latexit sha1_base64="1TikNKCAqeplvOQbMVcTlFpOlzc="></latexit><latexit sha1_base64="1TikNKCAqeplvOQbMVcTlFpOlzc="></latexit><latexit sha1_base64="1TikNKCAqeplvOQbMVcTlFpOlzc="></latexit>

Therefore:
@L
@xin

=
@L

@xout
·W

<latexit sha1_base64="/1Ohz/itKzXMcaA1BcIDO6AMhAA="></latexit><latexit sha1_base64="/1Ohz/itKzXMcaA1BcIDO6AMhAA="></latexit><latexit sha1_base64="/1Ohz/itKzXMcaA1BcIDO6AMhAA="></latexit><latexit sha1_base64="/1Ohz/itKzXMcaA1BcIDO6AMhAA="></latexit>



• Backprop to input: 

Now let’s see how we use the set of outputs to compute the 
weights update equation (backprop to the weights).

Linear Module

@L
@xin

=
@L

@xout
·W

<latexit sha1_base64="/1Ohz/itKzXMcaA1BcIDO6AMhAA="></latexit><latexit sha1_base64="/1Ohz/itKzXMcaA1BcIDO6AMhAA="></latexit><latexit sha1_base64="/1Ohz/itKzXMcaA1BcIDO6AMhAA="></latexit><latexit sha1_base64="/1Ohz/itKzXMcaA1BcIDO6AMhAA="></latexit>

• Forward propagation: xout = f(xin,W) = Wxin
<latexit sha1_base64="Xc/Rtb1Pm3zsa4Wq2fcwq5QgRo8="></latexit><latexit sha1_base64="Xc/Rtb1Pm3zsa4Wq2fcwq5QgRo8="></latexit><latexit sha1_base64="Xc/Rtb1Pm3zsa4Wq2fcwq5QgRo8="></latexit><latexit sha1_base64="Xc/Rtb1Pm3zsa4Wq2fcwq5QgRo8="></latexit>

@L
@xout

<latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit>

f(xin,W)
<latexit sha1_base64="jMlYtvDfg60eyA74W6Hpj482ivk="></latexit><latexit sha1_base64="jMlYtvDfg60eyA74W6Hpj482ivk="></latexit><latexit sha1_base64="jMlYtvDfg60eyA74W6Hpj482ivk="></latexit><latexit sha1_base64="jMlYtvDfg60eyA74W6Hpj482ivk="></latexit>

xin
<latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit>

xout
<latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit>



• Backprop to weights: 

If we look at how the parameter Wij changes the cost, only the i component 
of the output will change, therefore:

Linear Module
• Forward propagation: xout = f(xin,W) = Wxin

<latexit sha1_base64="Xc/Rtb1Pm3zsa4Wq2fcwq5QgRo8="></latexit><latexit sha1_base64="Xc/Rtb1Pm3zsa4Wq2fcwq5QgRo8="></latexit><latexit sha1_base64="Xc/Rtb1Pm3zsa4Wq2fcwq5QgRo8="></latexit><latexit sha1_base64="Xc/Rtb1Pm3zsa4Wq2fcwq5QgRo8="></latexit>

@L
@xin

<latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit>

@L
@xout

<latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit>

f(xin,W)
<latexit sha1_base64="jMlYtvDfg60eyA74W6Hpj482ivk="></latexit><latexit sha1_base64="jMlYtvDfg60eyA74W6Hpj482ivk="></latexit><latexit sha1_base64="jMlYtvDfg60eyA74W6Hpj482ivk="></latexit><latexit sha1_base64="jMlYtvDfg60eyA74W6Hpj482ivk="></latexit>

xin
<latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit>

xout
<latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit>

@L
@W

=
@L

@xout
· @f(xin,W)

@W
=

@L
@xout

· @xout

@W
<latexit sha1_base64="rOuYlNm6NXS5aummyKr4uammWXE="></latexit><latexit sha1_base64="rOuYlNm6NXS5aummyKr4uammWXE="></latexit><latexit sha1_base64="rOuYlNm6NXS5aummyKr4uammWXE="></latexit><latexit sha1_base64="rOuYlNm6NXS5aummyKr4uammWXE="></latexit>

@L
@Wij

=
@L

@xouti

· @xouti

@Wij
<latexit sha1_base64="qNJtryCII4yRQlxFnZkmTz79MjU="></latexit><latexit sha1_base64="qNJtryCII4yRQlxFnZkmTz79MjU="></latexit><latexit sha1_base64="qNJtryCII4yRQlxFnZkmTz79MjU="></latexit><latexit sha1_base64="qNJtryCII4yRQlxFnZkmTz79MjU="></latexit>

=
@L

@xouti

· xinj
<latexit sha1_base64="9H2GUje2RMobc8AAUCC/RgGjxik="></latexit><latexit sha1_base64="9H2GUje2RMobc8AAUCC/RgGjxik="></latexit><latexit sha1_base64="9H2GUje2RMobc8AAUCC/RgGjxik="></latexit><latexit sha1_base64="9H2GUje2RMobc8AAUCC/RgGjxik="></latexit>

@xouti

@Wij
= xinj

<latexit sha1_base64="BRZvPbdAXB/w97q3RX4F9bti4BM="></latexit><latexit sha1_base64="BRZvPbdAXB/w97q3RX4F9bti4BM="></latexit><latexit sha1_base64="BRZvPbdAXB/w97q3RX4F9bti4BM="></latexit><latexit sha1_base64="BRZvPbdAXB/w97q3RX4F9bti4BM="></latexit>

@L
@W

= xin ·
@L

@xout
<latexit sha1_base64="k/FoOBQBjtyZ8XY0mWaEVqQMlv4="></latexit><latexit sha1_base64="k/FoOBQBjtyZ8XY0mWaEVqQMlv4="></latexit><latexit sha1_base64="k/FoOBQBjtyZ8XY0mWaEVqQMlv4="></latexit><latexit sha1_base64="k/FoOBQBjtyZ8XY0mWaEVqQMlv4="></latexit>

And now we can update the weights (by summing over all the training examples):

(sum over all training 
examples to get J)Wk+1  Wk + ⌘

✓
@J

@W

◆T

<latexit sha1_base64="tEv2ufs9Uvi+jyrVzXQKnOzNFrQ="></latexit><latexit sha1_base64="tEv2ufs9Uvi+jyrVzXQKnOzNFrQ="></latexit><latexit sha1_base64="tEv2ufs9Uvi+jyrVzXQKnOzNFrQ="></latexit><latexit sha1_base64="tEv2ufs9Uvi+jyrVzXQKnOzNFrQ="></latexit>



Linear Module

xin
<latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit>

xout
<latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit>

@L
@W

= xin ·
@L

@xout
<latexit sha1_base64="k/FoOBQBjtyZ8XY0mWaEVqQMlv4="></latexit><latexit sha1_base64="k/FoOBQBjtyZ8XY0mWaEVqQMlv4="></latexit><latexit sha1_base64="k/FoOBQBjtyZ8XY0mWaEVqQMlv4="></latexit><latexit sha1_base64="k/FoOBQBjtyZ8XY0mWaEVqQMlv4="></latexit>

xout = Wxin
<latexit sha1_base64="1QtGRMyng5UWLcEiM2GZWspXofI="></latexit><latexit sha1_base64="1QtGRMyng5UWLcEiM2GZWspXofI="></latexit><latexit sha1_base64="1QtGRMyng5UWLcEiM2GZWspXofI="></latexit><latexit sha1_base64="1QtGRMyng5UWLcEiM2GZWspXofI="></latexit>

@L
@xin

=
@L

@xout
·W

<latexit sha1_base64="/1Ohz/itKzXMcaA1BcIDO6AMhAA="></latexit><latexit sha1_base64="/1Ohz/itKzXMcaA1BcIDO6AMhAA="></latexit><latexit sha1_base64="/1Ohz/itKzXMcaA1BcIDO6AMhAA="></latexit><latexit sha1_base64="/1Ohz/itKzXMcaA1BcIDO6AMhAA="></latexit>

@L
@xin

<latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit>

@L
@xout

<latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit>

Weight updates:

Wk+1  Wk + ⌘

✓
@J

@W

◆T

<latexit sha1_base64="tEv2ufs9Uvi+jyrVzXQKnOzNFrQ="></latexit><latexit sha1_base64="tEv2ufs9Uvi+jyrVzXQKnOzNFrQ="></latexit><latexit sha1_base64="tEv2ufs9Uvi+jyrVzXQKnOzNFrQ="></latexit><latexit sha1_base64="tEv2ufs9Uvi+jyrVzXQKnOzNFrQ="></latexit>

Sum over N training pairs

J =
NX

i=1

L(x(i),y(i))
<latexit sha1_base64="CUkiFObWPL/pVYVuqbK4JUO3XYE="></latexit><latexit sha1_base64="CUkiFObWPL/pVYVuqbK4JUO3XYE="></latexit><latexit sha1_base64="CUkiFObWPL/pVYVuqbK4JUO3XYE="></latexit><latexit sha1_base64="CUkiFObWPL/pVYVuqbK4JUO3XYE="></latexit>

@J

@W
=

NX

i=1

xin ·
@L

@xout

����
x(i),y(i)

<latexit sha1_base64="pXo+5LHKDcSapm7+c8/hZxwR/XM="></latexit><latexit sha1_base64="pXo+5LHKDcSapm7+c8/hZxwR/XM="></latexit><latexit sha1_base64="pXo+5LHKDcSapm7+c8/hZxwR/XM="></latexit><latexit sha1_base64="pXo+5LHKDcSapm7+c8/hZxwR/XM="></latexit>



Pointwise function
• Forward propagation: 

We use this last expression to update the bias.

@L
@xin

<latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit>

@L
@xout

<latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit>

f(xin,W)
<latexit sha1_base64="jMlYtvDfg60eyA74W6Hpj482ivk="></latexit><latexit sha1_base64="jMlYtvDfg60eyA74W6Hpj482ivk="></latexit><latexit sha1_base64="jMlYtvDfg60eyA74W6Hpj482ivk="></latexit><latexit sha1_base64="jMlYtvDfg60eyA74W6Hpj482ivk="></latexit>

xin
<latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit>

xout
<latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit>

h = an arbitrary function, bi is a bias term.

xouti = h(xini + bi)
<latexit sha1_base64="KICnzeZ9U/3uZSlWl8s8XsldPo8="></latexit><latexit sha1_base64="KICnzeZ9U/3uZSlWl8s8XsldPo8="></latexit><latexit sha1_base64="KICnzeZ9U/3uZSlWl8s8XsldPo8="></latexit><latexit sha1_base64="KICnzeZ9U/3uZSlWl8s8XsldPo8="></latexit>

• Backprop to input: @L
@xini

=
@L

@xouti

· @xouti

@xini

=
@L

@xouti

· @h(xini + bi)

@xini
<latexit sha1_base64="0JNBfCgoii1GSRMnG7OFsnKKsbE="></latexit><latexit sha1_base64="0JNBfCgoii1GSRMnG7OFsnKKsbE="></latexit><latexit sha1_base64="0JNBfCgoii1GSRMnG7OFsnKKsbE="></latexit><latexit sha1_base64="0JNBfCgoii1GSRMnG7OFsnKKsbE="></latexit>

• Backprop to bias: 
@L
@bi

=
@L

@xouti

· @xouti

@bi
=

@L
@xouti

· @h(xini + bi)

@bi
<latexit sha1_base64="aDREK3XgtGM83h2ZF2NzDiD6k54="></latexit><latexit sha1_base64="aDREK3XgtGM83h2ZF2NzDiD6k54="></latexit><latexit sha1_base64="aDREK3XgtGM83h2ZF2NzDiD6k54="></latexit><latexit sha1_base64="aDREK3XgtGM83h2ZF2NzDiD6k54="></latexit>

@L
@xini

=
@L

@xouti

· @xouti

@xini

=
@L

@xouti

· @h(xini + bi)

@xini
<latexit sha1_base64="0JNBfCgoii1GSRMnG7OFsnKKsbE="></latexit><latexit sha1_base64="0JNBfCgoii1GSRMnG7OFsnKKsbE="></latexit><latexit sha1_base64="0JNBfCgoii1GSRMnG7OFsnKKsbE="></latexit><latexit sha1_base64="0JNBfCgoii1GSRMnG7OFsnKKsbE="></latexit>

@L
@bi

=
@L

@xouti

· @xouti

@bi
=

@L
@xouti

· @h(xini + bi)

@bi
<latexit sha1_base64="aDREK3XgtGM83h2ZF2NzDiD6k54="></latexit><latexit sha1_base64="aDREK3XgtGM83h2ZF2NzDiD6k54="></latexit><latexit sha1_base64="aDREK3XgtGM83h2ZF2NzDiD6k54="></latexit><latexit sha1_base64="aDREK3XgtGM83h2ZF2NzDiD6k54="></latexit>



• Forward propagation: 

We use this last expression to update the bias.

Some useful derivatives:

h = an arbitrary function, bi is a bias term.

xouti = h(xini + bi)
<latexit sha1_base64="KICnzeZ9U/3uZSlWl8s8XsldPo8="></latexit><latexit sha1_base64="KICnzeZ9U/3uZSlWl8s8XsldPo8="></latexit><latexit sha1_base64="KICnzeZ9U/3uZSlWl8s8XsldPo8="></latexit><latexit sha1_base64="KICnzeZ9U/3uZSlWl8s8XsldPo8="></latexit>

For hyperbolic tangent: tanh0(x) = 1� tanh2(x)
<latexit sha1_base64="cKao85TopgMirMJ95CkdK7eEQFU="></latexit><latexit sha1_base64="cKao85TopgMirMJ95CkdK7eEQFU="></latexit><latexit sha1_base64="cKao85TopgMirMJ95CkdK7eEQFU="></latexit><latexit sha1_base64="cKao85TopgMirMJ95CkdK7eEQFU="></latexit>

For ReLU: h(x) = max(0, x), h0(x) = (x � 0)
<latexit sha1_base64="gE33VMlpsabwgI7LA4/bZ3dLe9g="></latexit><latexit sha1_base64="gE33VMlpsabwgI7LA4/bZ3dLe9g="></latexit><latexit sha1_base64="gE33VMlpsabwgI7LA4/bZ3dLe9g="></latexit><latexit sha1_base64="gE33VMlpsabwgI7LA4/bZ3dLe9g="></latexit>

• Backprop to input: 

• Backprop to bias: 
@L
@bi

=
@L

@xouti

· @xouti

@bi
=

@L
@xouti

· h0(xini + bi)
<latexit sha1_base64="ULVENgadQaETtzg3F1tRZgBn0H4="></latexit><latexit sha1_base64="ULVENgadQaETtzg3F1tRZgBn0H4="></latexit><latexit sha1_base64="ULVENgadQaETtzg3F1tRZgBn0H4="></latexit><latexit sha1_base64="ULVENgadQaETtzg3F1tRZgBn0H4="></latexit>

@L
@xini

=
@L

@xouti

· @xouti

@xini

=
@L

@xouti

· h0(xini + bi)
<latexit sha1_base64="uja4HgH0VogjIhWET9rqyHKHZtw="></latexit><latexit sha1_base64="uja4HgH0VogjIhWET9rqyHKHZtw="></latexit><latexit sha1_base64="uja4HgH0VogjIhWET9rqyHKHZtw="></latexit><latexit sha1_base64="uja4HgH0VogjIhWET9rqyHKHZtw="></latexit>

@L
@xini

=
@L

@xouti

· @xouti

@xini

=
@L

@xouti

· h0(xini + bi)
<latexit sha1_base64="uja4HgH0VogjIhWET9rqyHKHZtw="></latexit><latexit sha1_base64="uja4HgH0VogjIhWET9rqyHKHZtw="></latexit><latexit sha1_base64="uja4HgH0VogjIhWET9rqyHKHZtw="></latexit><latexit sha1_base64="uja4HgH0VogjIhWET9rqyHKHZtw="></latexit>

@L
@bi

=
@L

@xouti

· @xouti

@bi
=

@L
@xouti

· h0(xini + bi)
<latexit sha1_base64="ULVENgadQaETtzg3F1tRZgBn0H4="></latexit><latexit sha1_base64="ULVENgadQaETtzg3F1tRZgBn0H4="></latexit><latexit sha1_base64="ULVENgadQaETtzg3F1tRZgBn0H4="></latexit><latexit sha1_base64="ULVENgadQaETtzg3F1tRZgBn0H4="></latexit>

Pointwise function

@L
@xin

<latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit>

@L
@xout

<latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit>

f(xin,W)
<latexit sha1_base64="jMlYtvDfg60eyA74W6Hpj482ivk="></latexit><latexit sha1_base64="jMlYtvDfg60eyA74W6Hpj482ivk="></latexit><latexit sha1_base64="jMlYtvDfg60eyA74W6Hpj482ivk="></latexit><latexit sha1_base64="jMlYtvDfg60eyA74W6Hpj482ivk="></latexit>

xin
<latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit>

xout
<latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit>



Pointwise function

xin
<latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit>

xout
<latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit>

@L
@xin

<latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit>

@L
@xout

<latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit>

xouti = h(xini + bi)
<latexit sha1_base64="KICnzeZ9U/3uZSlWl8s8XsldPo8="></latexit><latexit sha1_base64="KICnzeZ9U/3uZSlWl8s8XsldPo8="></latexit><latexit sha1_base64="KICnzeZ9U/3uZSlWl8s8XsldPo8="></latexit><latexit sha1_base64="KICnzeZ9U/3uZSlWl8s8XsldPo8="></latexit>

@L
@xini

=
@L

@xouti

· h0(xini + bi)
<latexit sha1_base64="QLF5X/UJgxyOr5ltJx6e+MSq97s="></latexit><latexit sha1_base64="QLF5X/UJgxyOr5ltJx6e+MSq97s="></latexit><latexit sha1_base64="QLF5X/UJgxyOr5ltJx6e+MSq97s="></latexit><latexit sha1_base64="QLF5X/UJgxyOr5ltJx6e+MSq97s="></latexit>

@L
@bi

=
@L

@xouti

· h0(xini + bi)
<latexit sha1_base64="WI4V36ShK4yTTLYbvLKkj6eathw="></latexit><latexit sha1_base64="WI4V36ShK4yTTLYbvLKkj6eathw="></latexit><latexit sha1_base64="WI4V36ShK4yTTLYbvLKkj6eathw="></latexit><latexit sha1_base64="WI4V36ShK4yTTLYbvLKkj6eathw="></latexit>

Bias updates:

bk+1
i  bki + ⌘

@J

@bi
<latexit sha1_base64="lFlBkT3tYxB2JmlbFZOa2sc8Ztg="></latexit><latexit sha1_base64="lFlBkT3tYxB2JmlbFZOa2sc8Ztg="></latexit><latexit sha1_base64="lFlBkT3tYxB2JmlbFZOa2sc8Ztg="></latexit><latexit sha1_base64="lFlBkT3tYxB2JmlbFZOa2sc8Ztg="></latexit>



Euclidean loss module

L =
1

2
kxin � yk22

<latexit sha1_base64="0WF6zAZD/q19txYKbHZcBIXV60Q="></latexit><latexit sha1_base64="0WF6zAZD/q19txYKbHZcBIXV60Q="></latexit><latexit sha1_base64="0WF6zAZD/q19txYKbHZcBIXV60Q="></latexit><latexit sha1_base64="0WF6zAZD/q19txYKbHZcBIXV60Q="></latexit>

@L
@xin

= xin � y
<latexit sha1_base64="oNw5fLtvArnUqEExU9fsdl2rmzE="></latexit><latexit sha1_base64="oNw5fLtvArnUqEExU9fsdl2rmzE="></latexit><latexit sha1_base64="oNw5fLtvArnUqEExU9fsdl2rmzE="></latexit><latexit sha1_base64="oNw5fLtvArnUqEExU9fsdl2rmzE="></latexit>

xin
<latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit>

@L
@xin

<latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit>

L
<latexit sha1_base64="rSdSHFd2CpN+yBrFt4sNljKoCMk="></latexit><latexit sha1_base64="rSdSHFd2CpN+yBrFt4sNljKoCMk="></latexit><latexit sha1_base64="rSdSHFd2CpN+yBrFt4sNljKoCMk="></latexit><latexit sha1_base64="rSdSHFd2CpN+yBrFt4sNljKoCMk="></latexit>

y
<latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit>

@L
@L = 1

<latexit sha1_base64="CzMYPxo6ivRQeXsHY7xeeibS6zY="></latexit><latexit sha1_base64="CzMYPxo6ivRQeXsHY7xeeibS6zY="></latexit><latexit sha1_base64="CzMYPxo6ivRQeXsHY7xeeibS6zY="></latexit><latexit sha1_base64="CzMYPxo6ivRQeXsHY7xeeibS6zY="></latexit>



Homework: Convolution Module
Assume the input xin and output xout are 1D signals of the same length N.  
The convolution kernel is W, and has length k < N

Derive the equations that go inside each box. 
Discuss how you handle the boundaries.

xin
<latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit>

xout
<latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit>

@L
@xin

<latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit>

@L
@xout

<latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit>

Weight updates:

Wk+1  Wk + ⌘

✓
@J

@W

◆T

<latexit sha1_base64="tEv2ufs9Uvi+jyrVzXQKnOzNFrQ="></latexit><latexit sha1_base64="tEv2ufs9Uvi+jyrVzXQKnOzNFrQ="></latexit><latexit sha1_base64="tEv2ufs9Uvi+jyrVzXQKnOzNFrQ="></latexit><latexit sha1_base64="tEv2ufs9Uvi+jyrVzXQKnOzNFrQ="></latexit>



Homework: max pooling module 
Assume the input xin and output xout are 1D signals of different lengths. 

Derive the equations that go inside each box. 
Discuss how you handle the boundaries.

xin
<latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit>

xout
<latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit>

@L
@xin

<latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit>

@L
@xout

<latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit>

Weight updates:

Wk+1  Wk + ⌘

✓
@J

@W

◆T

<latexit sha1_base64="tEv2ufs9Uvi+jyrVzXQKnOzNFrQ="></latexit><latexit sha1_base64="tEv2ufs9Uvi+jyrVzXQKnOzNFrQ="></latexit><latexit sha1_base64="tEv2ufs9Uvi+jyrVzXQKnOzNFrQ="></latexit><latexit sha1_base64="tEv2ufs9Uvi+jyrVzXQKnOzNFrQ="></latexit>



Branching and Merging

merge

xa
<latexit sha1_base64="nvuQ6zVvkAmb5L3X9kUTN3vLWh8="></latexit><latexit sha1_base64="nvuQ6zVvkAmb5L3X9kUTN3vLWh8="></latexit><latexit sha1_base64="nvuQ6zVvkAmb5L3X9kUTN3vLWh8="></latexit><latexit sha1_base64="nvuQ6zVvkAmb5L3X9kUTN3vLWh8="></latexit>

xb
<latexit sha1_base64="jsFVByinHPJ6HjaIKQCXsULHwyE="></latexit><latexit sha1_base64="jsFVByinHPJ6HjaIKQCXsULHwyE="></latexit><latexit sha1_base64="jsFVByinHPJ6HjaIKQCXsULHwyE="></latexit><latexit sha1_base64="jsFVByinHPJ6HjaIKQCXsULHwyE="></latexit>

[xa,xb]
<latexit sha1_base64="tgRCOOmIH+VSMi5U1J8EVDN47sg="></latexit><latexit sha1_base64="tgRCOOmIH+VSMi5U1J8EVDN47sg="></latexit><latexit sha1_base64="tgRCOOmIH+VSMi5U1J8EVDN47sg="></latexit><latexit sha1_base64="tgRCOOmIH+VSMi5U1J8EVDN47sg="></latexit>

branch

x
<latexit sha1_base64="Z4e5y6nMs9sbXeAltyY2IdHf0NI="></latexit><latexit sha1_base64="Z4e5y6nMs9sbXeAltyY2IdHf0NI="></latexit><latexit sha1_base64="Z4e5y6nMs9sbXeAltyY2IdHf0NI="></latexit><latexit sha1_base64="Z4e5y6nMs9sbXeAltyY2IdHf0NI="></latexit>

xa = x
<latexit sha1_base64="5aC+ljMD5tUHtHYU3Gyf/N3qoM8="></latexit><latexit sha1_base64="5aC+ljMD5tUHtHYU3Gyf/N3qoM8="></latexit><latexit sha1_base64="5aC+ljMD5tUHtHYU3Gyf/N3qoM8="></latexit><latexit sha1_base64="5aC+ljMD5tUHtHYU3Gyf/N3qoM8="></latexit> xb = x

<latexit sha1_base64="VGvf2luZaQA+Jom8G2QLaSz/QkI="></latexit><latexit sha1_base64="VGvf2luZaQA+Jom8G2QLaSz/QkI="></latexit><latexit sha1_base64="VGvf2luZaQA+Jom8G2QLaSz/QkI="></latexit><latexit sha1_base64="VGvf2luZaQA+Jom8G2QLaSz/QkI="></latexit>

@L
@xa

<latexit sha1_base64="Ay5/Jzt5i+L099zp31LOJdIBA9k="></latexit><latexit sha1_base64="Ay5/Jzt5i+L099zp31LOJdIBA9k="></latexit><latexit sha1_base64="Ay5/Jzt5i+L099zp31LOJdIBA9k="></latexit><latexit sha1_base64="Ay5/Jzt5i+L099zp31LOJdIBA9k="></latexit>

@L
@xb

<latexit sha1_base64="gLJaA0s+4RMpVX7FiU41WJLBvGU="></latexit><latexit sha1_base64="gLJaA0s+4RMpVX7FiU41WJLBvGU="></latexit><latexit sha1_base64="gLJaA0s+4RMpVX7FiU41WJLBvGU="></latexit><latexit sha1_base64="gLJaA0s+4RMpVX7FiU41WJLBvGU="></latexit>

X

i

@L
@xi

<latexit sha1_base64="Y+T4Tr70DNr8aFr+xtzHZ1lOeI8="></latexit><latexit sha1_base64="Y+T4Tr70DNr8aFr+xtzHZ1lOeI8="></latexit><latexit sha1_base64="Y+T4Tr70DNr8aFr+xtzHZ1lOeI8="></latexit><latexit sha1_base64="Y+T4Tr70DNr8aFr+xtzHZ1lOeI8="></latexit>

@L
@xa

<latexit sha1_base64="Ay5/Jzt5i+L099zp31LOJdIBA9k="></latexit><latexit sha1_base64="Ay5/Jzt5i+L099zp31LOJdIBA9k="></latexit><latexit sha1_base64="Ay5/Jzt5i+L099zp31LOJdIBA9k="></latexit><latexit sha1_base64="Ay5/Jzt5i+L099zp31LOJdIBA9k="></latexit>

@L
@xb

<latexit sha1_base64="gLJaA0s+4RMpVX7FiU41WJLBvGU="></latexit><latexit sha1_base64="gLJaA0s+4RMpVX7FiU41WJLBvGU="></latexit><latexit sha1_base64="gLJaA0s+4RMpVX7FiU41WJLBvGU="></latexit><latexit sha1_base64="gLJaA0s+4RMpVX7FiU41WJLBvGU="></latexit>

@L
@[xa,xb]

<latexit sha1_base64="RiRzFowO0fGMNx/8VKUEWevLB/Y="></latexit><latexit sha1_base64="RiRzFowO0fGMNx/8VKUEWevLB/Y="></latexit><latexit sha1_base64="RiRzFowO0fGMNx/8VKUEWevLB/Y="></latexit><latexit sha1_base64="RiRzFowO0fGMNx/8VKUEWevLB/Y="></latexit>



Computation Graphs

If all the modules (     ) are differentiable, and 
they are connected to form a Directed Acyclic 
Graph (DAG), then you can use backprop to 
train this whole system!

This is an example of a computation graph.

Many programs can be represented with 
differentiable DAGs, not just “neural nets”.



Differentiable programming

@L
@xin

<latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit>

@L
@xout

<latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit>

f(xin,W)
<latexit sha1_base64="jMlYtvDfg60eyA74W6Hpj482ivk="></latexit><latexit sha1_base64="jMlYtvDfg60eyA74W6Hpj482ivk="></latexit><latexit sha1_base64="jMlYtvDfg60eyA74W6Hpj482ivk="></latexit><latexit sha1_base64="jMlYtvDfg60eyA74W6Hpj482ivk="></latexit>

xin
<latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit>

xout
<latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit>

Deep learning

y
<latexit sha1_base64="wmQTi+CiSNXY0OM6Rdab2EC57Yw=">AAACO3icfZDLSgMxFIYz9VbrrdWlm8EqiEiZEUGXRV24EVuwF+iUciY9bUMzmSHJiGXoE7jVx/FBXLsTt+5NL4K24oHAx3/+JOf8fsSZ0o7zaqUWFpeWV9KrmbX1jc2tbG67qsJYUqzQkIey7oNCzgRWNNMc65FECHyONb9/OerX7lEqFoo7PYiwGUBXsA6joI1UHrSyeafgjMueB3cKeTKtUitn7XvtkMYBCk05KNVwnUg3E5CaUY7DjBcrjID2oYsNgwICVM1kPOnQPjBK2+6E0hyh7bH680YCgVKDwDfOAHRPzfZG4l+9Rqw7582EiSjWKOjko07MbR3ao7XtNpNINR8YACqZmdWmPZBAtQknk/Gu0Cwj8cY8fBuhBB3Ko8QD2Q3gYWiW63rHI/rPyMS30ZDJ1Z1NcR6qJwXXKbjl03zxYppwmuySPXJIXHJGiuSalEiFUILkkTyRZ+vFerPerY+JNWVN7+yQX2V9fgGeHq3A</latexit><latexit sha1_base64="wmQTi+CiSNXY0OM6Rdab2EC57Yw=">AAACO3icfZDLSgMxFIYz9VbrrdWlm8EqiEiZEUGXRV24EVuwF+iUciY9bUMzmSHJiGXoE7jVx/FBXLsTt+5NL4K24oHAx3/+JOf8fsSZ0o7zaqUWFpeWV9KrmbX1jc2tbG67qsJYUqzQkIey7oNCzgRWNNMc65FECHyONb9/OerX7lEqFoo7PYiwGUBXsA6joI1UHrSyeafgjMueB3cKeTKtUitn7XvtkMYBCk05KNVwnUg3E5CaUY7DjBcrjID2oYsNgwICVM1kPOnQPjBK2+6E0hyh7bH680YCgVKDwDfOAHRPzfZG4l+9Rqw7582EiSjWKOjko07MbR3ao7XtNpNINR8YACqZmdWmPZBAtQknk/Gu0Cwj8cY8fBuhBB3Ko8QD2Q3gYWiW63rHI/rPyMS30ZDJ1Z1NcR6qJwXXKbjl03zxYppwmuySPXJIXHJGiuSalEiFUILkkTyRZ+vFerPerY+JNWVN7+yQX2V9fgGeHq3A</latexit><latexit sha1_base64="wmQTi+CiSNXY0OM6Rdab2EC57Yw=">AAACO3icfZDLSgMxFIYz9VbrrdWlm8EqiEiZEUGXRV24EVuwF+iUciY9bUMzmSHJiGXoE7jVx/FBXLsTt+5NL4K24oHAx3/+JOf8fsSZ0o7zaqUWFpeWV9KrmbX1jc2tbG67qsJYUqzQkIey7oNCzgRWNNMc65FECHyONb9/OerX7lEqFoo7PYiwGUBXsA6joI1UHrSyeafgjMueB3cKeTKtUitn7XvtkMYBCk05KNVwnUg3E5CaUY7DjBcrjID2oYsNgwICVM1kPOnQPjBK2+6E0hyh7bH680YCgVKDwDfOAHRPzfZG4l+9Rqw7582EiSjWKOjko07MbR3ao7XtNpNINR8YACqZmdWmPZBAtQknk/Gu0Cwj8cY8fBuhBB3Ko8QD2Q3gYWiW63rHI/rPyMS30ZDJ1Z1NcR6qJwXXKbjl03zxYppwmuySPXJIXHJGiuSalEiFUILkkTyRZ+vFerPerY+JNWVN7+yQX2V9fgGeHq3A</latexit><latexit sha1_base64="wmQTi+CiSNXY0OM6Rdab2EC57Yw=">AAACO3icfZDLSgMxFIYz9VbrrdWlm8EqiEiZEUGXRV24EVuwF+iUciY9bUMzmSHJiGXoE7jVx/FBXLsTt+5NL4K24oHAx3/+JOf8fsSZ0o7zaqUWFpeWV9KrmbX1jc2tbG67qsJYUqzQkIey7oNCzgRWNNMc65FECHyONb9/OerX7lEqFoo7PYiwGUBXsA6joI1UHrSyeafgjMueB3cKeTKtUitn7XvtkMYBCk05KNVwnUg3E5CaUY7DjBcrjID2oYsNgwICVM1kPOnQPjBK2+6E0hyh7bH680YCgVKDwDfOAHRPzfZG4l+9Rqw7582EiSjWKOjko07MbR3ao7XtNpNINR8YACqZmdWmPZBAtQknk/Gu0Cwj8cY8fBuhBB3Ko8QD2Q3gYWiW63rHI/rPyMS30ZDJ1Z1NcR6qJwXXKbjl03zxYppwmuySPXJIXHJGiuSalEiFUILkkTyRZ+vFerPerY+JNWVN7+yQX2V9fgGeHq3A</latexit>

x
<latexit sha1_base64="9NEoze40rC7bmnW5903lOYwWg/E=">AAACO3icfZDLSgMxFIYzXmu9tbp0M1gFESkzIuiyqAs3Ygv2Ap1SzqSnbWgmMyQZaRn6BG71cXwQ1+7ErXvTi6CteCDw8Z8/yTm/H3GmtOO8WguLS8srq6m19PrG5tZ2JrtTUWEsKZZpyENZ80EhZwLLmmmOtUgiBD7Hqt+7GvWrDygVC8W9HkTYCKAjWJtR0EYq9ZuZnJN3xmXPgzuFHJlWsZm1DrxWSOMAhaYclKq7TqQbCUjNKMdh2osVRkB70MG6QQEBqkYynnRoHxqlZbdDaY7Q9lj9eSOBQKlB4BtnALqrZnsj8a9ePdbti0bCRBRrFHTyUTvmtg7t0dp2i0mkmg8MAJXMzGrTLkig2oSTTnvXaJaReGsevotQgg7lceKB7ATQH5rlOt7JiP4zMvFtNGRydWdTnIfKad518m7pLFe4nCacIntknxwRl5yTArkhRVImlCB5JE/k2Xqx3qx362NiXbCmd3bJr7I+vwCcR62/</latexit><latexit sha1_base64="9NEoze40rC7bmnW5903lOYwWg/E=">AAACO3icfZDLSgMxFIYzXmu9tbp0M1gFESkzIuiyqAs3Ygv2Ap1SzqSnbWgmMyQZaRn6BG71cXwQ1+7ErXvTi6CteCDw8Z8/yTm/H3GmtOO8WguLS8srq6m19PrG5tZ2JrtTUWEsKZZpyENZ80EhZwLLmmmOtUgiBD7Hqt+7GvWrDygVC8W9HkTYCKAjWJtR0EYq9ZuZnJN3xmXPgzuFHJlWsZm1DrxWSOMAhaYclKq7TqQbCUjNKMdh2osVRkB70MG6QQEBqkYynnRoHxqlZbdDaY7Q9lj9eSOBQKlB4BtnALqrZnsj8a9ePdbti0bCRBRrFHTyUTvmtg7t0dp2i0mkmg8MAJXMzGrTLkig2oSTTnvXaJaReGsevotQgg7lceKB7ATQH5rlOt7JiP4zMvFtNGRydWdTnIfKad518m7pLFe4nCacIntknxwRl5yTArkhRVImlCB5JE/k2Xqx3qx362NiXbCmd3bJr7I+vwCcR62/</latexit><latexit sha1_base64="9NEoze40rC7bmnW5903lOYwWg/E=">AAACO3icfZDLSgMxFIYzXmu9tbp0M1gFESkzIuiyqAs3Ygv2Ap1SzqSnbWgmMyQZaRn6BG71cXwQ1+7ErXvTi6CteCDw8Z8/yTm/H3GmtOO8WguLS8srq6m19PrG5tZ2JrtTUWEsKZZpyENZ80EhZwLLmmmOtUgiBD7Hqt+7GvWrDygVC8W9HkTYCKAjWJtR0EYq9ZuZnJN3xmXPgzuFHJlWsZm1DrxWSOMAhaYclKq7TqQbCUjNKMdh2osVRkB70MG6QQEBqkYynnRoHxqlZbdDaY7Q9lj9eSOBQKlB4BtnALqrZnsj8a9ePdbti0bCRBRrFHTyUTvmtg7t0dp2i0mkmg8MAJXMzGrTLkig2oSTTnvXaJaReGsevotQgg7lceKB7ATQH5rlOt7JiP4zMvFtNGRydWdTnIfKad518m7pLFe4nCacIntknxwRl5yTArkhRVImlCB5JE/k2Xqx3qx362NiXbCmd3bJr7I+vwCcR62/</latexit><latexit sha1_base64="9NEoze40rC7bmnW5903lOYwWg/E=">AAACO3icfZDLSgMxFIYzXmu9tbp0M1gFESkzIuiyqAs3Ygv2Ap1SzqSnbWgmMyQZaRn6BG71cXwQ1+7ErXvTi6CteCDw8Z8/yTm/H3GmtOO8WguLS8srq6m19PrG5tZ2JrtTUWEsKZZpyENZ80EhZwLLmmmOtUgiBD7Hqt+7GvWrDygVC8W9HkTYCKAjWJtR0EYq9ZuZnJN3xmXPgzuFHJlWsZm1DrxWSOMAhaYclKq7TqQbCUjNKMdh2osVRkB70MG6QQEBqkYynnRoHxqlZbdDaY7Q9lj9eSOBQKlB4BtnALqrZnsj8a9ePdbti0bCRBRrFHTyUTvmtg7t0dp2i0mkmg8MAJXMzGrTLkig2oSTTnvXaJaReGsevotQgg7lceKB7ATQH5rlOt7JiP4zMvFtNGRydWdTnIfKad518m7pLFe4nCacIntknxwRl5yTArkhRVImlCB5JE/k2Xqx3qx362NiXbCmd3bJr7I+vwCcR62/</latexit>

@L
@xin

<latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit>

@L
@xout

<latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit>

xin
<latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit>

xout
<latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit>

Differentiable programming

f(xin, ✓)
<latexit sha1_base64="+HUl16j41oX+BgmNP2EYcwbSZV8="></latexit><latexit sha1_base64="+HUl16j41oX+BgmNP2EYcwbSZV8="></latexit><latexit sha1_base64="+HUl16j41oX+BgmNP2EYcwbSZV8="></latexit><latexit sha1_base64="+HUl16j41oX+BgmNP2EYcwbSZV8="></latexit>



Differentiable programming

An emerging term for general models with these 
properties is differentiable programming.

Deep nets are popular for a few reasons: 
1. Easy to optimize (differentiable) 
2. Compositional “block based programming”



Differentiable programming

[Figure from “Neural Module Networks”,  Andreas et al. 2017]



Programmed by backprop
e.g., programmed by tuning behavior to match 
training examples

Programmed by a human



Backprop lets you optimize any node (function) or edge (variable) in your 
computation graph w.r.t. to any scalar cost



Backprop lets you optimize any node (function) or edge (variable) in your 
computation graph w.r.t. to any scalar cost

@

@
<latexit sha1_base64="bgVJo3OjzEcFvzotErhHYmZwjhs=">AAACDnicbVC7TsMwFL3hWcorwMhiUVViqhKEBGMFC2OR6ENqospxnNaq4wTbQaqifgELv8LCAEKszGz8DU6bAVqOZOn4nHuvfU+Qcqa043xbK6tr6xubla3q9s7u3r59cNhRSSYJbZOEJ7IXYEU5E7Stmea0l0qK44DTbjC+LvzuA5WKJeJOT1Lqx3goWMQI1kYa2HUvkpjkXoqlZpgj7z7D4XTxPrBrTsOZAS0TtyQ1KNEa2F9emJAspkITjpXqu06q/bwYSjidVr1M0RSTMR7SvqECx1T5+WydKaobJURRIs0RGs3U3x05jpWaxIGpjLEeqUWvEP/z+pmOLv2ciTTTVJD5Q1HGkU5QkQ0KmaRE84khmEhm/orICJt8tEmwakJwF1deJp2zhus03NvzWvOqjKMCx3ACp+DCBTThBlrQBgKP8Ayv8GY9WS/Wu/UxL12xyp4j+APr8wdSwJzl</latexit><latexit sha1_base64="iz8Mz+8FgyTALYo6Np6Guj42Qgo=">AAACM3icjVDLSsNAFJ34rPUVdelmsBRclUQEXRbduFSwD2hCuZlM2qGTSZyZCCX0C/waF278DHfiRsSt/+CkzUJbF14YOPecc7lzT5ByprTjvFpLyyura+uVjerm1vbOrr2331ZJJgltkYQnshuAopwJ2tJMc9pNJYU44LQTjC4LvXNPpWKJuNXjlPoxDASLGAFtqL5d9yIJJPdSkJoBx95dBuFkvu/bNafhTAsvArcENVTW/+x9+8ULE5LFVGjCQame66Taz4vNhNNJ1csUTYGMYEB7BgqIqfLz6c0TXDdMiKNEmic0nrI/J3KIlRrHgXHGoIdqXivIv7RepqNzP2cizTQVZLYoyjjWCS4CxCGTlGg+NgCIZOavmAzBhKhNzFVzujt/6CJonzRcp+HenNaaF2VmFXSIjtAxctEZaqIrdI1aiKAH9Iie0bv1ZL1ZH9bnzLpklTMH6FdZX9/U2qRe</latexit><latexit sha1_base64="iz8Mz+8FgyTALYo6Np6Guj42Qgo=">AAACM3icjVDLSsNAFJ34rPUVdelmsBRclUQEXRbduFSwD2hCuZlM2qGTSZyZCCX0C/waF278DHfiRsSt/+CkzUJbF14YOPecc7lzT5ByprTjvFpLyyura+uVjerm1vbOrr2331ZJJgltkYQnshuAopwJ2tJMc9pNJYU44LQTjC4LvXNPpWKJuNXjlPoxDASLGAFtqL5d9yIJJPdSkJoBx95dBuFkvu/bNafhTAsvArcENVTW/+x9+8ULE5LFVGjCQame66Taz4vNhNNJ1csUTYGMYEB7BgqIqfLz6c0TXDdMiKNEmic0nrI/J3KIlRrHgXHGoIdqXivIv7RepqNzP2cizTQVZLYoyjjWCS4CxCGTlGg+NgCIZOavmAzBhKhNzFVzujt/6CJonzRcp+HenNaaF2VmFXSIjtAxctEZaqIrdI1aiKAH9Iie0bv1ZL1ZH9bnzLpklTMH6FdZX9/U2qRe</latexit><latexit sha1_base64="iz8Mz+8FgyTALYo6Np6Guj42Qgo=">AAACM3icjVDLSsNAFJ34rPUVdelmsBRclUQEXRbduFSwD2hCuZlM2qGTSZyZCCX0C/waF278DHfiRsSt/+CkzUJbF14YOPecc7lzT5ByprTjvFpLyyura+uVjerm1vbOrr2331ZJJgltkYQnshuAopwJ2tJMc9pNJYU44LQTjC4LvXNPpWKJuNXjlPoxDASLGAFtqL5d9yIJJPdSkJoBx95dBuFkvu/bNafhTAsvArcENVTW/+x9+8ULE5LFVGjCQame66Taz4vNhNNJ1csUTYGMYEB7BgqIqfLz6c0TXDdMiKNEmic0nrI/J3KIlRrHgXHGoIdqXivIv7RepqNzP2cizTQVZLYoyjjWCS4CxCGTlGg+NgCIZOavmAzBhKhNzFVzujt/6CJonzRcp+HenNaaF2VmFXSIjtAxctEZaqIrdI1aiKAH9Iie0bv1ZL1ZH9bnzLpklTMH6FdZX9/U2qRe</latexit>

How the loss changes when the functional node 
highlighted changes



Backprop lets you optimize any node (function) or edge (variable) in your 
computation graph w.r.t. to any scalar cost

@

@
<latexit sha1_base64="bgVJo3OjzEcFvzotErhHYmZwjhs=">AAACDnicbVC7TsMwFL3hWcorwMhiUVViqhKEBGMFC2OR6ENqospxnNaq4wTbQaqifgELv8LCAEKszGz8DU6bAVqOZOn4nHuvfU+Qcqa043xbK6tr6xubla3q9s7u3r59cNhRSSYJbZOEJ7IXYEU5E7Stmea0l0qK44DTbjC+LvzuA5WKJeJOT1Lqx3goWMQI1kYa2HUvkpjkXoqlZpgj7z7D4XTxPrBrTsOZAS0TtyQ1KNEa2F9emJAspkITjpXqu06q/bwYSjidVr1M0RSTMR7SvqECx1T5+WydKaobJURRIs0RGs3U3x05jpWaxIGpjLEeqUWvEP/z+pmOLv2ciTTTVJD5Q1HGkU5QkQ0KmaRE84khmEhm/orICJt8tEmwakJwF1deJp2zhus03NvzWvOqjKMCx3ACp+DCBTThBlrQBgKP8Ayv8GY9WS/Wu/UxL12xyp4j+APr8wdSwJzl</latexit><latexit sha1_base64="iz8Mz+8FgyTALYo6Np6Guj42Qgo=">AAACM3icjVDLSsNAFJ34rPUVdelmsBRclUQEXRbduFSwD2hCuZlM2qGTSZyZCCX0C/waF278DHfiRsSt/+CkzUJbF14YOPecc7lzT5ByprTjvFpLyyura+uVjerm1vbOrr2331ZJJgltkYQnshuAopwJ2tJMc9pNJYU44LQTjC4LvXNPpWKJuNXjlPoxDASLGAFtqL5d9yIJJPdSkJoBx95dBuFkvu/bNafhTAsvArcENVTW/+x9+8ULE5LFVGjCQame66Taz4vNhNNJ1csUTYGMYEB7BgqIqfLz6c0TXDdMiKNEmic0nrI/J3KIlRrHgXHGoIdqXivIv7RepqNzP2cizTQVZLYoyjjWCS4CxCGTlGg+NgCIZOavmAzBhKhNzFVzujt/6CJonzRcp+HenNaaF2VmFXSIjtAxctEZaqIrdI1aiKAH9Iie0bv1ZL1ZH9bnzLpklTMH6FdZX9/U2qRe</latexit><latexit sha1_base64="iz8Mz+8FgyTALYo6Np6Guj42Qgo=">AAACM3icjVDLSsNAFJ34rPUVdelmsBRclUQEXRbduFSwD2hCuZlM2qGTSZyZCCX0C/waF278DHfiRsSt/+CkzUJbF14YOPecc7lzT5ByprTjvFpLyyura+uVjerm1vbOrr2331ZJJgltkYQnshuAopwJ2tJMc9pNJYU44LQTjC4LvXNPpWKJuNXjlPoxDASLGAFtqL5d9yIJJPdSkJoBx95dBuFkvu/bNafhTAsvArcENVTW/+x9+8ULE5LFVGjCQame66Taz4vNhNNJ1csUTYGMYEB7BgqIqfLz6c0TXDdMiKNEmic0nrI/J3KIlRrHgXHGoIdqXivIv7RepqNzP2cizTQVZLYoyjjWCS4CxCGTlGg+NgCIZOavmAzBhKhNzFVzujt/6CJonzRcp+HenNaaF2VmFXSIjtAxctEZaqIrdI1aiKAH9Iie0bv1ZL1ZH9bnzLpklTMH6FdZX9/U2qRe</latexit><latexit sha1_base64="iz8Mz+8FgyTALYo6Np6Guj42Qgo=">AAACM3icjVDLSsNAFJ34rPUVdelmsBRclUQEXRbduFSwD2hCuZlM2qGTSZyZCCX0C/waF278DHfiRsSt/+CkzUJbF14YOPecc7lzT5ByprTjvFpLyyura+uVjerm1vbOrr2331ZJJgltkYQnshuAopwJ2tJMc9pNJYU44LQTjC4LvXNPpWKJuNXjlPoxDASLGAFtqL5d9yIJJPdSkJoBx95dBuFkvu/bNafhTAsvArcENVTW/+x9+8ULE5LFVGjCQame66Taz4vNhNNJ1csUTYGMYEB7BgqIqfLz6c0TXDdMiKNEmic0nrI/J3KIlRrHgXHGoIdqXivIv7RepqNzP2cizTQVZLYoyjjWCS4CxCGTlGg+NgCIZOavmAzBhKhNzFVzujt/6CJonzRcp+HenNaaF2VmFXSIjtAxctEZaqIrdI1aiKAH9Iie0bv1ZL1ZH9bnzLpklTMH6FdZX9/U2qRe</latexit>

How the cost changes when the input data changes

@

@
<latexit sha1_base64="bgVJo3OjzEcFvzotErhHYmZwjhs=">AAACDnicbVC7TsMwFL3hWcorwMhiUVViqhKEBGMFC2OR6ENqospxnNaq4wTbQaqifgELv8LCAEKszGz8DU6bAVqOZOn4nHuvfU+Qcqa043xbK6tr6xubla3q9s7u3r59cNhRSSYJbZOEJ7IXYEU5E7Stmea0l0qK44DTbjC+LvzuA5WKJeJOT1Lqx3goWMQI1kYa2HUvkpjkXoqlZpgj7z7D4XTxPrBrTsOZAS0TtyQ1KNEa2F9emJAspkITjpXqu06q/bwYSjidVr1M0RSTMR7SvqECx1T5+WydKaobJURRIs0RGs3U3x05jpWaxIGpjLEeqUWvEP/z+pmOLv2ciTTTVJD5Q1HGkU5QkQ0KmaRE84khmEhm/orICJt8tEmwakJwF1deJp2zhus03NvzWvOqjKMCx3ACp+DCBTThBlrQBgKP8Ayv8GY9WS/Wu/UxL12xyp4j+APr8wdSwJzl</latexit><latexit sha1_base64="iz8Mz+8FgyTALYo6Np6Guj42Qgo=">AAACM3icjVDLSsNAFJ34rPUVdelmsBRclUQEXRbduFSwD2hCuZlM2qGTSZyZCCX0C/waF278DHfiRsSt/+CkzUJbF14YOPecc7lzT5ByprTjvFpLyyura+uVjerm1vbOrr2331ZJJgltkYQnshuAopwJ2tJMc9pNJYU44LQTjC4LvXNPpWKJuNXjlPoxDASLGAFtqL5d9yIJJPdSkJoBx95dBuFkvu/bNafhTAsvArcENVTW/+x9+8ULE5LFVGjCQame66Taz4vNhNNJ1csUTYGMYEB7BgqIqfLz6c0TXDdMiKNEmic0nrI/J3KIlRrHgXHGoIdqXivIv7RepqNzP2cizTQVZLYoyjjWCS4CxCGTlGg+NgCIZOavmAzBhKhNzFVzujt/6CJonzRcp+HenNaaF2VmFXSIjtAxctEZaqIrdI1aiKAH9Iie0bv1ZL1ZH9bnzLpklTMH6FdZX9/U2qRe</latexit><latexit sha1_base64="iz8Mz+8FgyTALYo6Np6Guj42Qgo=">AAACM3icjVDLSsNAFJ34rPUVdelmsBRclUQEXRbduFSwD2hCuZlM2qGTSZyZCCX0C/waF278DHfiRsSt/+CkzUJbF14YOPecc7lzT5ByprTjvFpLyyura+uVjerm1vbOrr2331ZJJgltkYQnshuAopwJ2tJMc9pNJYU44LQTjC4LvXNPpWKJuNXjlPoxDASLGAFtqL5d9yIJJPdSkJoBx95dBuFkvu/bNafhTAsvArcENVTW/+x9+8ULE5LFVGjCQame66Taz4vNhNNJ1csUTYGMYEB7BgqIqfLz6c0TXDdMiKNEmic0nrI/J3KIlRrHgXHGoIdqXivIv7RepqNzP2cizTQVZLYoyjjWCS4CxCGTlGg+NgCIZOavmAzBhKhNzFVzujt/6CJonzRcp+HenNaaF2VmFXSIjtAxctEZaqIrdI1aiKAH9Iie0bv1ZL1ZH9bnzLpklTMH6FdZX9/U2qRe</latexit><latexit sha1_base64="iz8Mz+8FgyTALYo6Np6Guj42Qgo=">AAACM3icjVDLSsNAFJ34rPUVdelmsBRclUQEXRbduFSwD2hCuZlM2qGTSZyZCCX0C/waF278DHfiRsSt/+CkzUJbF14YOPecc7lzT5ByprTjvFpLyyura+uVjerm1vbOrr2331ZJJgltkYQnshuAopwJ2tJMc9pNJYU44LQTjC4LvXNPpWKJuNXjlPoxDASLGAFtqL5d9yIJJPdSkJoBx95dBuFkvu/bNafhTAsvArcENVTW/+x9+8ULE5LFVGjCQame66Taz4vNhNNJ1csUTYGMYEB7BgqIqfLz6c0TXDdMiKNEmic0nrI/J3KIlRrHgXHGoIdqXivIv7RepqNzP2cizTQVZLYoyjjWCS4CxCGTlGg+NgCIZOavmAzBhKhNzFVzujt/6CJonzRcp+HenNaaF2VmFXSIjtAxctEZaqIrdI1aiKAH9Iie0bv1ZL1ZH9bnzLpklTMH6FdZX9/U2qRe</latexit>

How the loss changes when the functional node 
highlighted changes



…

dolphin
cat
grizzly bear
angel fish
chameleon

iguana
elephant

clown fish J
<latexit sha1_base64="mpZz/RTfmC1QYVttclyrLEE2GEM="></latexit><latexit sha1_base64="mpZz/RTfmC1QYVttclyrLEE2GEM="></latexit><latexit sha1_base64="mpZz/RTfmC1QYVttclyrLEE2GEM="></latexit><latexit sha1_base64="mpZz/RTfmC1QYVttclyrLEE2GEM="></latexit>

How much the total cost is increased or decreased by changing the 
parameters.

@J

@✓
<latexit sha1_base64="fntxJA732Lt5u0jLQgl7KlryOPI="></latexit><latexit sha1_base64="fntxJA732Lt5u0jLQgl7KlryOPI="></latexit><latexit sha1_base64="fntxJA732Lt5u0jLQgl7KlryOPI="></latexit><latexit sha1_base64="fntxJA732Lt5u0jLQgl7KlryOPI="></latexit>

x
<latexit sha1_base64="Z4e5y6nMs9sbXeAltyY2IdHf0NI="></latexit><latexit sha1_base64="Z4e5y6nMs9sbXeAltyY2IdHf0NI="></latexit><latexit sha1_base64="Z4e5y6nMs9sbXeAltyY2IdHf0NI="></latexit><latexit sha1_base64="Z4e5y6nMs9sbXeAltyY2IdHf0NI="></latexit>

y
<latexit sha1_base64="+PDuWgTwP6aw2EvoElq4vv1lwm4="></latexit><latexit sha1_base64="+PDuWgTwP6aw2EvoElq4vv1lwm4="></latexit><latexit sha1_base64="+PDuWgTwP6aw2EvoElq4vv1lwm4="></latexit><latexit sha1_base64="+PDuWgTwP6aw2EvoElq4vv1lwm4="></latexit>

Optimizing parameters versus optimizing inputs



How much the “chameleon” score is increased or decreased by 
changing the image pixels.

…

dolphin
cat
grizzly bear
angel fish
chameleon

iguana
elephant

clown fish

@yj
@x

<latexit sha1_base64="BG3OCgUUaKLuXz8VDBz01vbeJwE="></latexit><latexit sha1_base64="BG3OCgUUaKLuXz8VDBz01vbeJwE="></latexit><latexit sha1_base64="BG3OCgUUaKLuXz8VDBz01vbeJwE="></latexit><latexit sha1_base64="BG3OCgUUaKLuXz8VDBz01vbeJwE="></latexit>

x
<latexit sha1_base64="Z4e5y6nMs9sbXeAltyY2IdHf0NI="></latexit><latexit sha1_base64="Z4e5y6nMs9sbXeAltyY2IdHf0NI="></latexit><latexit sha1_base64="Z4e5y6nMs9sbXeAltyY2IdHf0NI="></latexit><latexit sha1_base64="Z4e5y6nMs9sbXeAltyY2IdHf0NI="></latexit>

y
<latexit sha1_base64="+PDuWgTwP6aw2EvoElq4vv1lwm4="></latexit><latexit sha1_base64="+PDuWgTwP6aw2EvoElq4vv1lwm4="></latexit><latexit sha1_base64="+PDuWgTwP6aw2EvoElq4vv1lwm4="></latexit><latexit sha1_base64="+PDuWgTwP6aw2EvoElq4vv1lwm4="></latexit>

Optimizing parameters versus optimizing inputs



Unit visualization via backprop

argmax
x

yj
<latexit sha1_base64="f//gg3RAfvz534V5umy9NcGUQiE="></latexit><latexit sha1_base64="f//gg3RAfvz534V5umy9NcGUQiE="></latexit><latexit sha1_base64="f//gg3RAfvz534V5umy9NcGUQiE="></latexit><latexit sha1_base64="f//gg3RAfvz534V5umy9NcGUQiE="></latexit>

xk+1  xk + ⌘
@yj(x)

@x

����
x=xk

<latexit sha1_base64="23p+XiMUStXAkXAa69b4wDC9A9k="></latexit><latexit sha1_base64="23p+XiMUStXAkXAa69b4wDC9A9k="></latexit><latexit sha1_base64="23p+XiMUStXAkXAa69b4wDC9A9k="></latexit><latexit sha1_base64="23p+XiMUStXAkXAa69b4wDC9A9k="></latexit>



Unit visualization

Make an image that maximizes the “cat”  
output neuron:

[https://distill.pub/2017/feature-visualization/]

argmax
x

yj + �R(x)
<latexit sha1_base64="LlLoN8tMjkUTABEqdkhLmkCklvw="></latexit><latexit sha1_base64="LlLoN8tMjkUTABEqdkhLmkCklvw="></latexit><latexit sha1_base64="LlLoN8tMjkUTABEqdkhLmkCklvw="></latexit><latexit sha1_base64="LlLoN8tMjkUTABEqdkhLmkCklvw="></latexit>

xk+1  xk + ⌘
@(yj(x) + �R(x))

@x

����
x=xk

<latexit sha1_base64="dXKc0ve9nbRGKCEoxGjlWQ+iWko="></latexit><latexit sha1_base64="dXKc0ve9nbRGKCEoxGjlWQ+iWko="></latexit><latexit sha1_base64="dXKc0ve9nbRGKCEoxGjlWQ+iWko="></latexit><latexit sha1_base64="dXKc0ve9nbRGKCEoxGjlWQ+iWko="></latexit>



[https://distill.pub/2017/feature-visualization/]

Make an image that maximizes the 
value of neuron j on layer l of the 

network:

Unit visualization

argmax
x

hlj + �R(x)
<latexit sha1_base64="DV+qWmVXVVaxXyaa1/X+pf4vV2E="></latexit><latexit sha1_base64="DV+qWmVXVVaxXyaa1/X+pf4vV2E="></latexit><latexit sha1_base64="DV+qWmVXVVaxXyaa1/X+pf4vV2E="></latexit><latexit sha1_base64="DV+qWmVXVVaxXyaa1/X+pf4vV2E="></latexit>

xk+1  xk + ⌘
@(hlj (x) + �R(x))

@x

����
x=xk

<latexit sha1_base64="CGAPnylRQdYzBoc56nKr2Lc2tek="></latexit><latexit sha1_base64="CGAPnylRQdYzBoc56nKr2Lc2tek="></latexit><latexit sha1_base64="CGAPnylRQdYzBoc56nKr2Lc2tek="></latexit><latexit sha1_base64="CGAPnylRQdYzBoc56nKr2Lc2tek="></latexit>



“Deep dream” [https://ai.googleblog.com/2015/06/inceptionism-going-deeper-into-neural.html]



CLIP+GAN

What is the answer to the 
ultimate question of life, 

the universe, and everything?

To maximize 
this

e1
<latexit sha1_base64="lYE4z03Y7EMd5kkOh7HTRFWoh4U=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbC00oWy2L+3SzSbsboQS+je8eFDEq3/Gm//GTZuDtg4sDDPv8WYnTAXXxnW/ncra+sbmVnW7trO7t39QPzzq6iRTDDssEYnqhVSj4BI7hhuBvVQhjUOBj+HktvAfn1BpnsgHM00xiOlI8ogzaqzk+zE14zDKcTbwBvWG23TnIKvEK0kDSrQH9S9/mLAsRmmYoFr3PTc1QU6V4UzgrOZnGlPKJnSEfUsljVEH+TzzjJxZZUiiRNknDZmrvzdyGms9jUM7WWTUy14h/uf1MxNdBzmXaWZQssWhKBPEJKQogAy5QmbE1BLKFLdZCRtTRZmxNdVsCd7yl1dJ96LpuU3v/rLRuinrqMIJnMI5eHAFLbiDNnSAQQrP8ApvTua8OO/Ox2K04pQ7x/AHzucPDVuRrQ==</latexit><latexit sha1_base64="xsXK7lGXjMtXW2BBPWGE5vsLQ7s=">AAACGHicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD8iGMDu5mwyZnV1mZoWw5DcsbPwVGxHbdP6Ns8kWmlh4YOBwzr3cOSdIBNfGdb+c0tr6xuZWebuys7u3f1A9PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHyb++0nVJrH8tFMEuxFdCh5yBk1VvL9iJpREGY47Xv9as2tu3OQVeIVpAYF/jfer878QczSCKVhgmrd9dzE9DKqDGcCpxU/1ZhQNqZD7FoqaYS6l82DTcmZVQYkjJV90pC5+nMjo5HWkyiwk3kQvezl4l9eNzXhdS/jMkkNSrY4FKaCmJjkLZEBV8iMmFhCmeL2r4SNqKLM2C4rNrq3HHSVtC7qnlv3Hi5rjZuiszKcwCmcgwdX0IA7uIcmMEjgGV7h3Xlx3pwP53MxWnKKnWP4BWf2DRNtmSY=</latexit><latexit sha1_base64="xsXK7lGXjMtXW2BBPWGE5vsLQ7s=">AAACGHicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD8iGMDu5mwyZnV1mZoWw5DcsbPwVGxHbdP6Ns8kWmlh4YOBwzr3cOSdIBNfGdb+c0tr6xuZWebuys7u3f1A9PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHyb++0nVJrH8tFMEuxFdCh5yBk1VvL9iJpREGY47Xv9as2tu3OQVeIVpAYF/jfer878QczSCKVhgmrd9dzE9DKqDGcCpxU/1ZhQNqZD7FoqaYS6l82DTcmZVQYkjJV90pC5+nMjo5HWkyiwk3kQvezl4l9eNzXhdS/jMkkNSrY4FKaCmJjkLZEBV8iMmFhCmeL2r4SNqKLM2C4rNrq3HHSVtC7qnlv3Hi5rjZuiszKcwCmcgwdX0IA7uIcmMEjgGV7h3Xlx3pwP53MxWnKKnWP4BWf2DRNtmSY=</latexit><latexit sha1_base64="xsXK7lGXjMtXW2BBPWGE5vsLQ7s=">AAACGHicjVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sVQwD8iGMDu5mwyZnV1mZoWw5DcsbPwVGxHbdP6Ns8kWmlh4YOBwzr3cOSdIBNfGdb+c0tr6xuZWebuys7u3f1A9PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHyb++0nVJrH8tFMEuxFdCh5yBk1VvL9iJpREGY47Xv9as2tu3OQVeIVpAYF/jfer878QczSCKVhgmrd9dzE9DKqDGcCpxU/1ZhQNqZD7FoqaYS6l82DTcmZVQYkjJV90pC5+nMjo5HWkyiwk3kQvezl4l9eNzXhdS/jMkkNSrY4FKaCmJjkLZEBV8iMmFhCmeL2r4SNqKLM2C4rNrq3HHSVtC7qnlv3Hi5rjZuiszKcwCmcgwdX0IA7uIcmMEjgGV7h3Xlx3pwP53MxWnKKnWP4BWf2DRNtmSY=</latexit>

e2
<latexit sha1_base64="Tg2IblW3A5cGR/EL2kChnHLfo/8=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRF0GXRjcsK9gFNKZPpTTt0MgkzE6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWdOkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0Lve7T6g0j+WjmSU4iOhY8pAzaqzk+xE1kyDMcD5sDKs1t+4uQNaJV5AaFGgNq1/+KGZphNIwQbXue25iBhlVhjOB84qfakwom9Ix9i2VNEI9yBaZ5+TCKiMSxso+achC/b2R0UjrWRTYyTyjXvVy8T+vn5rwZpBxmaQGJVseClNBTEzyAsiIK2RGzCyhTHGblbAJVZQZW1PFluCtfnmddBp1z617D1e15m1RRxnO4BwuwYNraMI9tKANDBJ4hld4c1LnxXl3PpajJafYOYU/cD5/AA7fka4=</latexit><latexit sha1_base64="fjwGhzW7A7ycKbpIP/f8/QJlEJQ=">AAACGHicjVC7SgNBFL3rM8ZX1NJmMAhWYTcIWgZtLBXMA7IhzE7uJkNmZ5eZWSEs+Q0LG3/FRsQ2nX/jbLKFJhYeGDiccy93zgkSwbVx3S9nbX1jc2u7tFPe3ds/OKwcHbd0nCqGTRaLWHUCqlFwiU3DjcBOopBGgcB2ML7N/fYTKs1j+WgmCfYiOpQ85IwaK/l+RM0oCDOc9uv9StWtuXOQVeIVpAoF/jfer8z8QczSCKVhgmrd9dzE9DKqDGcCp2U/1ZhQNqZD7FoqaYS6l82DTcm5VQYkjJV90pC5+nMjo5HWkyiwk3kQvezl4l9eNzXhdS/jMkkNSrY4FKaCmJjkLZEBV8iMmFhCmeL2r4SNqKLM2C7LNrq3HHSVtOo1z615D5fVxk3RWQlO4QwuwIMraMAd3EMTGCTwDK/w7rw4b86H87kYXXOKnRP4BWf2DRUWmSc=</latexit><latexit sha1_base64="fjwGhzW7A7ycKbpIP/f8/QJlEJQ=">AAACGHicjVC7SgNBFL3rM8ZX1NJmMAhWYTcIWgZtLBXMA7IhzE7uJkNmZ5eZWSEs+Q0LG3/FRsQ2nX/jbLKFJhYeGDiccy93zgkSwbVx3S9nbX1jc2u7tFPe3ds/OKwcHbd0nCqGTRaLWHUCqlFwiU3DjcBOopBGgcB2ML7N/fYTKs1j+WgmCfYiOpQ85IwaK/l+RM0oCDOc9uv9StWtuXOQVeIVpAoF/jfer8z8QczSCKVhgmrd9dzE9DKqDGcCp2U/1ZhQNqZD7FoqaYS6l82DTcm5VQYkjJV90pC5+nMjo5HWkyiwk3kQvezl4l9eNzXhdS/jMkkNSrY4FKaCmJjkLZEBV8iMmFhCmeL2r4SNqKLM2C7LNrq3HHSVtOo1z615D5fVxk3RWQlO4QwuwIMraMAd3EMTGCTwDK/w7rw4b86H87kYXXOKnRP4BWf2DRUWmSc=</latexit><latexit sha1_base64="fjwGhzW7A7ycKbpIP/f8/QJlEJQ=">AAACGHicjVC7SgNBFL3rM8ZX1NJmMAhWYTcIWgZtLBXMA7IhzE7uJkNmZ5eZWSEs+Q0LG3/FRsQ2nX/jbLKFJhYeGDiccy93zgkSwbVx3S9nbX1jc2u7tFPe3ds/OKwcHbd0nCqGTRaLWHUCqlFwiU3DjcBOopBGgcB2ML7N/fYTKs1j+WgmCfYiOpQ85IwaK/l+RM0oCDOc9uv9StWtuXOQVeIVpAoF/jfer8z8QczSCKVhgmrd9dzE9DKqDGcCp2U/1ZhQNqZD7FoqaYS6l82DTcm5VQYkjJV90pC5+nMjo5HWkyiwk3kQvezl4l9eNzXhdS/jMkkNSrY4FKaCmJjkLZEBV8iMmFhCmeL2r4SNqKLM2C7LNrq3HHSVtOo1z615D5fVxk3RWQlO4QwuwIMraMAd3EMTGCTwDK/w7rw4b86H87kYXXOKnRP4BWf2DRUWmSc=</latexit>

e1 · e2
<latexit sha1_base64="0qYadHJJURThHIPcVQXVgaK1IxI=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBVUmKoMuiG5cV7AOaECaTSTt0MhNmJkIJXbrxV9y4UMStn+DOv3HSZlFbD1w4nHMv994Tpowq7Tg/VmVtfWNzq7pd29nd2z+wD4+6SmQSkw4WTMh+iBRhlJOOppqRfioJSkJGeuH4tvB7j0QqKviDnqTET9CQ05hipI0U2KdegvQojHMyDVzo4UhouCA1A7vuNJwZ4CpxS1IHJdqB/e1FAmcJ4RozpNTAdVLt50hqihmZ1rxMkRThMRqSgaEcJUT5+eyRKTw3SgRjIU1xDWfq4kSOEqUmSWg6ixvVsleI/3mDTMfXfk55mmnC8XxRnDGoBSxSgRGVBGs2MQRhSc2tEI+QRFib7GomBHf55VXSbTZcp+HeX9ZbN2UcVXACzsAFcMEVaIE70AYdgMETeAFv4N16tl6tD+tz3lqxyplj8AfW1y99Upme</latexit><latexit sha1_base64="AGDLTMGCOpg2xgn9QGQ5m2NMG1A=">AAACLXicjVDLSsNAFJ3UV62vqEsXDhbBVUmKoMuiG5cK9gFNCJPJpB06mQkzE6GELv0aF278EsGFIm79DSdtFrV14YGBwzn3cuecMGVUacd5tyorq2vrG9XN2tb2zu6evX/QUSKTmLSxYEL2QqQIo5y0NdWM9FJJUBIy0g1H14XffSBSUcHv9TglfoIGnMYUI22kwD72EqSHYZyTSeBCD0dCwzmpGdh1p+FMAZeJW5I6KPG/8cB+9SKBs4RwjRlSqu86qfZzJDXFjExqXqZIivAIDUjfUI4Sovx8mnYCT40SwVhI87iGU3V+I0eJUuMkNJNFELXoFeJfXj/T8aWfU55mmnA8OxRnDGoBi+pgRCXBmo0NQVhS81eIh0girE3BNRPdXQy6TDrNhus03Lvzeuuq7KwKjsAJOAMuuAAtcANuQRtg8AiewAv4sJ6tN+vT+pqNVqxy5xD8gvX9A433oRc=</latexit><latexit sha1_base64="AGDLTMGCOpg2xgn9QGQ5m2NMG1A=">AAACLXicjVDLSsNAFJ3UV62vqEsXDhbBVUmKoMuiG5cK9gFNCJPJpB06mQkzE6GELv0aF278EsGFIm79DSdtFrV14YGBwzn3cuecMGVUacd5tyorq2vrG9XN2tb2zu6evX/QUSKTmLSxYEL2QqQIo5y0NdWM9FJJUBIy0g1H14XffSBSUcHv9TglfoIGnMYUI22kwD72EqSHYZyTSeBCD0dCwzmpGdh1p+FMAZeJW5I6KPG/8cB+9SKBs4RwjRlSqu86qfZzJDXFjExqXqZIivAIDUjfUI4Sovx8mnYCT40SwVhI87iGU3V+I0eJUuMkNJNFELXoFeJfXj/T8aWfU55mmnA8OxRnDGoBi+pgRCXBmo0NQVhS81eIh0girE3BNRPdXQy6TDrNhus03Lvzeuuq7KwKjsAJOAMuuAAtcANuQRtg8AiewAv4sJ6tN+vT+pqNVqxy5xD8gvX9A433oRc=</latexit><latexit sha1_base64="AGDLTMGCOpg2xgn9QGQ5m2NMG1A=">AAACLXicjVDLSsNAFJ3UV62vqEsXDhbBVUmKoMuiG5cK9gFNCJPJpB06mQkzE6GELv0aF278EsGFIm79DSdtFrV14YGBwzn3cuecMGVUacd5tyorq2vrG9XN2tb2zu6evX/QUSKTmLSxYEL2QqQIo5y0NdWM9FJJUBIy0g1H14XffSBSUcHv9TglfoIGnMYUI22kwD72EqSHYZyTSeBCD0dCwzmpGdh1p+FMAZeJW5I6KPG/8cB+9SKBs4RwjRlSqu86qfZzJDXFjExqXqZIivAIDUjfUI4Sovx8mnYCT40SwVhI87iGU3V+I0eJUuMkNJNFELXoFeJfXj/T8aWfU55mmnA8OxRnDGoBi+pgRCXBmo0NQVhS81eIh0girE3BNRPdXQy6TDrNhus03Lvzeuuq7KwKjsAJOAMuuAAtcANuQRtg8AiewAv4sJ6tN+vT+pqNVqxy5xD8gvX9A433oRc=</latexit>

Optimize this

Code: https://colab.research.google.com/drive/1_4PQqzM_0KKytCzWtn-ZPi4cCa5bwK2F?usp=sharing

(

<latexit sha1_base64="q4WCp+vNSk6GA1s6N0x45fCcZO8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48V7Ac0oWy203TpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZemAqujet+O6WNza3tnfJuZW//4PCoenzS0UmmGLZZIhLVC6lGwSW2DTcCe6lCGocCu+Hkbu53n1BpnshHM00xiGkk+YgzaqzU9Zs8ivx8UK25dXcBsk68gtSgQGtQ/fKHCctilIYJqnXfc1MT5FQZzgTOKn6mMaVsQiPsWyppjDrIF+fOyIVVhmSUKFvSkIX6eyKnsdbTOLSdMTVjverNxf+8fmZGt0HOZZoZlGy5aJQJYhIy/50MuUJmxNQSyhS3txI2pooyYxOq2BC81ZfXSeeq7rl17+G61mgWcZThDM7hEjy4gQbcQwvawGACz/AKb07qvDjvzseyteQUM6fwB87nDyI/j2w=</latexit><latexit sha1_base64="6OZsRXZb9l4oZkzeMOaKbNhciVU=">AAACE3icjVA9SwNBFHwXv2L8ilraLAbBKtyJoGWIjaWCSYTkCHubd5cle3vH7p4QjvwICxv/io2IrY2d/8ZNcoUmFg4sDDPzePsmSAXXxnW/nNLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYm6D6hGwSW2DDcC71OFNA4EdoLR1dTvPKDSPJF3ZpyiH9NI8pAzaqzU6TV5FPXyfrXm1t0ZyDLxClKDAv+L96ufvUHCshilYYJq3fXc1Pg5VYYzgZNKL9OYUjaiEXYtlTRG7eezmybkxCoDEibKPmnITP05kdNY63Ec2GRMzVAvelPxL6+bmfDSz7lMM4OSzReFmSAmIdOCyIArZEaMLaFMcftXwoZUUWZsjRV7urd46DJpn9U9t+7dntcazaKzMhzBMZyCBxfQgGu4gRYwGMEjPMOr8+S8OG/O+zxacoqZQ/gF5+Mb216W5Q==</latexit><latexit sha1_base64="6OZsRXZb9l4oZkzeMOaKbNhciVU=">AAACE3icjVA9SwNBFHwXv2L8ilraLAbBKtyJoGWIjaWCSYTkCHubd5cle3vH7p4QjvwICxv/io2IrY2d/8ZNcoUmFg4sDDPzePsmSAXXxnW/nNLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYm6D6hGwSW2DDcC71OFNA4EdoLR1dTvPKDSPJF3ZpyiH9NI8pAzaqzU6TV5FPXyfrXm1t0ZyDLxClKDAv+L96ufvUHCshilYYJq3fXc1Pg5VYYzgZNKL9OYUjaiEXYtlTRG7eezmybkxCoDEibKPmnITP05kdNY63Ec2GRMzVAvelPxL6+bmfDSz7lMM4OSzReFmSAmIdOCyIArZEaMLaFMcftXwoZUUWZsjRV7urd46DJpn9U9t+7dntcazaKzMhzBMZyCBxfQgGu4gRYwGMEjPMOr8+S8OG/O+zxacoqZQ/gF5+Mb216W5Q==</latexit><latexit sha1_base64="6OZsRXZb9l4oZkzeMOaKbNhciVU=">AAACE3icjVA9SwNBFHwXv2L8ilraLAbBKtyJoGWIjaWCSYTkCHubd5cle3vH7p4QjvwICxv/io2IrY2d/8ZNcoUmFg4sDDPzePsmSAXXxnW/nNLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYm6D6hGwSW2DDcC71OFNA4EdoLR1dTvPKDSPJF3ZpyiH9NI8pAzaqzU6TV5FPXyfrXm1t0ZyDLxClKDAv+L96ufvUHCshilYYJq3fXc1Pg5VYYzgZNKL9OYUjaiEXYtlTRG7eezmybkxCoDEibKPmnITP05kdNY63Ec2GRMzVAvelPxL6+bmfDSz7lMM4OSzReFmSAmIdOCyIArZEaMLaFMcftXwoZUUWZsjRV7urd46DJpn9U9t+7dntcazaKzMhzBMZyCBxfQgGu4gRYwGMEjPMOr8+S8OG/O+zxacoqZQ/gF5+Mb216W5Q==</latexit>

Differentiable program that measures the similarity between text and images



Backpropagation example
node 1

node 2

node 3

node 4

node 5

w13=1

0.2

-3

1

1

-1

input output

tanh

tanh

linear

Learning rate η = -0.2 (because we used positive increments)
Euclidean loss

Exercise: run one iteration of back propagation

Training data: desired output
node 1 node 2 node 5

input

1.0 0.1 0.5



Backpropagation example
node 1

node 2

node 3

node 4

node 5

w13=1.02

0.17

-3.0

1.0

1.02

-0.99

input output

tanh

tanh

linear

After one iteration (rounding to two digits)



Step by step solution



First, let’s rewrite the network using the modular block notation:

W0x0
<latexit sha1_base64="nwmO/d+Rd5W0H5SNhy8LYsbPylU=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIrkoigi6LblxWsA9oQ5hMJ+3QySTMTMQSiht/xY0LRdz6Fe78GydtBG09MHDuOfcy954g4Uxpx/mySkvLK6tr5fXKxubW9o69u9dScSoJbZKYx7ITYEU5E7Spmea0k0iKo4DTdjC6yv32HZWKxeJWjxPqRXggWMgI1kby7YNehPUwCLP2xHfQT3FvCt+uOjVnCrRI3IJUoUDDtz97/ZikERWacKxU13US7WVYakY4nVR6qaIJJiM8oF1DBY6o8rLpCRN0bJQ+CmNpntBoqv6eyHCk1DgKTGe+o5r3cvE/r5vq8MLLmEhSTQWZfRSmHOkY5XmgPpOUaD42BBPJzK6IDLHERJvUKiYEd/7kRdI6rblOzb05q9YvizjKcAhHcAIunEMdrqEBTSDwAE/wAq/Wo/VsvVnvs9aSVczswx9YH98hwpc+</latexit><latexit sha1_base64="nwmO/d+Rd5W0H5SNhy8LYsbPylU=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIrkoigi6LblxWsA9oQ5hMJ+3QySTMTMQSiht/xY0LRdz6Fe78GydtBG09MHDuOfcy954g4Uxpx/mySkvLK6tr5fXKxubW9o69u9dScSoJbZKYx7ITYEU5E7Spmea0k0iKo4DTdjC6yv32HZWKxeJWjxPqRXggWMgI1kby7YNehPUwCLP2xHfQT3FvCt+uOjVnCrRI3IJUoUDDtz97/ZikERWacKxU13US7WVYakY4nVR6qaIJJiM8oF1DBY6o8rLpCRN0bJQ+CmNpntBoqv6eyHCk1DgKTGe+o5r3cvE/r5vq8MLLmEhSTQWZfRSmHOkY5XmgPpOUaD42BBPJzK6IDLHERJvUKiYEd/7kRdI6rblOzb05q9YvizjKcAhHcAIunEMdrqEBTSDwAE/wAq/Wo/VsvVnvs9aSVczswx9YH98hwpc+</latexit><latexit sha1_base64="nwmO/d+Rd5W0H5SNhy8LYsbPylU=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIrkoigi6LblxWsA9oQ5hMJ+3QySTMTMQSiht/xY0LRdz6Fe78GydtBG09MHDuOfcy954g4Uxpx/mySkvLK6tr5fXKxubW9o69u9dScSoJbZKYx7ITYEU5E7Spmea0k0iKo4DTdjC6yv32HZWKxeJWjxPqRXggWMgI1kby7YNehPUwCLP2xHfQT3FvCt+uOjVnCrRI3IJUoUDDtz97/ZikERWacKxU13US7WVYakY4nVR6qaIJJiM8oF1DBY6o8rLpCRN0bJQ+CmNpntBoqv6eyHCk1DgKTGe+o5r3cvE/r5vq8MLLmEhSTQWZfRSmHOkY5XmgPpOUaD42BBPJzK6IDLHERJvUKiYEd/7kRdI6rblOzb05q9YvizjKcAhHcAIunEMdrqEBTSDwAE/wAq/Wo/VsvVnvs9aSVczswx9YH98hwpc+</latexit><latexit sha1_base64="nwmO/d+Rd5W0H5SNhy8LYsbPylU=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIrkoigi6LblxWsA9oQ5hMJ+3QySTMTMQSiht/xY0LRdz6Fe78GydtBG09MHDuOfcy954g4Uxpx/mySkvLK6tr5fXKxubW9o69u9dScSoJbZKYx7ITYEU5E7Spmea0k0iKo4DTdjC6yv32HZWKxeJWjxPqRXggWMgI1kby7YNehPUwCLP2xHfQT3FvCt+uOjVnCrRI3IJUoUDDtz97/ZikERWacKxU13US7WVYakY4nVR6qaIJJiM8oF1DBY6o8rLpCRN0bJQ+CmNpntBoqv6eyHCk1DgKTGe+o5r3cvE/r5vq8MLLmEhSTQWZfRSmHOkY5XmgPpOUaD42BBPJzK6IDLHERJvUKiYEd/7kRdI6rblOzb05q9YvizjKcAhHcAIunEMdrqEBTSDwAE/wAq/Wo/VsvVnvs9aSVczswx9YH98hwpc+</latexit>

x0
<latexit sha1_base64="1o0INi8kmZtFgGT6KAB7vqHI5Bo=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4CmlMl00g6dTMLMjVhCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJrwfkRHSoSCUbSS70cUx0GYPc0G7qBac+vuHGSVeAWpQYHmoPrlD2OWRlwhk9SYnucm2M+oRsEkn1X81PCEsgkd8Z6likbc9LN55hk5s8qQhLG2TyGZq783MhoZM40CO5lnNMteLv7n9VIMr/uZUEmKXLHFoTCVBGOSF0CGQnOGcmoJZVrYrISNqaYMbU0VW4K3/OVV0r6oe27du7+sNW6KOspwAqdwDh5cQQPuoAktYJDAM7zCm5M6L86787EYLTnFzjH8gfP5Ayjckb8=</latexit><latexit sha1_base64="1o0INi8kmZtFgGT6KAB7vqHI5Bo=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4CmlMl00g6dTMLMjVhCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJrwfkRHSoSCUbSS70cUx0GYPc0G7qBac+vuHGSVeAWpQYHmoPrlD2OWRlwhk9SYnucm2M+oRsEkn1X81PCEsgkd8Z6likbc9LN55hk5s8qQhLG2TyGZq783MhoZM40CO5lnNMteLv7n9VIMr/uZUEmKXLHFoTCVBGOSF0CGQnOGcmoJZVrYrISNqaYMbU0VW4K3/OVV0r6oe27du7+sNW6KOspwAqdwDh5cQQPuoAktYJDAM7zCm5M6L86787EYLTnFzjH8gfP5Ayjckb8=</latexit><latexit sha1_base64="1o0INi8kmZtFgGT6KAB7vqHI5Bo=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4CmlMl00g6dTMLMjVhCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJrwfkRHSoSCUbSS70cUx0GYPc0G7qBac+vuHGSVeAWpQYHmoPrlD2OWRlwhk9SYnucm2M+oRsEkn1X81PCEsgkd8Z6likbc9LN55hk5s8qQhLG2TyGZq783MhoZM40CO5lnNMteLv7n9VIMr/uZUEmKXLHFoTCVBGOSF0CGQnOGcmoJZVrYrISNqaYMbU0VW4K3/OVV0r6oe27du7+sNW6KOspwAqdwDh5cQQPuoAktYJDAM7zCm5M6L86787EYLTnFzjH8gfP5Ayjckb8=</latexit><latexit sha1_base64="1o0INi8kmZtFgGT6KAB7vqHI5Bo=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4CmlMl00g6dTMLMjVhCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJrwfkRHSoSCUbSS70cUx0GYPc0G7qBac+vuHGSVeAWpQYHmoPrlD2OWRlwhk9SYnucm2M+oRsEkn1X81PCEsgkd8Z6likbc9LN55hk5s8qQhLG2TyGZq783MhoZM40CO5lnNMteLv7n9VIMr/uZUEmKXLHFoTCVBGOSF0CGQnOGcmoJZVrYrISNqaYMbU0VW4K3/OVV0r6oe27du7+sNW6KOspwAqdwDh5cQQPuoAktYJDAM7zCm5M6L86787EYLTnFzjH8gfP5Ayjckb8=</latexit>

x1
<latexit sha1_base64="2HhTHyaEJkkJenBTAOB/h38YNco=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4CmlMl00g6dTMLMjVhCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJrwfkRHSoSCUbSS70cUx0GYPc0G3qBac+vuHGSVeAWpQYHmoPrlD2OWRlwhk9SYnucm2M+oRsEkn1X81PCEsgkd8Z6likbc9LN55hk5s8qQhLG2TyGZq783MhoZM40CO5lnNMteLv7n9VIMr/uZUEmKXLHFoTCVBGOSF0CGQnOGcmoJZVrYrISNqaYMbU0VW4K3/OVV0r6oe27du7+sNW6KOspwAqdwDh5cQQPuoAktYJDAM7zCm5M6L86787EYLTnFzjH8gfP5AypgkcA=</latexit><latexit sha1_base64="2HhTHyaEJkkJenBTAOB/h38YNco=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4CmlMl00g6dTMLMjVhCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJrwfkRHSoSCUbSS70cUx0GYPc0G3qBac+vuHGSVeAWpQYHmoPrlD2OWRlwhk9SYnucm2M+oRsEkn1X81PCEsgkd8Z6likbc9LN55hk5s8qQhLG2TyGZq783MhoZM40CO5lnNMteLv7n9VIMr/uZUEmKXLHFoTCVBGOSF0CGQnOGcmoJZVrYrISNqaYMbU0VW4K3/OVV0r6oe27du7+sNW6KOspwAqdwDh5cQQPuoAktYJDAM7zCm5M6L86787EYLTnFzjH8gfP5AypgkcA=</latexit><latexit sha1_base64="2HhTHyaEJkkJenBTAOB/h38YNco=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4CmlMl00g6dTMLMjVhCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJrwfkRHSoSCUbSS70cUx0GYPc0G3qBac+vuHGSVeAWpQYHmoPrlD2OWRlwhk9SYnucm2M+oRsEkn1X81PCEsgkd8Z6likbc9LN55hk5s8qQhLG2TyGZq783MhoZM40CO5lnNMteLv7n9VIMr/uZUEmKXLHFoTCVBGOSF0CGQnOGcmoJZVrYrISNqaYMbU0VW4K3/OVV0r6oe27du7+sNW6KOspwAqdwDh5cQQPuoAktYJDAM7zCm5M6L86787EYLTnFzjH8gfP5AypgkcA=</latexit><latexit sha1_base64="2HhTHyaEJkkJenBTAOB/h38YNco=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4CmlMl00g6dTMLMjVhCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJrwfkRHSoSCUbSS70cUx0GYPc0G3qBac+vuHGSVeAWpQYHmoPrlD2OWRlwhk9SYnucm2M+oRsEkn1X81PCEsgkd8Z6likbc9LN55hk5s8qQhLG2TyGZq783MhoZM40CO5lnNMteLv7n9VIMr/uZUEmKXLHFoTCVBGOSF0CGQnOGcmoJZVrYrISNqaYMbU0VW4K3/OVV0r6oe27du7+sNW6KOspwAqdwDh5cQQPuoAktYJDAM7zCm5M6L86787EYLTnFzjH8gfP5AypgkcA=</latexit>

x2
<latexit sha1_base64="/xhoKoWR751dxO/nYLz15N6jlLs=">AAAB83icbVDLSsNAFL3xWeur6tLNYBFclaQIuiy6cVnBPqApZTK9aYdOJmFmIpbQ33DjQhG3/ow7/8ZJm4W2Hhg4nHMv98wJEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5zf3OIyrNY/lgpgn2IzqSPOSMGiv5fkTNOAizp9mgPqhU3Zo7B1klXkGqUKA5qHz5w5ilEUrDBNW657mJ6WdUGc4Ezsp+qjGhbEJH2LNU0gh1P5tnnpFzqwxJGCv7pCFz9fdGRiOtp1FgJ/OMetnLxf+8XmrC637GZZIalGxxKEwFMTHJCyBDrpAZMbWEMsVtVsLGVFFmbE1lW4K3/OVV0q7XPLfm3V9WGzdFHSU4hTO4AA+uoAF30IQWMEjgGV7hzUmdF+fd+ViMrjnFzgn8gfP5AyvkkcE=</latexit><latexit sha1_base64="/xhoKoWR751dxO/nYLz15N6jlLs=">AAAB83icbVDLSsNAFL3xWeur6tLNYBFclaQIuiy6cVnBPqApZTK9aYdOJmFmIpbQ33DjQhG3/ow7/8ZJm4W2Hhg4nHMv98wJEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5zf3OIyrNY/lgpgn2IzqSPOSMGiv5fkTNOAizp9mgPqhU3Zo7B1klXkGqUKA5qHz5w5ilEUrDBNW657mJ6WdUGc4Ezsp+qjGhbEJH2LNU0gh1P5tnnpFzqwxJGCv7pCFz9fdGRiOtp1FgJ/OMetnLxf+8XmrC637GZZIalGxxKEwFMTHJCyBDrpAZMbWEMsVtVsLGVFFmbE1lW4K3/OVV0q7XPLfm3V9WGzdFHSU4hTO4AA+uoAF30IQWMEjgGV7hzUmdF+fd+ViMrjnFzgn8gfP5AyvkkcE=</latexit><latexit sha1_base64="/xhoKoWR751dxO/nYLz15N6jlLs=">AAAB83icbVDLSsNAFL3xWeur6tLNYBFclaQIuiy6cVnBPqApZTK9aYdOJmFmIpbQ33DjQhG3/ow7/8ZJm4W2Hhg4nHMv98wJEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5zf3OIyrNY/lgpgn2IzqSPOSMGiv5fkTNOAizp9mgPqhU3Zo7B1klXkGqUKA5qHz5w5ilEUrDBNW657mJ6WdUGc4Ezsp+qjGhbEJH2LNU0gh1P5tnnpFzqwxJGCv7pCFz9fdGRiOtp1FgJ/OMetnLxf+8XmrC637GZZIalGxxKEwFMTHJCyBDrpAZMbWEMsVtVsLGVFFmbE1lW4K3/OVV0q7XPLfm3V9WGzdFHSU4hTO4AA+uoAF30IQWMEjgGV7hzUmdF+fd+ViMrjnFzgn8gfP5AyvkkcE=</latexit><latexit sha1_base64="/xhoKoWR751dxO/nYLz15N6jlLs=">AAAB83icbVDLSsNAFL3xWeur6tLNYBFclaQIuiy6cVnBPqApZTK9aYdOJmFmIpbQ33DjQhG3/ow7/8ZJm4W2Hhg4nHMv98wJEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5zf3OIyrNY/lgpgn2IzqSPOSMGiv5fkTNOAizp9mgPqhU3Zo7B1klXkGqUKA5qHz5w5ilEUrDBNW657mJ6WdUGc4Ezsp+qjGhbEJH2LNU0gh1P5tnnpFzqwxJGCv7pCFz9fdGRiOtp1FgJ/OMetnLxf+8XmrC637GZZIalGxxKEwFMTHJCyBDrpAZMbWEMsVtVsLGVFFmbE1lW4K3/OVV0q7XPLfm3V9WGzdFHSU4hTO4AA+uoAF30IQWMEjgGV7hzUmdF+fd+ViMrjnFzgn8gfP5AyvkkcE=</latexit>

x3
<latexit sha1_base64="7sikxe2TJ1ePgYWw26lqNsE8Uck=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KooMeiF48VbC00pWy2L+3SzSbsbsQS+je8eFDEq3/Gm//GTZuDtg4sDDPv8WYnSATXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6zhVDFssFrHqBFSj4BJbhhuBnUQhjQKBD8H4JvcfHlFpHst7M0mwF9Gh5CFn1FjJ9yNqRkGYPU375/1qza27M5Bl4hWkBgWa/eqXP4hZGqE0TFCtu56bmF5GleFM4LTipxoTysZ0iF1LJY1Q97JZ5ik5scqAhLGyTxoyU39vZDTSehIFdjLPqBe9XPzP66YmvOplXCapQcnmh8JUEBOTvAAy4AqZERNLKFPcZiVsRBVlxtZUsSV4i19eJu2zuufWvbuLWuO6qKMMR3AMp+DBJTTgFprQAgYJPMMrvDmp8+K8Ox/z0ZJT7BzCHzifPy1okcI=</latexit><latexit sha1_base64="7sikxe2TJ1ePgYWw26lqNsE8Uck=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KooMeiF48VbC00pWy2L+3SzSbsbsQS+je8eFDEq3/Gm//GTZuDtg4sDDPv8WYnSATXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6zhVDFssFrHqBFSj4BJbhhuBnUQhjQKBD8H4JvcfHlFpHst7M0mwF9Gh5CFn1FjJ9yNqRkGYPU375/1qza27M5Bl4hWkBgWa/eqXP4hZGqE0TFCtu56bmF5GleFM4LTipxoTysZ0iF1LJY1Q97JZ5ik5scqAhLGyTxoyU39vZDTSehIFdjLPqBe9XPzP66YmvOplXCapQcnmh8JUEBOTvAAy4AqZERNLKFPcZiVsRBVlxtZUsSV4i19eJu2zuufWvbuLWuO6qKMMR3AMp+DBJTTgFprQAgYJPMMrvDmp8+K8Ox/z0ZJT7BzCHzifPy1okcI=</latexit><latexit sha1_base64="7sikxe2TJ1ePgYWw26lqNsE8Uck=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KooMeiF48VbC00pWy2L+3SzSbsbsQS+je8eFDEq3/Gm//GTZuDtg4sDDPv8WYnSATXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6zhVDFssFrHqBFSj4BJbhhuBnUQhjQKBD8H4JvcfHlFpHst7M0mwF9Gh5CFn1FjJ9yNqRkGYPU375/1qza27M5Bl4hWkBgWa/eqXP4hZGqE0TFCtu56bmF5GleFM4LTipxoTysZ0iF1LJY1Q97JZ5ik5scqAhLGyTxoyU39vZDTSehIFdjLPqBe9XPzP66YmvOplXCapQcnmh8JUEBOTvAAy4AqZERNLKFPcZiVsRBVlxtZUsSV4i19eJu2zuufWvbuLWuO6qKMMR3AMp+DBJTTgFprQAgYJPMMrvDmp8+K8Ox/z0ZJT7BzCHzifPy1okcI=</latexit><latexit sha1_base64="7sikxe2TJ1ePgYWw26lqNsE8Uck=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KooMeiF48VbC00pWy2L+3SzSbsbsQS+je8eFDEq3/Gm//GTZuDtg4sDDPv8WYnSATXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6zhVDFssFrHqBFSj4BJbhhuBnUQhjQKBD8H4JvcfHlFpHst7M0mwF9Gh5CFn1FjJ9yNqRkGYPU375/1qza27M5Bl4hWkBgWa/eqXP4hZGqE0TFCtu56bmF5GleFM4LTipxoTysZ0iF1LJY1Q97JZ5ik5scqAhLGyTxoyU39vZDTSehIFdjLPqBe9XPzP66YmvOplXCapQcnmh8JUEBOTvAAy4AqZERNLKFPcZiVsRBVlxtZUsSV4i19eJu2zuufWvbuLWuO6qKMMR3AMp+DBJTTgFprQAgYJPMMrvDmp8+K8Ox/z0ZJT7BzCHzifPy1okcI=</latexit>W1x2

<latexit sha1_base64="6V3Eqv+I9+1d0y1roVDQwUW6Sp0=">AAACAXicbZDLSsNAFIZPvNZ6i7oR3AwWwVVJiqDLohuXFewF2hIm00k7dDIJMxOxhLjxVdy4UMStb+HOt3HSRtDWHwY+/nMOc87vx5wp7Thf1tLyyuraemmjvLm1vbNr7+23VJRIQpsk4pHs+FhRzgRtaqY57cSS4tDntO2Pr/J6+45KxSJxqycx7Yd4KFjACNbG8uzDXoj1yA/Sdua5P3yfeTXPrjhVZyq0CG4BFSjU8OzP3iAiSUiFJhwr1XWdWPdTLDUjnGblXqJojMkYD2nXoMAhVf10ekGGTowzQEEkzRMaTd3fEykOlZqEvunMd1Tztdz8r9ZNdHDRT5mIE00FmX0UJBzpCOVxoAGTlGg+MYCJZGZXREZYYqJNaGUTgjt/8iK0alXXqbo3Z5X6ZRFHCY7gGE7BhXOowzU0oAkEHuAJXuDVerSerTfrfda6ZBUzB/BH1sc3ym6XFw==</latexit><latexit sha1_base64="6V3Eqv+I9+1d0y1roVDQwUW6Sp0=">AAACAXicbZDLSsNAFIZPvNZ6i7oR3AwWwVVJiqDLohuXFewF2hIm00k7dDIJMxOxhLjxVdy4UMStb+HOt3HSRtDWHwY+/nMOc87vx5wp7Thf1tLyyuraemmjvLm1vbNr7+23VJRIQpsk4pHs+FhRzgRtaqY57cSS4tDntO2Pr/J6+45KxSJxqycx7Yd4KFjACNbG8uzDXoj1yA/Sdua5P3yfeTXPrjhVZyq0CG4BFSjU8OzP3iAiSUiFJhwr1XWdWPdTLDUjnGblXqJojMkYD2nXoMAhVf10ekGGTowzQEEkzRMaTd3fEykOlZqEvunMd1Tztdz8r9ZNdHDRT5mIE00FmX0UJBzpCOVxoAGTlGg+MYCJZGZXREZYYqJNaGUTgjt/8iK0alXXqbo3Z5X6ZRFHCY7gGE7BhXOowzU0oAkEHuAJXuDVerSerTfrfda6ZBUzB/BH1sc3ym6XFw==</latexit><latexit sha1_base64="6V3Eqv+I9+1d0y1roVDQwUW6Sp0=">AAACAXicbZDLSsNAFIZPvNZ6i7oR3AwWwVVJiqDLohuXFewF2hIm00k7dDIJMxOxhLjxVdy4UMStb+HOt3HSRtDWHwY+/nMOc87vx5wp7Thf1tLyyuraemmjvLm1vbNr7+23VJRIQpsk4pHs+FhRzgRtaqY57cSS4tDntO2Pr/J6+45KxSJxqycx7Yd4KFjACNbG8uzDXoj1yA/Sdua5P3yfeTXPrjhVZyq0CG4BFSjU8OzP3iAiSUiFJhwr1XWdWPdTLDUjnGblXqJojMkYD2nXoMAhVf10ekGGTowzQEEkzRMaTd3fEykOlZqEvunMd1Tztdz8r9ZNdHDRT5mIE00FmX0UJBzpCOVxoAGTlGg+MYCJZGZXREZYYqJNaGUTgjt/8iK0alXXqbo3Z5X6ZRFHCY7gGE7BhXOowzU0oAkEHuAJXuDVerSerTfrfda6ZBUzB/BH1sc3ym6XFw==</latexit><latexit sha1_base64="6V3Eqv+I9+1d0y1roVDQwUW6Sp0=">AAACAXicbZDLSsNAFIZPvNZ6i7oR3AwWwVVJiqDLohuXFewF2hIm00k7dDIJMxOxhLjxVdy4UMStb+HOt3HSRtDWHwY+/nMOc87vx5wp7Thf1tLyyuraemmjvLm1vbNr7+23VJRIQpsk4pHs+FhRzgRtaqY57cSS4tDntO2Pr/J6+45KxSJxqycx7Yd4KFjACNbG8uzDXoj1yA/Sdua5P3yfeTXPrjhVZyq0CG4BFSjU8OzP3iAiSUiFJhwr1XWdWPdTLDUjnGblXqJojMkYD2nXoMAhVf10ekGGTowzQEEkzRMaTd3fEykOlZqEvunMd1Tztdz8r9ZNdHDRT5mIE00FmX0UJBzpCOVxoAGTlGg+MYCJZGZXREZYYqJNaGUTgjt/8iK0alXXqbo3Z5X6ZRFHCY7gGE7BhXOowzU0oAkEHuAJXuDVerSerTfrfda6ZBUzB/BH1sc3ym6XFw==</latexit>

tanh(x1)
<latexit sha1_base64="YCb5iZlW0Pu2lKFYJKJqvi7cDQo=">AAAB/HicbVDLSsNAFL2pr1pf0S7dBItQNyURQZdFNy4r2Ac0IUymk3boZBJmJmII9VfcuFDErR/izr9x0mahrQcGDufcyz1zgoRRqWz726isrW9sblW3azu7e/sH5uFRT8apwKSLYxaLQYAkYZSTrqKKkUEiCIoCRvrB9Kbw+w9ESBrze5UlxIvQmNOQYqS05Jt1VyE+aboRUpMgzB9nvnPmmw27Zc9hrRKnJA0o0fHNL3cU4zQiXGGGpBw6dqK8HAlFMSOzmptKkiA8RWMy1JSjiEgvn4efWadaGVlhLPTjypqrvzdyFEmZRYGeLELKZa8Q//OGqQqvvJzyJFWE48WhMGWWiq2iCWtEBcGKZZogLKjOauEJEggr3VdNl+Asf3mV9M5bjt1y7i4a7euyjiocwwk0wYFLaMMtdKALGDJ4hld4M56MF+Pd+FiMVoxypw5/YHz+AFpwlI8=</latexit><latexit sha1_base64="YCb5iZlW0Pu2lKFYJKJqvi7cDQo=">AAAB/HicbVDLSsNAFL2pr1pf0S7dBItQNyURQZdFNy4r2Ac0IUymk3boZBJmJmII9VfcuFDErR/izr9x0mahrQcGDufcyz1zgoRRqWz726isrW9sblW3azu7e/sH5uFRT8apwKSLYxaLQYAkYZSTrqKKkUEiCIoCRvrB9Kbw+w9ESBrze5UlxIvQmNOQYqS05Jt1VyE+aboRUpMgzB9nvnPmmw27Zc9hrRKnJA0o0fHNL3cU4zQiXGGGpBw6dqK8HAlFMSOzmptKkiA8RWMy1JSjiEgvn4efWadaGVlhLPTjypqrvzdyFEmZRYGeLELKZa8Q//OGqQqvvJzyJFWE48WhMGWWiq2iCWtEBcGKZZogLKjOauEJEggr3VdNl+Asf3mV9M5bjt1y7i4a7euyjiocwwk0wYFLaMMtdKALGDJ4hld4M56MF+Pd+FiMVoxypw5/YHz+AFpwlI8=</latexit><latexit sha1_base64="YCb5iZlW0Pu2lKFYJKJqvi7cDQo=">AAAB/HicbVDLSsNAFL2pr1pf0S7dBItQNyURQZdFNy4r2Ac0IUymk3boZBJmJmII9VfcuFDErR/izr9x0mahrQcGDufcyz1zgoRRqWz726isrW9sblW3azu7e/sH5uFRT8apwKSLYxaLQYAkYZSTrqKKkUEiCIoCRvrB9Kbw+w9ESBrze5UlxIvQmNOQYqS05Jt1VyE+aboRUpMgzB9nvnPmmw27Zc9hrRKnJA0o0fHNL3cU4zQiXGGGpBw6dqK8HAlFMSOzmptKkiA8RWMy1JSjiEgvn4efWadaGVlhLPTjypqrvzdyFEmZRYGeLELKZa8Q//OGqQqvvJzyJFWE48WhMGWWiq2iCWtEBcGKZZogLKjOauEJEggr3VdNl+Asf3mV9M5bjt1y7i4a7euyjiocwwk0wYFLaMMtdKALGDJ4hld4M56MF+Pd+FiMVoxypw5/YHz+AFpwlI8=</latexit><latexit sha1_base64="YCb5iZlW0Pu2lKFYJKJqvi7cDQo=">AAAB/HicbVDLSsNAFL2pr1pf0S7dBItQNyURQZdFNy4r2Ac0IUymk3boZBJmJmII9VfcuFDErR/izr9x0mahrQcGDufcyz1zgoRRqWz726isrW9sblW3azu7e/sH5uFRT8apwKSLYxaLQYAkYZSTrqKKkUEiCIoCRvrB9Kbw+w9ESBrze5UlxIvQmNOQYqS05Jt1VyE+aboRUpMgzB9nvnPmmw27Zc9hrRKnJA0o0fHNL3cU4zQiXGGGpBw6dqK8HAlFMSOzmptKkiA8RWMy1JSjiEgvn4efWadaGVlhLPTjypqrvzdyFEmZRYGeLELKZa8Q//OGqQqvvJzyJFWE48WhMGWWiq2iCWtEBcGKZZogLKjOauEJEggr3VdNl+Asf3mV9M5bjt1y7i4a7euyjiocwwk0wYFLaMMtdKALGDJ4hld4M56MF+Pd+FiMVoxypw5/YHz+AFpwlI8=</latexit>

1

2
kx2 � yk22

<latexit sha1_base64="NixnQWKBsu/NT4mdREzVKFvg+sY="></latexit><latexit sha1_base64="NixnQWKBsu/NT4mdREzVKFvg+sY="></latexit><latexit sha1_base64="NixnQWKBsu/NT4mdREzVKFvg+sY="></latexit><latexit sha1_base64="NixnQWKBsu/NT4mdREzVKFvg+sY="></latexit>

y
<latexit sha1_base64="8hiwHZkbjf7hfR4LWdaV9YU8PQ4=">AAACPnicbZDLSgMxFIaTeqv11urSzWBRXJUZEXRZdOOyir1AZyiZTKYNTTJDktEOw7yBW30eX8MXcCduXZpeoLb1QODn/87hnPx+zKjStv0BC2vrG5tbxe3Szu7e/kG5cthSUSIxaeKIRbLjI0UYFaSpqWakE0uCuM9I2x/ejnn7iUhFI/Go05h4HPUFDSlG2lgPbtorV+2aPSlrVTgzUQWzavQq8MwNIpxwIjRmSKmuY8fay5DUFDOSl9xEkRjhIeqTrpECcaK8bHJqbp0aJ7DCSJontDVx/05kiCuVct90cqQHapmNzf9YN9HhtZdRESeaCDxdFCbM0pE1/rcVUEmwZqkRCEtqbrXwAEmEtUmnVHIFecYR50gEmTvKM3e8wQ+zUZ4vsnTO0mXWnrN2nptkneUcV0XroubYNef+slq/mWVcBMfgBJwDB1yBOrgDDdAEGITgBbyCN/gOP+EX/J62FuBs5ggsFPz5BU24sNU=</latexit><latexit sha1_base64="8hiwHZkbjf7hfR4LWdaV9YU8PQ4=">AAACPnicbZDLSgMxFIaTeqv11urSzWBRXJUZEXRZdOOyir1AZyiZTKYNTTJDktEOw7yBW30eX8MXcCduXZpeoLb1QODn/87hnPx+zKjStv0BC2vrG5tbxe3Szu7e/kG5cthSUSIxaeKIRbLjI0UYFaSpqWakE0uCuM9I2x/ejnn7iUhFI/Go05h4HPUFDSlG2lgPbtorV+2aPSlrVTgzUQWzavQq8MwNIpxwIjRmSKmuY8fay5DUFDOSl9xEkRjhIeqTrpECcaK8bHJqbp0aJ7DCSJontDVx/05kiCuVct90cqQHapmNzf9YN9HhtZdRESeaCDxdFCbM0pE1/rcVUEmwZqkRCEtqbrXwAEmEtUmnVHIFecYR50gEmTvKM3e8wQ+zUZ4vsnTO0mXWnrN2nptkneUcV0XroubYNef+slq/mWVcBMfgBJwDB1yBOrgDDdAEGITgBbyCN/gOP+EX/J62FuBs5ggsFPz5BU24sNU=</latexit><latexit sha1_base64="8hiwHZkbjf7hfR4LWdaV9YU8PQ4=">AAACPnicbZDLSgMxFIaTeqv11urSzWBRXJUZEXRZdOOyir1AZyiZTKYNTTJDktEOw7yBW30eX8MXcCduXZpeoLb1QODn/87hnPx+zKjStv0BC2vrG5tbxe3Szu7e/kG5cthSUSIxaeKIRbLjI0UYFaSpqWakE0uCuM9I2x/ejnn7iUhFI/Go05h4HPUFDSlG2lgPbtorV+2aPSlrVTgzUQWzavQq8MwNIpxwIjRmSKmuY8fay5DUFDOSl9xEkRjhIeqTrpECcaK8bHJqbp0aJ7DCSJontDVx/05kiCuVct90cqQHapmNzf9YN9HhtZdRESeaCDxdFCbM0pE1/rcVUEmwZqkRCEtqbrXwAEmEtUmnVHIFecYR50gEmTvKM3e8wQ+zUZ4vsnTO0mXWnrN2nptkneUcV0XroubYNef+slq/mWVcBMfgBJwDB1yBOrgDDdAEGITgBbyCN/gOP+EX/J62FuBs5ggsFPz5BU24sNU=</latexit><latexit sha1_base64="8hiwHZkbjf7hfR4LWdaV9YU8PQ4=">AAACPnicbZDLSgMxFIaTeqv11urSzWBRXJUZEXRZdOOyir1AZyiZTKYNTTJDktEOw7yBW30eX8MXcCduXZpeoLb1QODn/87hnPx+zKjStv0BC2vrG5tbxe3Szu7e/kG5cthSUSIxaeKIRbLjI0UYFaSpqWakE0uCuM9I2x/ejnn7iUhFI/Go05h4HPUFDSlG2lgPbtorV+2aPSlrVTgzUQWzavQq8MwNIpxwIjRmSKmuY8fay5DUFDOSl9xEkRjhIeqTrpECcaK8bHJqbp0aJ7DCSJontDVx/05kiCuVct90cqQHapmNzf9YN9HhtZdRESeaCDxdFCbM0pE1/rcVUEmwZqkRCEtqbrXwAEmEtUmnVHIFecYR50gEmTvKM3e8wQ+zUZ4vsnTO0mXWnrN2nptkneUcV0XroubYNef+slq/mWVcBMfgBJwDB1yBOrgDDdAEGITgBbyCN/gOP+EX/J62FuBs5ggsFPz5BU24sNU=</latexit>

L =
<latexit sha1_base64="5QG50wh26Scfr/cDEGqGqhpw45o="></latexit><latexit sha1_base64="5QG50wh26Scfr/cDEGqGqhpw45o="></latexit><latexit sha1_base64="5QG50wh26Scfr/cDEGqGqhpw45o="></latexit><latexit sha1_base64="5QG50wh26Scfr/cDEGqGqhpw45o="></latexit>

@L
@x3

<latexit sha1_base64="u/fgAFxKntFgMwQtCdPVYxvAicI="></latexit><latexit sha1_base64="u/fgAFxKntFgMwQtCdPVYxvAicI="></latexit><latexit sha1_base64="u/fgAFxKntFgMwQtCdPVYxvAicI="></latexit><latexit sha1_base64="u/fgAFxKntFgMwQtCdPVYxvAicI="></latexit>

@L
@x2

<latexit sha1_base64="Rq7BPAzRt4+5tdi/6pFi5r42W6E="></latexit><latexit sha1_base64="Rq7BPAzRt4+5tdi/6pFi5r42W6E="></latexit><latexit sha1_base64="Rq7BPAzRt4+5tdi/6pFi5r42W6E="></latexit><latexit sha1_base64="Rq7BPAzRt4+5tdi/6pFi5r42W6E="></latexit>

@L
@x1

<latexit sha1_base64="tKhjduSG/onw/q7Lsz9G3vRYSjE="></latexit><latexit sha1_base64="tKhjduSG/onw/q7Lsz9G3vRYSjE="></latexit><latexit sha1_base64="tKhjduSG/onw/q7Lsz9G3vRYSjE="></latexit><latexit sha1_base64="tKhjduSG/onw/q7Lsz9G3vRYSjE="></latexit>

@W1x2

@x2
<latexit sha1_base64="ODFwF9MOGuFw+1tSKvO6jTgSJmI="></latexit><latexit sha1_base64="ODFwF9MOGuFw+1tSKvO6jTgSJmI="></latexit><latexit sha1_base64="ODFwF9MOGuFw+1tSKvO6jTgSJmI="></latexit><latexit sha1_base64="ODFwF9MOGuFw+1tSKvO6jTgSJmI="></latexit>

@W0x0

@x0
<latexit sha1_base64="kibKzgsqPph+CRVYC9XWRt4lkNs="></latexit><latexit sha1_base64="kibKzgsqPph+CRVYC9XWRt4lkNs="></latexit><latexit sha1_base64="kibKzgsqPph+CRVYC9XWRt4lkNs="></latexit><latexit sha1_base64="kibKzgsqPph+CRVYC9XWRt4lkNs="></latexit>

@W0x0

@W0
<latexit sha1_base64="/LUD+ZWwyky9pKo+bTHIPSBvNcU="></latexit><latexit sha1_base64="/LUD+ZWwyky9pKo+bTHIPSBvNcU="></latexit><latexit sha1_base64="/LUD+ZWwyky9pKo+bTHIPSBvNcU="></latexit><latexit sha1_base64="/LUD+ZWwyky9pKo+bTHIPSBvNcU="></latexit>

@ tanh(x1)

@x1
<latexit sha1_base64="Nya47tt/gIHpu+u3NdslHxsC9KI="></latexit><latexit sha1_base64="Nya47tt/gIHpu+u3NdslHxsC9KI="></latexit><latexit sha1_base64="Nya47tt/gIHpu+u3NdslHxsC9KI="></latexit><latexit sha1_base64="Nya47tt/gIHpu+u3NdslHxsC9KI="></latexit>

@L
@W0

<latexit sha1_base64="pJHSEwLMZZ5okSpIGpvOOOAva+w="></latexit><latexit sha1_base64="pJHSEwLMZZ5okSpIGpvOOOAva+w="></latexit><latexit sha1_base64="pJHSEwLMZZ5okSpIGpvOOOAva+w="></latexit><latexit sha1_base64="pJHSEwLMZZ5okSpIGpvOOOAva+w="></latexit>

@L
@W1

<latexit sha1_base64="0vCwuzzvEynFdmvnuK0viRzUf5M="></latexit><latexit sha1_base64="0vCwuzzvEynFdmvnuK0viRzUf5M="></latexit><latexit sha1_base64="0vCwuzzvEynFdmvnuK0viRzUf5M="></latexit><latexit sha1_base64="0vCwuzzvEynFdmvnuK0viRzUf5M="></latexit>

We need to compute all these terms simply so we can find the weight updates at the bottom.

@W1x2

@W1
<latexit sha1_base64="hGArwzThCJSStjDDJR0kGbW2xlg="></latexit><latexit sha1_base64="hGArwzThCJSStjDDJR0kGbW2xlg="></latexit><latexit sha1_base64="hGArwzThCJSStjDDJR0kGbW2xlg="></latexit><latexit sha1_base64="hGArwzThCJSStjDDJR0kGbW2xlg="></latexit>



Our goal is to perform the following two updates:

Wk+1
0 = Wk

0 + ⌘

✓
@L
@W0

◆T

<latexit sha1_base64="g2i28Rawe1D2rypQ4XdzNPIXI8E="></latexit><latexit sha1_base64="g2i28Rawe1D2rypQ4XdzNPIXI8E="></latexit><latexit sha1_base64="g2i28Rawe1D2rypQ4XdzNPIXI8E="></latexit><latexit sha1_base64="g2i28Rawe1D2rypQ4XdzNPIXI8E="></latexit>

Wk+1
1 = Wk

1 + ⌘

✓
@L
@W1

◆T

<latexit sha1_base64="yScdYyGae4rU43nSo6N5/FS0ijE="></latexit><latexit sha1_base64="yScdYyGae4rU43nSo6N5/FS0ijE="></latexit><latexit sha1_base64="yScdYyGae4rU43nSo6N5/FS0ijE="></latexit><latexit sha1_base64="yScdYyGae4rU43nSo6N5/FS0ijE="></latexit>

Wk
0 =

✓
1 �3
0.2 1

◆

<latexit sha1_base64="9z6ZUKRXSrHQfQ8euV3WqRw7SqE="></latexit><latexit sha1_base64="9z6ZUKRXSrHQfQ8euV3WqRw7SqE="></latexit><latexit sha1_base64="9z6ZUKRXSrHQfQ8euV3WqRw7SqE="></latexit><latexit sha1_base64="9z6ZUKRXSrHQfQ8euV3WqRw7SqE="></latexit>

where Wk are the weights at some iteration k of gradient descent given by the first slide:

Wk
1 =

�
1 �1

�
<latexit sha1_base64="0b5OFmQR0df3dAS8zPtOMccHeoc="></latexit><latexit sha1_base64="0b5OFmQR0df3dAS8zPtOMccHeoc="></latexit><latexit sha1_base64="0b5OFmQR0df3dAS8zPtOMccHeoc="></latexit><latexit sha1_base64="0b5OFmQR0df3dAS8zPtOMccHeoc="></latexit>



Now, by the chain rule, we can derive equations, working backwards, for each remaining 
term we need:

First we compute the derivative of the loss with respect to the output:

@L
@x2

=
@L
@x3

@x3

@x2
=

@L
@x3

W1
<latexit sha1_base64="tJWRgoucEc7juMh2P/ceCWYAic0="></latexit><latexit sha1_base64="tJWRgoucEc7juMh2P/ceCWYAic0="></latexit><latexit sha1_base64="tJWRgoucEc7juMh2P/ceCWYAic0="></latexit><latexit sha1_base64="tJWRgoucEc7juMh2P/ceCWYAic0="></latexit>

@L
@x3

= x3 � y
<latexit sha1_base64="gPaSA4o1Gm5Dm3QYI13EsaW2p9M="></latexit><latexit sha1_base64="gPaSA4o1Gm5Dm3QYI13EsaW2p9M="></latexit><latexit sha1_base64="gPaSA4o1Gm5Dm3QYI13EsaW2p9M="></latexit><latexit sha1_base64="gPaSA4o1Gm5Dm3QYI13EsaW2p9M="></latexit>

@L
@x1

=
@L
@x2

@x2

@x1
=

@L
@x2

@ tanh(x1)

@x1
=

@L
@x2

(1� tanh2(x1))
<latexit sha1_base64="C+YfJuhIHbpV6pekB39XO9CLXGY="></latexit><latexit sha1_base64="C+YfJuhIHbpV6pekB39XO9CLXGY="></latexit><latexit sha1_base64="C+YfJuhIHbpV6pekB39XO9CLXGY="></latexit><latexit sha1_base64="C+YfJuhIHbpV6pekB39XO9CLXGY="></latexit>

ending up with our two gradients needed for the weight update:

@L
@W1

=
@L
@x3

@x3

@W1
= x2

@L
@x3

<latexit sha1_base64="Kny5mbh4YzXGiEyGffWjkrHpsQM="></latexit><latexit sha1_base64="Kny5mbh4YzXGiEyGffWjkrHpsQM="></latexit><latexit sha1_base64="Kny5mbh4YzXGiEyGffWjkrHpsQM="></latexit><latexit sha1_base64="Kny5mbh4YzXGiEyGffWjkrHpsQM="></latexit>

@L
@W0

=
@L
@x1

@x1

@W0
= x0

@L
@x1

<latexit sha1_base64="Vg4+K+aGQtPoTczvlJMJ6iTKp3Y="></latexit><latexit sha1_base64="Vg4+K+aGQtPoTczvlJMJ6iTKp3Y="></latexit><latexit sha1_base64="Vg4+K+aGQtPoTczvlJMJ6iTKp3Y="></latexit><latexit sha1_base64="Vg4+K+aGQtPoTczvlJMJ6iTKp3Y="></latexit> Notice the ordering of the two terms being multiplied 
here. The notation hides the details but you can write 
out all the indices to see that this is the correct ordering 
— or just check that the dimensions work out.



Finally, we simply plug these values into our equations and compute the numerical updates:

The values for input vector x0 and target y are also given by the first slide:

x0 =

✓
1.0
0.1

◆

<latexit sha1_base64="7iE6hD/PJ5bREqH96UD50qaH7nc="></latexit><latexit sha1_base64="7iE6hD/PJ5bREqH96UD50qaH7nc="></latexit><latexit sha1_base64="7iE6hD/PJ5bREqH96UD50qaH7nc="></latexit><latexit sha1_base64="7iE6hD/PJ5bREqH96UD50qaH7nc="></latexit>

y = 0.5
<latexit sha1_base64="vnrHfmUgekqbIQJCziBuP/KR7TI="></latexit><latexit sha1_base64="vnrHfmUgekqbIQJCziBuP/KR7TI="></latexit><latexit sha1_base64="vnrHfmUgekqbIQJCziBuP/KR7TI="></latexit><latexit sha1_base64="vnrHfmUgekqbIQJCziBuP/KR7TI="></latexit>

x1 = W0x0 =

✓
1 �3
0.2 1

◆✓
1
0.1

◆
=

✓
0.7
0.3

◆

<latexit sha1_base64="/JSa+c+sUTIt1R4SdYaZyKaPwjs="></latexit><latexit sha1_base64="/JSa+c+sUTIt1R4SdYaZyKaPwjs="></latexit><latexit sha1_base64="/JSa+c+sUTIt1R4SdYaZyKaPwjs="></latexit><latexit sha1_base64="/JSa+c+sUTIt1R4SdYaZyKaPwjs="></latexit>

Forward pass:

x2 = tanh(x1) =

✓
0.604
0.291

◆

<latexit sha1_base64="RbBN30YFnQ/J1spznYEKcJlQTxY="></latexit><latexit sha1_base64="RbBN30YFnQ/J1spznYEKcJlQTxY="></latexit><latexit sha1_base64="RbBN30YFnQ/J1spznYEKcJlQTxY="></latexit><latexit sha1_base64="RbBN30YFnQ/J1spznYEKcJlQTxY="></latexit>

x3 = W1x2 =
�
1 �1

�✓0.604
0.291

◆
= 0.313

<latexit sha1_base64="ypaZXbg6o6WBAILaPJaSzuhvdCI="></latexit><latexit sha1_base64="ypaZXbg6o6WBAILaPJaSzuhvdCI="></latexit><latexit sha1_base64="ypaZXbg6o6WBAILaPJaSzuhvdCI="></latexit><latexit sha1_base64="ypaZXbg6o6WBAILaPJaSzuhvdCI="></latexit>

L =
1

2
(x3 � y)2 = 0.017

<latexit sha1_base64="+aAeY1nVs1NLdAPfLt6UehSOZxg="></latexit><latexit sha1_base64="+aAeY1nVs1NLdAPfLt6UehSOZxg="></latexit><latexit sha1_base64="+aAeY1nVs1NLdAPfLt6UehSOZxg="></latexit><latexit sha1_base64="+aAeY1nVs1NLdAPfLt6UehSOZxg="></latexit>



Backward pass:

@L
@x3

= x3 � y = �0.1869
<latexit sha1_base64="d2eXTfp/iXuWh12/ZTP1a2JZio8="></latexit><latexit sha1_base64="d2eXTfp/iXuWh12/ZTP1a2JZio8="></latexit><latexit sha1_base64="d2eXTfp/iXuWh12/ZTP1a2JZio8="></latexit><latexit sha1_base64="d2eXTfp/iXuWh12/ZTP1a2JZio8="></latexit>

@L
@x2

=
@L
@x3

W1 = �0.1869
�
1 �1

�
=

�
�0.1869 0.1869

�
<latexit sha1_base64="lSHPuopRageNVLy3NLYBih+xCTQ="></latexit><latexit sha1_base64="lSHPuopRageNVLy3NLYBih+xCTQ="></latexit><latexit sha1_base64="lSHPuopRageNVLy3NLYBih+xCTQ="></latexit><latexit sha1_base64="lSHPuopRageNVLy3NLYBih+xCTQ="></latexit>

@L
@x1

=
@L
@x2

(1� tanh2(x1)) =
�
�0.1869 0.1869

�✓1� tanh2(0.7) 0
0 1� tanh2(0.3)

◆
=

�
�0.1186 0.171

�

<latexit sha1_base64="kSa/ZuWXTCR638ohg80rBhprzRs="></latexit><latexit sha1_base64="kSa/ZuWXTCR638ohg80rBhprzRs="></latexit><latexit sha1_base64="kSa/ZuWXTCR638ohg80rBhprzRs="></latexit><latexit sha1_base64="kSa/ZuWXTCR638ohg80rBhprzRs="></latexit>

diagonal matrix because tanh is a 
pointwise operation

@L
@W0

= x0
@L
@x1

=

✓
1.0
0.1

◆�
�0.1186 0.171

�
=

✓
�0.1186 0.171
�0.01186 0.0171

◆

<latexit sha1_base64="4TRjCJvDR5vG1+Tg+qR5Vdm/Cew="></latexit><latexit sha1_base64="4TRjCJvDR5vG1+Tg+qR5Vdm/Cew="></latexit><latexit sha1_base64="4TRjCJvDR5vG1+Tg+qR5Vdm/Cew="></latexit><latexit sha1_base64="4TRjCJvDR5vG1+Tg+qR5Vdm/Cew="></latexit>

@L
@W1

= x2
@L
@x3

=

✓
0.604
0.291

◆�
�0.1186

�
=

✓
�0.113
�0.054

◆

<latexit sha1_base64="F7mxQhvTu1yIPE5wDcNbtIBLJU8="></latexit><latexit sha1_base64="F7mxQhvTu1yIPE5wDcNbtIBLJU8="></latexit><latexit sha1_base64="F7mxQhvTu1yIPE5wDcNbtIBLJU8="></latexit><latexit sha1_base64="F7mxQhvTu1yIPE5wDcNbtIBLJU8="></latexit>



Gradient updates:

Wk+1
0 = Wk

0 + ⌘

✓
@L
@W0

◆T

<latexit sha1_base64="g2i28Rawe1D2rypQ4XdzNPIXI8E="></latexit><latexit sha1_base64="g2i28Rawe1D2rypQ4XdzNPIXI8E="></latexit><latexit sha1_base64="g2i28Rawe1D2rypQ4XdzNPIXI8E="></latexit><latexit sha1_base64="g2i28Rawe1D2rypQ4XdzNPIXI8E="></latexit>

=

✓
1 �3
0.2 1

◆
� 0.2

✓
�0.1186 0.171
�0.01186 0.0171

◆

=

✓
1.02 �3.0
0.17 1.0

◆

<latexit sha1_base64="PbBGgGuGVTB4B0S5CyH5cuJLz/4="></latexit><latexit sha1_base64="PbBGgGuGVTB4B0S5CyH5cuJLz/4="></latexit><latexit sha1_base64="PbBGgGuGVTB4B0S5CyH5cuJLz/4="></latexit><latexit sha1_base64="PbBGgGuGVTB4B0S5CyH5cuJLz/4="></latexit>

Wk+1
1 = Wk

1 + ⌘

✓
@L
@W1

◆T

<latexit sha1_base64="yScdYyGae4rU43nSo6N5/FS0ijE="></latexit><latexit sha1_base64="yScdYyGae4rU43nSo6N5/FS0ijE="></latexit><latexit sha1_base64="yScdYyGae4rU43nSo6N5/FS0ijE="></latexit><latexit sha1_base64="yScdYyGae4rU43nSo6N5/FS0ijE="></latexit>

=
�
1 �1

�
� 0.2

�
�0.113 �0.054

�

=
�
1.02 �0.989

�
<latexit sha1_base64="DG3Z1WtuxvtPdyofj7qkHqUL/mk="></latexit><latexit sha1_base64="DG3Z1WtuxvtPdyofj7qkHqUL/mk="></latexit><latexit sha1_base64="DG3Z1WtuxvtPdyofj7qkHqUL/mk="></latexit><latexit sha1_base64="DG3Z1WtuxvtPdyofj7qkHqUL/mk="></latexit>


